Y
4

The IIT Foundation Series |

HEMAT

SCAEVERO N D EDITI ON
7




MATHEMATICS S%
The IIT Foundation Series 1 0
(Second Edition)

Trishna Knowledge Systems
Adivision of
Triumphant Institute of Management Education Pvt. Ltd.

PEARSON

Chandigarh ¢ Delhi * Chennai



.I I M E T.L.M.E. is the national leader in test prep segment and one of the biggest
. oH. . . and the most successful classroom-based entrance examination training
Triumphant Institute of

Management Education Pvt. Ltd. institute in India. For more details, visit www.time4education.com

The aim of this publication is to supply information taken from sources believed to be valid and reliable.
This is not an attempt to render any type of professional advice or analysis, nor is it to be treated as such.
While much care has been taken to ensure the veracity and currency of the information presented within,
neither the publisher nor its authors bear any responsibility for any damage arising from inadvertent
omissions, negligence or inaccuracies (typographical or factual) that may have found their way into this
book.

Copyright © Trishna Knowledge Systems, 2012
Licensees of Pearson Education in South Asia

No part of this eBook may be used or reproduced in any manner whatsoever without the publisher’s prior
written consent.

This eBook may or may not include all assets that were part of the print version. The publisher reserves the
right to remove any material present in this eBook at any time.

ISBN 9788131761328
eISBN 9789332510944

Head Office: A-8(A), Sector 62, Knowledge Boulevard, 7th Floor, NOIDA 201 309, India
Registered Office: 11 Local Shopping Centre, Panchsheel Park, New Delhi 110 017, India



Detailed Contents

Class 10

Preface to the Second Edition
Preface

About the lIT Foundation Series
Structure of the IIT Foundation Series

CHAPTER 1
Number Systems

CHAPTER 2
Polynomials and Rational Expressions

CHAPTER 3
Linear Equations in Two Variables

CHAPTER 4
Quadratic Equations and Inequalities

CHAPTERS5
Statements

CHAPTER 6
Sets, Relations and Functions

CHAPTER 7
Progressions

CHAPTER 8
Trigonometry

CHAPTER 9
Limits
CHAPTER 10

Matrices

CHAPTER 11
Remainder and Factor Theorems

58

65

86

111

149

171

201

221

251



iv

Detailed Contents

CHAPTER 12
Statistics

CHAPTER 13
Geometry

CHAPTER 14
Mensuration

CHAPTER 15
Coordinate Geometry

CHAPTER 16
Mathematical Induction and Binomical Theorem

CHAPTER 17
Modular Arithmetic

CHAPTER 18
Linear Programming

CHAPTER 19
Computing

CHAPTER 20
Permutations and Combinations

CHAPTER 21
Probability

CHAPTER 22
Banking

CHAPTER 23
Taxation

CHAPTER 24
Instalments

CHAPTER 25
Shares and Dividends

CHAPTER 26
Partial Fractions

CHAPTER 27
Logarithms

269

309

375

401

435

455

464

479

505

525

544

561

574

585

596

614



Preface to the Second Edition

It is with enthusiasm that we present the second edition of the IIT Foundation series of
books. The success of our first edition indicates that there exists a large group of students
who wish to delve into Mathematics, Physics and Chemistry, beyond the restrictions of
their school syllabus. We take this opportunity to thank all those who have contributed to
the success and to reaffirm our commitment to inculcating scientific temper among the
student community.

Over the last two years we have received feedback from many students and teachers who
have used our books, and it has given us great satisfaction to know that they have benefitted
immensely. The teachers have taught from these books and have appreciated the approach
adopted in the presentation of concepts. Their feedback has encouraged us to extend the
IIT-Foundation series of books to include books for students of Class 7 as well. In most school
curricula, the fundamentals of Mathematics and Science that students study in Classes 8 to
10 are introduced in Class 7. While a proper understanding of these fundamentals is essential
for good performance in higher classes, it is not possible for Class 7 students to develop
indepth understanding of concepts unless these are presented lucidly.

With this edition, therefore, we present books for Class 7. We are confident that these will
help students develop conceptual clarity at their early age, and that the student community
will take full advantage of this new inclusion.

As with all our publications, the objective of this series is to provide students with a
comprehensive understanding of fundamental concepts, to teach them the application
of these concepts, and to help hone their problem-solving skills. We trust all our young
students will find these books relevant and enlightening.



Preface

>

As the old adage goes, “nothing succeeds like success” The truth in this maxim cannot
be overstated in today’s competitive world. The present-day student is under immense
pressure to thrive and emerge triumphantly in examinations. Students aspire to get
into pre-eminent educational institutes to pursue the best courses—be it in engineering,
medicine, arts or sciences—to enable them to prepare for careers at the global level. Their
performance in entrance examinations are often the cornerstones that determine if they
would be admitted into these hallowed halls of learning. With most of these exams being
designed to challenge the innate talent and ingenuity of students, it is only natural that
they find these tests most demanding and that they find themselves competing with the
country’s best minds for those few coveted seats. Only those students with a thorough
understanding of the fundamental concepts and exceptional problem-solving skills pass
out with flying colours in these tests.

The “IIT Foundation Series” books are designed to provide students with a comprehensive
understanding of the fundamental concepts, to teach them the application of these
concepts and to hone their problem-solving skills.

The objective of the IIT Foundation Series books is to ensure that students are able
to delve beyond the restrictions of their regular school syllabus and get a fundamental
understanding of Mathematics, Physics and Chemistry. The books are designed to kindle
student interest in these subjects and to encourage them to ask questions that lead to a
firm grip on the principles governing each concept.

Irrespective of the field of study that the student may choose to take up later, it is
imperative that he or she develops a sound understanding of Mathematics and Science,
since it forms the basis for most modern-day activities. Lack of a firm background in these
subjects may not only limit the capacity of the student to solve complex problems but
also lessen his or her chances to make it into top-notch institutes that provide quality
education.

This book is intended to serve as the backbone of the student’s preparation for a range
of competitive exams, going beyond the realms of the usual school curriculum to provide
that extra edge so essential in tackling a typical question paper.

A distinctive feature of this book is that it has been written by a team of well-qualified
teachers experienced in imparting the fundamentals of Mathematics and Science, and their
applications to active learners at T.I.M.E. (Triumphant Institute of Management Education
Pvt. Ltd). They have also been instrumental in developing high-quality study material for IIT
Foundation courses for Classes 7 to 10. We are sure that you will find this book, prepared by

K
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This book is a perfect companion for the students of 7th to 10th Grade.
It will help them achieve the much-needed conceptual clarity in the topics which form
the basis for their higher study.

Some of the important features of the book are listed below:

* Builds skills that will help students succeed in school and various competitive examinations.

* The methodology is aimed at helping students thoroughly understand the concepts in
Mathematics, Physics and Chemistry.

* Helps develop a logical approach to Mathematics, Physics and Chemistry, thereby enabling
more effective learning.

* Lays stress on questions asked by board/school examinations as well as application of
concepts.

* The concepts are explained in a well structured and lucid manner, using simple language.
This aids learning.

* A large number of examples have been included to help reinforce the concepts involved.

* Different levels of practice exercises have been provided which help students develop the
necessary application and problem-solving skills.

* The exercises have been designed keeping in mind the various board/school examinations
and competitive examinations, such as the NTSE, NLSTSE, Science Olympiad and Cyber
Olympiad.

* The book will not only help the students in better understanding of what is taught in regular
school classes (and hence enable them to do well in board examinations) but will also help
in developing the acumen, resulting in a distinctive edge over their peers.

* Given below are a few examples that demonstrate how the course will help students in
understanding the fundamentals:

How does a kingfisher catch fish?

The kingfisher flies vertically over the position of the fish, then plunges into the water at a 90°
angle. The concept here is that the normally incident rays do not undergo refraction, hence
the fish lies exactly where it appears to be. At any other angle, the apparent location of the fish
would be different from its real location.
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Why do we normally swing our arms while walking, and why not when we carry a load
in our hands?

The center of gravity of a body depends on the distribution of mass in the body. As we walk,
the movement of the legs tends to cause a shift in the centre of gravity. To compensate for this
shift we swing our arms.When we are carrying a load in the hands, however, the effective C.G
is lower, making it easier to maintain balance.

Why does salt become damp when kept exposed during the rainy season and not when
kept exposed during summer?

In the rainy season humidity in the atmosphere is very high, i.e., there is a lot of moisture in
the atmosphere. Thus, calcium chloride, which is the impurity present in common salt, absorbs
this moisture and makes the salt damp. In summer, however, as the temperature is high, calcium
chloride tends to loose moisture through the process of evaporation, and the salt is left free-
flowing.
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The II'T Foundation Series is available in Mathematics, Physics and Chemistry. Each chapter in the
book is divided into three parts, namely, theory, test your concepts and concept application.

Theory:

The theory part deals with the various concepts in Physics/Chemistry/Mathematics, which is a
part of the syllabus prescribed by major boards for Class X.The concepts are explained in a lucid
manner, and diagrams have been provided, wherever necessary, to illustrate these concepts.

Test your Concepts:

This exercise is provided at the end of the theory section of each chapter. These exercises are a
collection of very short answer, short answer and essay type of descriptive questions. It is intended
to provide students with model questions that they may face in the board examination.

Students are expected to prepare for these questions before they attempt any examination
based on that particular chapter. Towards the end of the book, the students will find key points
for selected questions of the exercise. These key points provide students with an idea of the
points that should be a part of an answer for such a question.

Concept Application:
This is a collection of exercises in four different classes: Class 7, Class 8, Class 9 and Class 10.

Class 8 consists of basic objective questions. These questions test the basic knowledge of
students and enable them to gauge their understanding of concepts when they start solving this
exercise. The key for this exercise is provided at the end of the respective chapter.

Classes 9 and 10 consist of descriptive questions of a higher level of difficulty. These questions
help students to apply the concepts that they have learnt. Key points for selected questions of these
exercises have been provided at the end of each chapter in order to help students solve these
questions.

These books are available for 7th, 8th, 9th and 10th classes separately for Mathematics, Physics
and Chemistry.
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CHAPTER 1

Number Systems

INTRODUCTION

Earlier we have learnt about number line, irrational numbers, how to represent irrational numbers on the
number line, real numbers and their decimal representation, representing real numbers on the number line
and operations on the number line. We shall now present a detailed study of Euclid’s division algorithm and
fundamental theorem of Arithmetic. Further we continue the revision of irrational numbers and the decimal
expansion of rational numbers.

We are very familiar with division rule.

That is, dividend = (divisor x quotient) + remainder.

Euclid’s division lemma is based on this rule. We use this result to obtain the HCF of two numbers. And
also we know that, every composite number can be expressed as the product of primes in a unique way.This is the
fundamental theorem of Arithmetic. This result is used to prove the irrationality of a number.

In the previous class we have studied about rational numbers. In this chapter we shall explore

when exactly the decimal expansion of a rational number say P (q # 0), is terminating and when it is
non-terminating repeating.
Euclid’s division lemma

For any two positive integers, say x and vy, there exist unique integers say q and r satisfying x = yq + r where
0<r<y.

@ Example Consider the integers 9 and 19.
19=9x2+1

@ Example Consider the integers 6 and 24.
24=6x4+0
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Number Systems

NoOTE:

1. Euclid’s division algorithm is used for finding the greatest common divisor of two numbers.

2. An algorithm is a process of solving particular problems.

Example

Find the HCF of 250 and 30.

Solution

By using Euclid’s division lemma, we get

250 =30 x 8+ 10

Now consider, the divisor and remainder.

Again by using Euclid’s division lemma, we get

30=10x3+0

Here, we notice the remainder is zero and we cannot proceed further.
The divisor at this stage is 10.

The HCF of 250 and 30 is 10.

It can be verified by listing out all the factors of 250 and 30.

Nork: Euclid’s Division Algorithm is stated for only positive integers, it can be extended for all
negative integers.

Euclid’s Division Algorithm has several applications. The following examples give the idea of the
applications.

Example

Show that every positive even integer is of the form 2n and every positive odd integer is of the form 2n + 1.

Solution

For any integer x and y = 2,x = 2n +r where n > 0
But0<r<2

=>r=0orl

Whenr = 0,x = 2n.

= X is a positive even integer.
Whenr=1,x=2n+1.

= x is a positive odd integer.

Example

A trader has 612 Dettol soaps and 342 Pears soaps. He packs them in boxes and each box contains
exactly one type of soap. If every box contains the same number of soaps, then find the number of
soaps in each box such that the number of boxes is the least.

Solution

The required number is HCF of 612 and 342.

This number gives the maximum number of soaps in each box and the number of boxes with them
be the least.

By using Euclid’s division algorithm, we have

612 =342 x 1+ 270
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342=270x1+72

270 =72 x 3 + 54

72=54x1+18

54=18x3+0

Here we notice that the remainder is zero, and the divisor at this stage is 18.
. HCF of 612 and 342 is 18.

So, the trader can pack 18 soaps per box.

Fundamental theorem of arithmetic

Every composite number can be expressed as the product of prime factors uniquely.
Nork: In generala =p, p,p,.....p, where p,,p,,p,, ...... p, are primes in ascending order.

@ Example

Write 1800 as product of prime factors.

Solution

2|1800
21900
21450
31225
3175
5125
5
- 1800 = 2% x 3% x 5.
Let us see the applications of fundamental theorem.

@ Example

Check whether there is any value of x for which 6* ends with 5.

Solution

If 6* ends with 5, then 6* would contain the prime 5.

But, 6* = (2 x 3)*= 2% x 3*

= The prime numbers in the factorization of 6* are 2 and 3.

By uniqueness of fundamental theorem, there are no primes other than 2 and 3 in 6*.
. 6* never ends with 5.

@ Example
Show that 5 x 3 x 2 + 3 is a composite number.

Solution
5x3x2+3=35x%x2+1)=3(11)=3x11
.. The given number is a composite number.
@ Example
Find the HCF and LCM of 48 and 56 by prime factorization method.
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Solution
48 = 2* x 3!
56 =2*x 7!

HCF = 2° (The product of common prime factors with lesser index)
LCM = 2* x 3' x 7' (product of common prime factors with greater index).

@ Example

Find the HCF and LCM of 36, 48 and 60 by prime factorization method.
Solution
36 = 22 x 3?
48 = 2* x 3!
60=2>x3"x5'
HCF=2>x3'=12
LCM = 2*x 32 x 5' =720
@ Example

Two bells toll at intervals of 24 minutes and 36 minutes respectively. If they toll together at 9 am, after
how many minutes do they toll together again, at the earliest?

Solution

The required time is LCM of 24 and 36.
24 = 23 x 3!

36 =27 x3

- LCM of 24 and 36 is 2°> x 3> = 72

So, they will toll together after 72 minutes.

Irrational numbers

A number which cannot be written in the form £ where p and q are integers and q # 0.
q

@ Example
V2,3, V6,7, 48, V10, 0.123421635. .. etc.

Theorem 1
If p divides x°, then p divides x, where x is a positive integer and p is a prime number.

Proof
Letx =p, p,.....p,, Where p.,p,,p,, ..... p, are primes, not necessarily distinct.

3 — 3 3 3
=X’ = p, ps.....p,

Given that p divides x°.

By fundamental theorem, p is one of the primes of x°.

By the uniqueness of fundamental theorem, the distinct primes of x* are same as the distinct primes of x.
= p divides x.
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Hence proved.
Similarly, if p divides x* then p divides x, where p is a prime number and x is a positive integer.

Theorem 2
Prove that \/5 is irrational.

Proof
Let us assume that, J2 is not irrational.

So, \/5 is rational.
G2 -
= = — where x, y are integers and y # 0
Let x and y be co-primes.
Taking squares on both sides,

X

Py

y
=2y =%x ... 1)

= 2 divides x?
=2 divides x.
.. for some integer z,
X=2Z ............ (2)
from (1) and (2)
2y* = 47
=y =27
= 2 divides y?
= 2 divides y
". x and y have at least 2 as a common factor.

=2=

But it contradicts the fact that x and y are co-primes.
. \/5 is irrational.

@ Example
Prove that \/g is irrational.
Solution

Let us assume that \/g is not irrational.

\/g is rational.
OV

q
Let p, q be co-primes.
Taking squares on both the sides,

= 5 divides p*
= 5 divides p.
.. For some integer r,
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From (1) and (2),

2512 = 5¢°

= q*= 517

= 5 divides g*

=> 5 divides q.

.. p and q have at least 5 as a common factor.

But it contradicts the fact that p and q are co-primes.

\/g is irrational.
@ Example
Show that 3 + \/5 is irrational.

Solution

Let us assume that 3 + \/5 is rational.

L3+ A2= P where p and q are integers.
q

= 2 =

= 2 =

P~ 39 is rational.

Since p and q are integers,

But /2 is irrational.
It contradicts our assumption that 3 + V2 s rational.
.. Our assumption is wrong.

Hence 3 + \/5 is irrational.
Rational numbers

Numbers which can be written in the form of & (q # 0), where p, q are integers, are called Rational numbers.
q

Norke: Every terminating decimal and non-terminating repeating decimal can be expressed in the form P (q#0).
q
@ Example

27 27
1) 027 = —— =
® 100 2°x5°
2% x 589 589
1) 2.356 = =
i) 2° x 5° 2x5°
(i) 2.0325 = 20325 _ 3x5 x271 _ 3x 271

10000 2" x5 2" x 5°
From the above examples, we notice that every terminating decimal can be written in the form of

P (q # 0), where p and q are co-primes and q is of the form 2™. 5" (m and n are non-negative integers).

Let us write this result formally.



Number Systems 7

Theorem 3

Let a be a terminating decimal. Then a can be expressed as P (q # 0), where p and q are co-primes,
q

and the prime factorization of q is of the form 2™. 5.
Let us observe the following examples.

L1 _IxS 2 s o LT _Tx2 2B _ 9
4 22 2°x5 100 25 5% 5°x2° 100
23 23 23x2 184 147 _ 147 147x2 294 _

=R 20184 4,

L= 2.94
125 5 5 x2° 1000

50 2x5 2°x5 100

From the above examples, we notice that every rational number of the form P (q # 0), where q is of
q

. X . .
the form 2™. 5" can be written as — , where y is of the form 10% k being a natural number.

Let us write this result formally.

Theorem 4

If £ i a rational number where q is of the form 2™. 5™ (m € W), then P hasa terminating decimal
q q

expansion.

Let us observe the following examples.

@ Example

() §= 1.66666... = 1.6

(ii) %: 1.142857
(iii) L 000
1

Theorem 5

If £ is a rational number and q is not of the form 2™ . 5" (m and n € W), then P hasa non-terminating
q q
repeating decimal expansion.

@ Example
Which of the following rational numbers are terminating decimals?
1 125
R JL.. A 4 2
2" x5 3*x2° 2°x5 x7 3 x7
Solution
Clearly is the only terminating decimal and the remaining are non-terminating decimals.

2’ x 5°
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Very short answer type questions

3

. — is a non terminating repeating decimal. (True/False)

4

. 05049 =
CIE360 =2 x 3 x 5%, thenx +y+ z =
fa= 2+ \/g and b = \/5 — \/g, thena + b is . (rational/irrational)

. If 19 divides a® (where a is a positive integer), then 19 divides a. (True/False)

0.7 = B, thenp + q=
q

7. Product of two irrational numbers is an irrational number. (True/False)

8.2x3x15+71sa . (prime number/composite number)

9.
10.

Product of LCM and HCF of 25 and 625 is

For what values of x, 2* x 5% ends in 5.

Short answer type questions

11.
12.
13.

14.
15.

Find the HCF of 72 and 264 by using Euclid’s division algorithm.
Show that 7 x 5 x 3 X 2 + 7 is a composite number.
Find the HCF and LCM of 108 and 360 by prime factorization method.

Prove that \/g is irrational.

Without performing the actual division, check whether the following rational numbers are terminating
or non-terminating.

. 23 . 125 .. 73 .. 157

) — i) — i) — v) —
¥ 175 ) 325 ) 40 ) 125

Essay type questions

16.

17.
18.

19.

20.

A fruit vendor has 732 apples and 942 oranges. He distributes these fruits among the students of an
orphanage, such that each of them gets either only apples or only oranges in equal number. Find the least
possible number of students.

Write 75600 as the product of prime factors.

Aloukya and Manoghna run around a circular track and they take 180 seconds and 150 seconds
respectively to complete one revolution. If they start together at 9 am from the same point, how long it
would take for them to meet again for the first time at the starting point?

Prove that 5 — \/g is irrational.

Express 23.324 in £ form, where p and q are integers.
q
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Concept Application Level—1 %

1. If n is a natural number, then 9% — 4% is always divisible by

1) 5 (2 13
(3) both (1) and (2) (4) neither (1) nor (2)
2. N is a natural number such that when N is divided by 9, it leaves remainder a. It can be concluded
that
(1) ais a perfect square (2) aisa perfect cube
(3) both (1) and (2) (4) neither (1) nor (2)
3. The remainder of any perfect square divided by 3 is
1o ) 1
(3) either (1) or (2) (4) neither (1) nor (2)
4. Find the HCF of 432 and 504 using prime factorization method.
(1) 36 2 72 (3) 96 4) 108
5. If n is any natural number, then 6" — 5" always ends with :
M1 @ 3 3) 5 o
6. The LCM of two numbers is 1200. Which of the following cannot be their HCF?
(1) 600 (2) 500 (3) 200 4) 400

7. Which of the following is always true?
(1) The rationalising factor of a number is unique
(2) The sum of two distinct irrational numbers is rational
(3) The product of two distinct irrational numbers is irrational
(4) None of these

8. Find the remainder when the square of any number is divided by 4.

10 @ 1
(3) Either (1) or (2) (4) Neither (1) nor (2)

9. Ashok has two vessels which contain 720 ml and 405 ml of milk respectively. Milk in each vessel is

poured into glasses of equal capacity to their brim. Find the minimum number of glasses which can be
filled with milk.

(1) 45 ) 35 () 25 ) 30

10. If n is an odd natural number, 3** + 2% is always divisible by
(1) 13 ) 5 (3) 17 4 19

Concept Application Level—2

11. Given that the units digits of A® and A are the same where A is a single digit natural number. How

N\ J

many possibilities can A assume?

(1) 6 @ 5 3) 4 4 3
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12. If the product of two irrational numbers is rational, then which of the following can be

concluded?
(1) The ratio of the greater and the smaller numbers is an integer ﬁ
(2) The sum of the numbers must be rational
(3) The excess of the greater irrational number over the smaller irrational number must be rational
(4) None of the above
13. The LCM and HCF of two numbers are equal, then the numbers must be
(1) prime (2) co-prime (3) composite (4) equal
14. Which of the following is/are always true?

(1) Every irrational number is a surd.

(2) Any surd of the form 3/a + /b can be rationalised by a surd of the form ARSI , where %2 and
2/1: are surds.

(3) Both (1) and (2)

(4) Neither (1) nor (2)

15. The sum of LCM and HCEF of two numbers is 1260. If their LCM is 900 more than their HCE find
the product of two numbers.

(1) 203400 (2) 194400 (3) 198400 (4) 205400

Concept Application Level—3
16. Find the remainder when the square of any prime number greater than 3 is divided by 6.
M1 2 3 3 2 4 4

17. If HCF (72, q) = 12 then how many values can q take? (Assume q be a product of a power of 2 and a
power of 3 only)

M1 2 2 3 3 4 4
18. Find the HCF of 120 and 156 using Euclid’s division algorithm.
(1) 18 2 12 (3) 6 (4) 24

19. The HCF of the polynomials (x* — 4x + 4) (x + 3) and (x* + 2x — 3) (x — 2) is
1) x+3 2 x-2 B x+3)x-2) 4) x+3)(x-2)?

20. /3+4/5 =

= ’5 /1 ’7 ’1 ’9 ’3
/

10



KEY

Very short answer type questions 15. (i), (ii) non-terminating
1. False 2. 0. % (ii1), (iv) terminating
3.6 4. irrational
5. True 6. 16 Essay type questions
7. False 8. prime number 16. 279
9. 15625 10. No value of x 17.2*x 33 x 5*x 7
18. 9:15 a.m.
Short answer type questions 50, 23091
11. 24 990

13.1080
N J

key points for
4 selected questions

Short answer type questions 13. (i) Prime factorize 108 and 360.

(i) HCEF is the product of common prime
factors with least exponents.

(iii) LCM is the product of all prime factors
with possible highest exponents.

11. (i) By Euclid’s Division Lemma, for any two
integers say x and y there exists unique
integers say q and r such that x =yq + r
where 0 <r <y
(i) Now 264 = 72 x 3 + 48 where 48 is 14. (i) Assume that \/g is not irrational i.e.,
remainder. rational.
(iii) Again consider 72,48 and apply Euclid’s

o (i) Let \/g =k (p and q have no common
division lemma. q

(vi) Apply this concept until we get the factor other than 1).
remainder zero. (iii) Square the above equation.

(v) In this process, HCF is the divisor obtained (vi) Then check whether 2 is common factor of
when the remainder is zero. p and q.

12. (i) First of all take out 7 as it is the common 15. In the simplified form of a fraction, if the

factor. denominator has any prime factors other than

(i) Now, the given number is a product of two 2 or 5 then the fraction is a non-terminating
numbers. decimal otherwise it is a terminating decimal.

(i) As neither of these numbers is 1, it is

k composite number. /

11
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17.

@ssay type questions
16.

(1) First of all find the HCF of 732 and 942.

(i1) The required number of students =
732+942
HCF

(1) First of all find the least prime which
divides 75600 and divide 75600 by it.

(i) Now consider the quotient, then find the
least prime which divides the quotient and
divide it.

(ii1)) Continue this process, until you get a
prime number as quotient.

(vi) 75600 is the product of all these prime

numbers.

18.

19.

20.

(i) Find the LCM of 150 and 180.
(i) LCM is the time taken to meet for the
first time.

(i) Assume that 5 — \/g is not rational.

(i) So,5-— V5 = P (p and q are integers in
q

their lowest terms).
(iii) Then write \/g in terms of p and q.
(vi) Then check whether it contradicts our
assumption.
abcde — abc
990

ab.c de =

12

Concept Application Level—1,2,3

1.3 2.2
3.3 4. 2
5.1 6. 1
7. 4 8.2
9.3 10. 1
11. 2 12. 4
13. 4 14. 4
15. 2 16. 1
17. 2 18. 2
19. 3 20. 3

Concept Application Level—1,2,3

Key points for select questions

1. (i) Given expression is in the form of a*> —

b’

(i) a*™ —b™ is divisible by both (a — b) and

(a+ D).
2. Apply trial and error method.

>~ —

3. Apply trial and error method. — -

— ~

4. (i) Express 432 and 504 as the
product of prime factors and =
proceed.

(i) Write 432 and 504 as the product of

prime factors.

(i11)) HCEF is the product of common prime
factors with least exponents.

5. For any natural number n, 6" and 5" end with
6 and 5 respectively.

6. (1) Apply the method of prime
factorization for finding the HCF of the
given numbers.

(i1) Then find the possibilities for q.

7. (1) Recall the concepts of rational and
irrational numbers.

(i1) Recall the concept of RE

8. (i) Multiply and divide 3 + /5 by 2.

(i) Convert the expression 4/x+2,/y in the

form of /(vm)® +(+/n)> +2+/mn .




10.

11.

12

13.

14.

(1) First of all find the HCF of 720 and 405.

720 N 405
HCF HCF

The required number is

(1) 3211 + 221) — 911 + 4_1\
(i) a" + b" is divisible by (a + b) when n is
odd.

(1) Write cubes of 1 to 9.
(@i1) Then check their unit digits.

Recall the concept of rational numbers and

irrational numbers.

(1) Suppose the numbers to be ka and kb
where k is their HCF and a and b are
co-primes.

(i1) Check from the options.

(1) Recall the concepts of surds and

irrational numbers.

15.

16.

17.
18.

19.
20.

(i1) Recall the concepts of RE

Form the equations in LCM and
HCEF and solve for LCM and
HCE

Any prime number greater than 3 is in the

form 6k + 1, where k is a natural number.
HCEF is the factor of LCM.

(1) Write 156 =1 x 120 + 36 and proceed
further.
(i) 156 =120 x 1 + 36
120 =36 x 3 + 12
(i) Use division algorithm until we get zero
as remainder.

Factorize the given expressions.

Apply trial and error method.

13



Polynomials anc
{ational Expressions

INTRODUCTION

In this chapter we shall learn about HCF and LCM of polynomials and the method of finding them.
Further we shall learn about rational expressions and also the method of expressing them in their lowest
terms.

Polynomial of nth degree

The expression of the form ax" + ax"~' + ......... +a _x + a is a polynomial of nth degree

(a, # 0) in one variable. Here a ,a,, .......... ,a_are real numbers.

HCF of given polynomials
For the given two polynomials, f(x) and g(x), r(x) can be taken as the highest common factor, if

(i) r(x)is a common factor of f(x) and g(x) and

(ii) every common factor of f(x) and g(x) is also a factor of r(x).
Highest common factor is generally referred to as HCE

Method for finding HCF of the given polynomials

Step 1
Express each polynomial as a product of powers of irreducible factors which also requires the numerical
factors to be expressed as the product of the powers of primes.

Step 2

If there is no common factor then HCF is 1 and if there are common irreducible factors, we find the least
exponent of these irreducible factors in the factorised form of the given polynomials.

14
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Step 3
Raise the common irreducible factors to the smallest or the least exponents found in step 2 and take their
product to get the HCE

@ Examples

(i) Find the HCF of 42a%b? and 48ab°.
Let f(x) = 42a°b” and g(x) = 48ab’
Writing f(x) and g(x) as a product of powers of irreducible factors,
flx) =2 x3x7xa’xb?
gx) =2x2x2x2x3xaxb’=2*x3xaxb’
The common factors with the least exponents are 2, 3 and ab’.
.. The HCF of the given polynomials = 2 x 3 x ab* = 6ab’.

(i) Find the HCF of 96 (x — 1)(x + 1)*(x + 3)’ and 64(x* — 1)(x + 3)(x + 2)*
Let f(x) = 96(x — 1)(x + 1)*(x + 3)? and
g(x) = 64(x* — 1)(x + 3)(x + 2)*
Writing f(x) and g(x) as the product of the powers of irreducible factors,
fx) =2x2x2x2x2x3xx—-1)xx+1)*xx+3)°
gx) =2x2x2x2x2x2x(x-1)(x+1) x+3) (x+2)?
The common factors with the least exponents are 2°, (x — 1), (x + 1), (x + 3).
.. The HCF of the given polynomials = 32 x (x —1) (x + 1) (x + 3)
=32(x*—1) (x + 3)

LCM of the given polynomials

Least Common Multiple or the Lowest Common Multiple is the product of all the factors (taken once) of
the polynomials given with their highest exponents respectively.

Method to calculate LCM of the given polynomials
Step 1

First express each polynomial as a product of powers of irreducible factors.
Step 2
Consider all the irreducible factors (only once) occurring in the given polynomials. For each of these factors,

consider the greatest exponent in the factorised form of the given polynomials.

Step 3
Now raise each irreducible factor to the greatest exponent and multiply them to get the LCM.

@ Examples

(i) Find the LCM of 42a’b? and 48ab°.
Let p(x) = 42a2’b* and q(x) = 48ab’
Writing p(x) and q(x) as the product of the powers of irreducible factors,
px) =2x3x7xa>xb?
qx) =2x2x2x2x3xaxb’
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Now all the factors (taking only once) with the highest exponents are 24, 3,7,2% b’
= The LCM of the given polynomials = 2* x 3 x 7 x a*> x b> = 336a’b>

(i) Find the LCM of 96(x — 1)(x + 1)*(x + 3)? and 64(x* — 1)(x + 3)(x + 2)*
Let f(x) = 96(x — 1)(x + 1)*(x + 3)* and g(x) = 64(x* — 1)(x + 3)(x + 2)*
flx) =2x2x2x2x2x3 x—-1x+1)?>x+ 3)°
gx) =2x2x2x2x2x2Ex-1)x+1) x+3)x+2)?
Now all the factors (taking only once) with the highest exponents are 2°, 3, (x — 1),
(x + 1) x+ 3)° (x + 2)~
= The LCM of the given polynomials = 192(x — 1)(x + 1)*(x + 2)*(x + 3)°

Relation among the HCF, the LCM and the product of the polynomials

If f(x) and g(x) are two polynomials then we have the following relation,
(HCF of f(x) and g(x)) X (LCM of f(x) and g(x)) = * (f(x) X g(x))

@ Example
Let f(x) = (x + 3)*(x — 1)(x + 2)* and g(x) = (x + 3) (x — 1)*(x + 2)* be two polynomials.
The common factors with the least exponents are (x + 3), (x — 1), (x + 2).
= HCF = (x— 1)(x + 3)(x + 2)?
All the factors (taken only once) with the highest exponents are (x + 3)?, (x — 1), (x + 2)°.
= LCM = (x— 1)*(x + 2)*(x + 3)?
Now f(x) x g() = {(x + 32(x — Dl + 27} x {(x + 3)x — Dx + 2P} = (x — (x + 2)°
(x +3)°
LCM x HCF = {(x - 1)(x + 3)(x + 2)*} x {(x—1)*(x + 2)’x + 3)*} = (x— 1)’(x + 3)* (x + 2)°
Thus, we say, LCM x HCF = Product of two polynomials

Rational expressions

We know that any number of the form £ where ,q € z and q # 0 is called a rational number. As integers
y pP.9q q g

and polynomials behave in the same manner, we observe most of the properties satisfied by rational numbers

f
are also satisfied by the algebraic expressions of the form % which are called rational expressions. Rational
gX

f
expression is ‘an algebraic expression which is of the form fx) where f(x) and g (x) are polynomials and
g(x) is not a zero polynomial. g(x)

For any rational number of the form P p,q € zand q # 0. p and q are called numerator and denominator
respectively. Eventhough p and q are integers P heed notbe an integer. Similarly for any rational expression

q
% , f(x) is called numerator and g(x) is called denominator.
gX

Eventhough f(x) and g(x) are polynomials fx) need not be a polynomial.
gX
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@ Example

1. 72"—_1 is a rational expression

x*=3x+1

x> +5x% —\Bx+5 . . .
2. - is a rational expression

2x> —[5x +38
2 _ _ 1 . .
3. % is not a rational expression as the numerator is not a polynomial.
x—
NorE:
C g . . . f(x)

1. Every polynomial is a rational expression as f(x) can be written as o
2. fx) is not a rational expression if either numerator f(x) or denominator g(x) or both f(x) and g(x)

g(x)
are not polynomials.

Rational expressions in lowest terms

£(x)

Let f(x) and g(x) have integer coefficients and HCF of f(x) and g(x) is 1, then the rational expression —-
is said to be in its lowest terms. g(x)

If HCF of f(x) and g(x) is not equal to 1, then by cancelling HCF of f(x) and g(x) from both numerator
and denominator, we can reduce the given rational expression to its lowest term.

@ Example

=1
Verify whether the rational expression ——————— 1is in its lowest terms.
Cx+1)(x+2)

Solution
(x+1)(x-1)
Cx+1)(x+2)

The given rational expression can be written as and clearly HCF of numerator and

denominator of the given expression is 1.
- It is in its lowest terms.

@ Example
x —2x-3
2x> —3x-5

Express the rational expression in its lowest terms.

Solution

Factorizing both the numerator and the denominator of the given expression we have
x’—2x-3 _ (x+DHx-3)

2x’ =3x-5 (2x—35)(x+1)

HCF of numerator and denominator is x + 1

x-3

2x -5

which

Dividing both numerator and denominator of the given expression by (x + 1), we have

is in its lowest terms.
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Addition/subtraction of rational expressions

The sum of any two rational expressions % and % is written as ;g; + 1;23 - & p;();));}(lix)) gx)
fx) h(x) _ f(x)+h(x)

g(x)  px) g(x)

f(x)  h(x) _ f(x)p(x) ~ h(x) g(x)
g(x)  p(x) g(x) p(x)

If the denominators g(x) and p(x) are equal then

The difference of the above rational expressions can be written as

NorE:

1. Sum or difference of two rational expressions is also a rational expression.

f -
2. For any rational expression ) , fx) is called the additive inverse of @
gx) " g(x) g(x)
f(x) ( —f(x) )
e, X T2
g(x) \ glx)
@ Example
+1 3x-2
Simplify —— +
implify 2x-1 x-1
Solution

x+1 3x-2_ (x+D@x-1+ Gx-2)@x-1) _ X% —1+6x%-Tx+2  Tx*-Tx+1
2x-1 x-1 2x-1)(x—1) 2x2 —3x +1 2x2-3x+1

@ Example
2x -3 d 3x—-1

2

an >
X +x-2 2x°+5x+2

Find the sum of the rational expressions

Solution
2x—3 N 3x—1 _ 2x—3 N 3x—-1
X*+x-2 2x°+5x+2 x+2)(x-1) (Cx+1)(x+2)

C(2x=3)2x+ D)+ GBx-N(x—-1)
B (x—-1)(x +2)(2x + 1)

_ 4x2—4x—3+3x2—4x—1_ 7x* —8x — 4
x-DE+2)2x+1) 2x° —3x> —3x -2

@ Example

+1 2x -1 4x -5
IfA = — ,B = x andC=7X—,thenﬁnd4A—3B+C.
2x -1 3x+2 2x"+5x-3
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Solution

4(x+1)_3(2x—1)+ 4x -5
2x—1 3x+2 (2x-1)(x+3)

4A-3B+C = (n.2x2+5x—3 = (2x— 1) (x + 3))

_ 4(x+1)Bx+2)(x+3)-32x—1)°(x+3)+ (4x - 5)(3x + 2)
2x-1)Bx+2)(x+3)

4(3x> +14x% +17x + 6) = 3(4x” +8x” —11x + 3) + 12x* — 7x — 10
2x-1)(3x+ 2)(x + 3)

44x° +94x +5
63> +19x* +x-6

Multiplication of rational expressions

The product of two rational expressions fx) and hx) is given by fx) « B £x)-h(x)
g(x) p(x) gx)  p(x)  gx) px)

NorE:

1. The process of finding the

(i) product of two rational expressions is similar to the process of finding the product of two rational
numbers.

(i1) product of two rational expressions is also a rational expression.

2. After finding the product of two rational expressions the resultant rational expression must be put in
its lowest terms.

@ Example
3x° +8x—3 *—4
Find the product of the rational expressions X T T and =
2x"—x—6 x+3
Solution

3x>+8x-3 x —4
- X

Product of the given expressions is
2x"-x-6 x+3

x+3)3x-1) y (x—2)(x+2)
2x+3)(x—2) (x+3)

_ Bx-Dx+2) _ 3x"+5x-2
2x+3 2x+3

@ Example

Simplify |:2x—1 X —4}(2){‘ +7x+3

x+3 2x+1 X+ 2
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Solution

|:2x—1 x2—4}<2x2+7x+3

x+3_2x+1 X+2

Rx-12x+1)— (x> —4)(x +3) y (x+3)2x+1)
(x+3)2x+1) x+2

_4x2—1—x3—3x2+4x+12 _ —(x’ —x* —4x-11)
x+2 x+2

f .
NorkE: For every rational expression of the form fx) , (g(x) # 0) there exists a rational expression of
g

(x)

the form fx) such that fx) X gx) _ 1, then g(x) is called the multiplicative inverse of fx) and
g(x) g(x) f(x) f(x) g(x)

vice versa.

Division of rational expressions

h
Let 1) and hx) be two non-zero rational expressions, then
g(x) p(x)

f0 b _ f) ) . FIp(x)
gx)  p(x) g® ~ px) 7 gx)h(x)

which is also a rational expression.

NorE:

The process of dividing two rational expressions is similar to the process of dividing two rational numbers

@ Example

2x% + 6% . X +x-6

Express — +—
3x"+7x+2 3x +7x+2

as a rational expression in its lowest terms.

Solution

2x* +6x . X +x-6
3X°+7x+2 3x+7x+2

Given

2x(x+3) (x+3)(x-2)
x+2)Bx+1) Bx+1)(x+2)

2x(x + 3) ><(3x+1)(x+2)= 2x
(x+2)3x+1) (x+3)(x—2) x—2




test your concepts e e

Very short answer type questions

~

1. The LCM of 18x%® and 8x’y? is
2. The HCF of 24a’b and 32ab? is
3. The HCF of 9a> — 16b* and 12a% — 16 ab is
4.
5
6

The LCM of 2 (x — 3)? and 3(x — 2)* is

. The HCF of 24x° and 36x°y* is 12x°, then the value of k is

. The HCF of a™ + b™ and a" — b", where m is odd positive integer and n is even positive integer is

. The LCM of 12x’y* and 18xPy” is 36x*y”.Then the number of integer values of p is

8. The HCF of (x + 2) (x*— 7x + k) and (x — 3) (x* + 3x + {) is (x + 2) (x — 3).Then the values of k and
{ are respectively.
9. The LCM of x* + 2x — 8 and x* + 3x — 4 is
i : x +1 ) 2 -
10. The rational expression ———— is not in its lowest terms. (True/False)
X" +4x+3
. x+1
11. The additive inverse of —; . is
2 _
X X’
12. — + =
x =1 x+1
13. The product of two rational expressions is not always a rational expression. (True/False)

14.

15.

16.

17.

18.

19.
20.
21.

(x+ l)2 o .
in its lowest terms is

The rational expression 1
X_ —

1
The reciprocal of x —— is — — x. (True/False)
X X

X—a

If the rational expression is in its lowest terms, then .[a=b/a*>=Db]

X— N—
Every polynomial is a rational expression. (True/False)

X+ \/gxz —7
2x% +/x +1
The HCF of the polynomials 8a’b*c, 16a°bc® and 20ab’c? is

The LCM of the polynomials 8(x* + 8) and 12(x* — 4) is

is a rational expression. (True/False)

The HCEF of the polynomials 12xy*z’, 18x%y’*z and 28x’yz* is

21



22.
23.

24.
25.

26.

217.

28.

29.

30.

The LCM of the polynomials 15a°b(a* — b* and 40 ab*(a — b) is
The HCEF of the polynomials 15(a + 1)*(a —2),65( — 1)* (a + 1) and 90 (a — 2)* (a — 1)

1S

The HCEF of the polynomials (x + 3)* (x —2) (x + 1)?and (x + 1)’ (x + 3) (x + 4) is
The LCM of the polynomials x* — 1,x* + 1 and x* -1 is

x—1 .
is

The multiplicative inverse of x — y
- X

Which of the following algebraic expressions are polynomials?
@ -7 x+ 13

®) 3x' +2x° — 5x + 8

() 11 —-x*+x+x +7x

d - Bx +8x-9

+1
The additive inverse of )i is
x -1
_ p(x) _ ) . .
It A = a(=) an = ﬁ are two rational expressions where q(x), g(x) # 0, then A + B and
g(x

A — B are also rational expressions. (True/False)
The rational expression whose numerator is a linear polynomial with —3 as zero and whose denominator

1
is a quadratic polynomial with zeroes 5 and —1 is

Short answer type questions

31.

32.

33.

34.

35.

36.

22

Find the HCF and the LCM of the following monomials.

(i) x’y°and x%y®

(ii) 3a’b’c* and 9a'b’c?
(i) p*g*’, q’p’r® and
Find the LCM and HCEF of the polynomials (x> — 4) (x* — x — 2) and (x* + 4x + 4) (x* — 3x + 2).Verify
that the product of the LCM and HCEF is equal to the product of the polynomials.
If HCF of the two polynomials (x — 1) (x — 6) (x — 2) and (x — 6)’(x — 4) (x — 2)*is (x — 6) (x — 2), then
find their LCM.
If LCM of the two polynomials (x* + 3x) (x> + 3x + 2) and (x* + 6x + 8) (x> + kx + 6) is x (x + 1)
(x +2)* (x + 3) (x + 4), then find k.

If (x + 2) (x + 5) is the HCF of the polynomials (x + 2) (x> + 6x + a) and (x + 5) (x> + 8x + b), then find
the values of a and b.

If the LCM and HCEF of the two polynomials are (x — 1)*(x — 2)*(x — 3)’ and (x - 1) (x — 2) (x — 3)
respectively and one of the polynomials is (x — 1) (x — 2)? (x — 3), then find the other polynomial.



ko)
37. Find the LCM and HCEF of the polynomials (8 — x*) and (x* — 4) (x + 3).Verify that the
product of the LCM and HCEF is equal to the product of the polynomials.

38. The HCF and LCM of the two polynomials are (x — 3)(x + 1) and (x* — 9)(x* — 1) respectively. If one of
the polynomial is (x — 3)(x*> — 1), then find the second polynomial.

39. Find the HCF and LCM of (x = 1) (x + 2) (x—3),(x + 2)?> (x + 1) and (x + 3) (x* — 4).

40. Find the sum of the following rational expressions.

x+1 x—2
2 an 5.3
(x—1) x —1
3x+1 3x—-1
4. 11p= 2= and Q = = ,thenfind P-Q and P + Q.
3x-—1 3x+1

42. Reduce the following rational expressions to their lowest terms.
16x° — (x* = 9)° _ 8x” —8x

s (i1) 5
4x+9—-x" 3x" +3)(4x+4)

@)

1+a2 1-3
43.1fX = —2 andy = 2
1—a 1+a

,then find X2 +Y? + XY.

44. What should be added to
45. Simplify:

x+1 x—1 8x 12x°
J’_

+
a—b a+b

to get 1?

x—1 x+1 1+ x° x'—1

Essay type questions

2 —2
46. Simplify: {X TC X Bx } Bx

. x' =16
2x 1 1

47. Simplify the rational expression =% —— -
1+x +x  14+x+x 1-x+x

x—2 X+2_X2+4

48. Find the product of the following rational expressions and express the result in lowest terms:

8x* +10x—3 6x> —7x—3
—_—— and

12x> +x—1 8x* —10x—3

1 1 1
49. Simplity the rational expression + + ef = PX = %= 9 = = = —.
X+p X+q XxX+r X +px X +qx° X +r1x°

8x —y’ +2° + 6xyz R 4 +y* + 27 + 2xy + yz — 2xz
2’ —8b° +27¢° +18abc  a” + 4b> + 9¢® + 2ab + 6bc — 3ac

50. Simplify:

23



CONCEPT APPLICATION %

v,
Concept Application Level—1 ﬁ
1. The LCM of the polynomials 18(x* — x* + x%) and 24(x® + x7%) is .
(1) 72x* (x+ 1) x*—x + 1)? @ 72X x*-1) x-1)
(3) 72x* (x* = 1) 4) 72x° (x*+ 1)
2. The LCM of the polynomials f(x) = 9(x* + x* + x) and g(x) = 3(x> + 1) is .
M 27xx+1) X@+x+1) 2 xx+1)E+x+1)x-x+1)
B)Ix+1) X-x+1)xE+x+1) 4 9xx+1) X +x+1)
3. The LCM of polynomials 14(x* — 1) (x> + 1) and 18(x* = 1) (x + 1) is .
M 126x+1) x*+1)x-1) 2 126x+1) x*+1) -1
(3) 126(x+ 1)* (x*+ 1) x—1)2 @ 126(x+ 1) x*+ 1) (x—1)2

4. If HCF and LCM of two polynomials P(x) and Q(x) are x(x + p) and 12x? (x — p)(x* — p?) respectively.
I[f P(x) = 4x* (x +p), then Q(x) =

(1) 3x(x-p)* (x + p) (2) 3x(x—p) (x + p)
(3) 3x(x + p) (x* = p?) (4 3x(x+p) x* +p)
5. The product of HCF and LCM of two polynomials is (x> — 1) (x* — 1), then the product of the

polynomials is .
1) -1 E+1) Q@ -1+ 1)
B) -1 +1) (4) None of these
6.1f (x + 4) (x—2) (x + 1) is the HCF of the polynomials f(x) = (x* + 2x — 8) (x* + 4x + a) and g(x) =
(x*—x-2) (x* + 3x —b), then (a,b) = .
1) G, -4 @ 3,4 3) 3.4 4 G. 4

7.Find the LCMof X’ - x* + x— 1 and x> — 2x* + x — 2.
N x+1) x-1) 2 x-1
B X+t xx-1) -2 (4) None of these

8. The HCF of the polynomials p(x) and q(x) is 6x — 9, then p(x) and q(x) could be
(1) 3,2x-3 (2) 12x-18,2
(3) 3(2x -3)%, 6(2x — 3) 4) 3(2x—3), 6(2x + 3)

9. If the HCF of the polynomials f(x) and g(x) is 4x — 6, then f(x) and g(x) could be
(1) 2,2x-3 (2) 8x—12,2
(3) 2(2x —3)3, 4(2x - 3) 4) 22x + 3),4 (2x + 3)

10. If the HCF of the polynomials f(x) = (x + 3) (3x> — 7x — a) and g(x) = (x — 3)(2x* + 3x + b) is
(x+3) (x—3),thena+b=

) 3 2 -15 3) -3 ) 15

11. Find the HCF of the polynomials f(x) = x’ + x* + x + land g(x) = x — x> + x— 1.
1) xx+1) 2 x-1 3) x>+ 1 4 x+1

- J
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12.

13.

14.

15.

16.

17.

18.

19.

If the HCF of x> + 2x® — ax and 2x> + 5% — 3x is x(x + 3),then a =
1) 3 2 -3 ) 6
The HCF of the polynomials 70(x* — 1) and 105(x* — 1) is
(1) 15x-1) (2) 35(x-1)
B) BE-HEE*+x+1) 4) 15x*-1)
‘What should be subtracted from ,7—X to get ?
(x"—x-12) x+3
5 4 2
1 2 3
@ x+4 @ x—4 ©) x—4

Which of the following algebraic expressions is/are not polynomials?

@ X+2+ JTx+4

X +3x° —8x + 11

(b) 5x> + 4+/x — 11

x> +3x° —6x+13

(©) (d)

4xx —3x +3 x* +1
(1) a,band ¢

Which of the following is/are true?

(2) aandc (3) band ¢

(a) The sum of two rational expressions is always a rational expression.

(b) The difference of two rational expressions is always a rational expression.

(c) &X; is in its lowest terms if LCM [p(x), q(x)] = 1.

q(x

-2 |
(d) Reciprocal of — e

X" - 2x
(1) a,b (2) a,b,d (3) a, c

L x’ -1 x°—4
The product of additive inverses of and is

2x 3-x
(1) x*+5x+6 2 x*+x-6 3) x*-x-6
‘What should be added to — to get — ?
x"—=T7x+12 X" —6x+8
2 4 1

1) ———— 2) ——— G ——
Voea @ aoanro R

x> —3x% +2x

The rational expression ~ in lowest terms is
Xy — 2xy
x—2 x+1 x—2
1) @ )
y Xy y

-1 &g

1
x—4

)

(4) aand d

(4) a,b, c

4) x*-5x+6

)

x> +5x -6

x+1

)
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o

2

.If (x — 4) is the HCF of p (x) = x* — nx — 12 and q(x) = x* — mx — 8, then the simplest

form of @ is .
q(x)

x-3 x+3 x+2 x+3

1 2 3 4

@ x+2 @ x-2 ©) x+3 ® x+2
21. What should be added to — to get #?

(x"+x-6) x" -4 -9
4 -2 4x -3

1) —— 2) —m 3) — 4) ——

M X —x-6 @ X —-x-6 ) X +x+6 : X +x+6
22. The HCF of the polynomials 4(x + 8)* (x* — 5x + 6) and 6(x* + 12x + 32) (x* — 7x + 12) is

(1) 2(x+8) x—13) 2 x-3) x+38)

B) x-8) (x+3) 4) 2x-8)(x + 3)
23. The LCM of the polynomials 8(x* — 2x) (x — 6)* and 2x (x> — 4) (x — 6)* is

(1) 8(x*—4) (x* - 6%)* 2) X¥—-4x) x—6)* (3) 8(x’—4x) (x—6)* 4) 8x(x*+ 4) (x—6)*

24. The HCF of polynomials (x> —2x + 1) (x + 4) and (x> + 3x—4) (x + 1) is

1) x+4x-1) 2 x+1x+4 B x+1Dx-4) 4 XE-1Dx+4)
25. If the zeroes of the rational expression (3x + 2a) (2x + 1) are _71 and 2 , then the value of a

is

-b -b

(1) -2b 2 > (3) 5 (4) None of these
26. The LCM of the polynomials (x* — 8x + 16) (x> — 25) and (x* — 10x + 25) (x*> — 2x — 24) is

(1) x*—41x + 400)(x — 6) (2) x*+ 41x +400) (x*> - 9x + 20)

(3) (x*—41x + 400) (x> —9x + 20) (x — 6) 4) (x*—41x + 400) (x> —9x + 20) (x + 6)
27. If the HCF of the polynomials (x* + 8x + 16) (x* — 9) and (x> + 7x + 12) is x> + 7x + 12, then their

LCM is

1) x+4) ®x-9) (2 x+4)2x*-9)

B ®-4 x+9) 4) x+4)2x+3)
28. If h(x) = x* + x and g(y) = y’> — v, then the HCF of h(b) — h(a) and g(b) — g(a) is

1)atb 2 b-a (3) b*+ a? (4) b2+ ab + a?
29. If h(y) = y’ and g(z) = z*, then HCF of h(b) — h(a) and g(b) — g(a) is

1) b-a (2) b*-a? (3) b’ -2’ (4) b*>+ ab + a?
30. If the HCF of the polynomials (x + 4) (2x* + 5x + a) and (x + 3)(x*> + 7x + b) is (x> + 7x + 12) then

6a+Dbis
(1) -6 2 5 Q) 6 “4) -5

/
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Concept Application Level—2

31. The HCF and LCM of the polynomials p(x) and q(x) are 5(x — 2) (x + 9) and 10(x* + 16x ﬁ
+63) (x—2)2If p(x) is 10(x + 9) (x*> + 5x — 14), then q(x) is
1) 5x+9) x-2) 2 10x-2?2*x+7)
3) 10x+9x-2) 4 5x-2*x+9)

-2 1
32. If the zeroes of the rational expression (ax + b) (3x + 2) are ? and 5 ,thena+b=

1 -1 2 0 (3) b (4) None of these
33. Simplify: ~— Y ~22) |y ~(@x-z) 7 ~(x-2y)
X—-y+2z y+2x—z z—Xx+2y
Mo 2 1 @) x+y+z (4) None of these
34. If the HCF of the polynomials x*> + px + q and x> + ax + b is x + £, then their LCM is
1) x+ta—-0) x+£L-p) 2 x-(fta)x+l-p)x+¥
B xta-fHx+p-OHxt 4 x—Ll+ax—pt+tl)x+
. 1 x’ x> . .
35. The expression - - + in lowest terms is
1-x 1+x 1-x 1+x
1) 2x*+1 2 x*+2 (3) x>+ 2x 4) x*—2x

a> —(b—c)’ +b2—(a—c)2 +c2—(a—b)2

36. Simplify: _
P o e T arby ¢ (bro o

1o 2 1 (3) a+b+c 4) _
a+b+c
-1 2x° -2
37. Simplify: 2L 4 X1 _ 2%
x-1 x+1 x +1
4x' +2 4x° 8x”
(1) = @ = 3 == 4 1
X - x -1 |
38. If the LCM of the polynomials x* + x* + x* + 1 and x® — 1 is x'> — 1, then their HCF is
1) x*+1 2 xt+1 3 x*-1 4 x*-1
39.If x> + x — 1 is a factor of x* + px® + qx* — 1, then the values of p and q can be
1 2,1 2 1,-2 G) -1,-2 4 -2,-1

40. The HCF of two polynomials p(x) and q(x) using long division method was found to be x + 5, If their
first three quotients obtained are x, 2x + 5, and x + 3 respectively. Find p(x) and q(x). (The degree of
p(x) > the degree of q(x))

(1) px) =2x*+ 21x> + 72x* + 88x + 15 (2) px) =2x*-21x>—72x>—-88x + 15
q(x) = 2x° + 21x* +71x + 80 q(x) = 2x° + 21x*— 71x + 80

(3) p(x) =2x* + 21x> + 88x + 15 4) px) =2x'-21x>-72x* + 80x + 15
q(x) =2x’ + 71x + 80 q(x) = 2x* = 21x2 + 71x + 80

N\ /
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41. If the HCF of the polynomials x*> + px + q and x> + rx* + Ix + x is x* + ax + b, then their

82

LCM is (x #0)
1) x®+tax+b)(x+a)(x+ta—r) 2 x®tax+b)(x—a)(x—a+r)
B) x®+tax+b)(x—a)(x—a-r) 4) xX*—ax+b)(x—a)(x—a+tr)

42. If the HCF of the polynomials (x — 3)(3x*> + 10x + b) and (3x — 2) (x> — 2x + a) is (x — 3)(3x — 2), then

the relation between a and b is

(1) 3a+8b=0 (2 8a-3b=0
(3) 8a+3b=0 4) a-2b=0
43. The HCEF of the polynomials 12(x + 2)* (x> — 7x +10) and 18(x* — 4) (x> — 6x + 5) is .
1) ®+3x+10)(x-2) (2) 6 (x*+3x+10) (x+2)
B) x-3x—-10) x—-2) 4) 6(x*—3x—10) (x—2)
44. The HCF of the polynomials (x> — 4x + 4) (x + 3) and (x* + 2x — 3) (x — 2) is
1) x+3 2 x-2
G) x+3)x-2) *#) x+3)(x-2)
45. The HCF of the polynomials 5(x* — 16) (x + 8) and 10(x* — 64) (x + 4) is .
(1) x>+ 12x + 32 (2) 5(x>+ 12x + 32)
(3) x2— 12x + 32 @) 5(x—12x + 32)

Concept Application Level—3

46. The HCF of two polynomials p(x) and q(x) using long division method was found in two steps to be

3x — 2, and the first two quotients obtained are x + 2 and 2x + 1. Find p(x) and q(x). (The degree of
p(x) > the degree of q(x)).

2) pE) =6+ 11x*—x+6,q(x) = 6> —x + 2

(3> P(X):6X3—11X2+x—6, q(x):6X2_X_2
“4) px) =6x+ 11x* —x -6, q(Xx) = 6x> —x—2
x+2 x-2 3x*-3

+ _

47. Simplify:
plify x-2 x+2 x +4
—x* +31x* + 20 x'+31x% + 20 x'+31x> =20 x'=21x> +20
1 ————— @ — Q@ —— @) ———
x =16 x" —16 x" —16 x" —16
48, 16p = X1 and Q = X—_l, then P? + Q* - 2PQ =
x—1 x+1
16x° 4x* +8x* +4 4x* 8x’
1) —— ) — 3) — 4) —m———
M x'—2x" +1 @) x'—2x+1 ©) 4257 +1 ) x'—2x* +1
4 2
9x’ —4x+4
(1) 9> + 4x— 4 (2 9x* —4x—4 (3) 9x*-2x-8 4) 9x*+2x-38

)
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2=

+
1 -1
50.  The rational expression A = o _E = 74X is multiplied with the additive ﬁ
x—1 x+1 x +1
4
inverse of B = to get C.Then,C =
4x
32x’ 2x
1 = 2 — 3) 2 1
x -1 x =1
KEY
Very short answer type questions 20.24 (x + 2)> (x —2) (* —2x + 4)
1. 72x%° 21. 2xyz
2.8ab 22.120 a? b? (az - bz)
3.3a—-4b 23.5
4.6 (x—2)* (x—3)* 24. (x + 3) (x + 1)?
5. Any whole number 25. (@ + 1) (x*-1)
6.a+b 26. !
7. 4 1+x
8.12,2 27. a,d
9. x—-1) (x—2) (x + 4) 28 1
10. False T1-x
11. XZ"‘} 29. True
1-x"
1
1 30 Xl+ 3
X(x=1) (X —j (x+1)
13. False 2
14, X1 Short answer type questions
x~1 31. () HCF = x%y*
15. False LCM = xy®
16.2°#b (i) HCF = 3a’b’c?, LCM = 9a*b’c*
17. True (iii) HCF = p*q’’® and LCM = pg’r®
18. False 33.LCM = (x-1) x=-2)* x—4) x-6)’
. 4abc 34.k=5

Kl9
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35.a=5,b=12

36. (x— 1) (x—2) (x—3)°

3. x+ 1) (x*—9)

39. HCF = (x + 2)

ICM=x-9) -4 x-1)(x+2)

40. 2x" —7X+ 3
(x-1 " (x+1)
12x
41.P- Q= ——
P-Q Bx—-1)(Bx+1)
_209%° +1)
F+Q (9x* —1)
42. () x*+4x-9
2x(x —1)

(1)

4. (> +3)(3a” +1)

(1-a%y
2
44. Zabq 45. 4X4
b”—a” 1-x

Essay type questions

46. 8
47. 0 a5, =3
4x +1

49 > 50, BX-y+2)

X a—2b+ 3¢

key points for

-~

Very short answer type questions

19. The product of the common factors with least
exponents is HCE

20. Factorize the given polynomials. The product of
all the factors with highest exponents is LCM.

21. The product of the common factors with least
exponents is HCE

22. Factorize the given polynomials. The product of
all the factors with highest exponents is LCM.

23. The product of the common factors with least
exponents is HCE

24. The product of the common factors with least
exponents is HCE

25. Factorize the given polynomials. The product of
all the factors with highest exponents is LCM.

selected questions

26. Multiplicative inverse of P(x) is
X

27. Recall the definition of polynomials.
28. Additive inverse of P(x) is —P(x).

Short answer type questions

31. (i) HCF is the product of all the common
factors with least exponents.
(i) LCM is the product of all the factors with
highest exponents.

32. (i) Factorize the given expressions.
(i) HCEF is the product of all the common
factors with least exponents.
@iii)) LCM is the product of all the factors with
highest exponents.
/
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33.
34.

35.

36.

37.

38.

39.

40.

41.

42,

_ Product of two polynomials

HCF
(i) Factorize each of the given two
polynomials.

LCM

(ii) By observation (x*> + kx + 6) must have
x + 2 as its factor.

(i) Remainder theorem says that if
(x —a) is a factor of {(x), then f(a) = 0.
(i) As (x +5) is a factor of
(x* + 6x + a) we can find a by
applying remainder theorem.
(iii) As (x + 2) is a factor of (x* + 8x + b), we

can find b by applying remainder theorem.

Use, Product of two polynomials = + (LCM)
(HCF) and proceed.

(i) Factorize the given expressions.
(i) HCEF is the product of all the common
factors with least exponents.
(iii) LCM is the product of all the factors with
highest exponents.

Product of the two polynomials = £ (LCM)
(HCF)
(i) HCEF is the product of all the common
factors with least exponents.
(i) LCM is the product of all the factors with
highest exponents.
x=2 x+1
+———= ~+
x -1 (x-1)

x—-2
x+D)Ex-1)

x+1
(x—1)°

LCMof (x—1)?and (x+ 1) (x—1)is (x — 1)?
x+1)

LCMof 3x— 1) and B3x+ 1) is B3x — 1)
Bx+1)

), (id):

(a) Factorize the expression if possible.

(b) Then cancel the common factors if any.

(c) 16x*— (x*-9)
X +4x-9) dx+9-x%)

d) ®—x=xx+1) x+1) x-1)
Bx*+3) Ux+4)=12x+1) x+1)

43. Use, X>+Y? + XY = X +Y)* - XY
44. The required expression is

a b

1- _
a—b a+b

45. (i) LCM of the denominators is (x> + 1)

x+1) x—1ie,x-1)

Essay type questions

46. (i) LCMof (x—2),(x+2) and (x> + 4) is
x* —16.
(i) Simplify the first expression and proceed.

47. (@) Writex*+ x>+ las(x*+x+ 1)
x-x+1)

(i) Take LCM and simplify
48.

(i) Factorize the numerator and denominator
of each rational expressional.
(i) Cancel the common terms.
49. () Write— 2= P
X +px~  x(x+0p)
@x _ 9
3 2
X +gx

= and
x(x+q)

X r

x° +rx’ _x(x+r)

(i) Regroup the terms with same
denominator then take LCM and
simplify.

(i) Factorize the first rational expression by
using, a’ + b’ + ¢* — 3abc

50.

=@+b+c)@+b*+c>—ab—bc—ac)

(i) Cancel the common terms and simplify.

J
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Concept Application Level—1,2,3

1.4 26. 3
2.2 77, 2
3.2 28. 2
4.1 29. 1
5.3 30. 1
6. 4 31. 4
7.3 32.3
8.3 33. 1
9.3 34.3
10. 3 35.3
11. 3 36. 2
12. 1 37.3
13. 2 38. 1
14. 2 39. 1
15. 3 40. 1
16. 1 41.2
17. 2 42.2
18. 3 43. 4
19. 3 44. 3
20. 4 45. 2
21.2 46. 4
22. 1 47.1
23.3 48. 1
24. 1 49. 1
25. 2 50. 3

Concept Application Level—1,2,3

Key points for select questions

1. Factorize the given polynomials. The
product of all the factors with highest
exponents is LCM.

2. Factorize the given polynomials. The product

of all the factors with highest exponents is
LCM.

3. Factorize the given polynomials. The product

of all the factors with highest exponents is
LCM.

4. We gave, P(x) Q(x) = LCM x HCE

10.
11.
12.
14.

15.
16.

18.

19.

21.

22,

23.

24.

25.

. We have, P(x) Q(x) = LCM x

HCE
. If (x — k) is a factor if {(x), then
flk) =0

. Factorize the given polynomials. The product

of all the factors with highest exponents is
LCM.

If (x — k) is a factor of {(x), then f(k) = 0.
Factorize the given polynomials.

If (x — k) is a factor of {(x), then f(k) = 0.
Factorize the given polynomials. The product
of all the factors with highest exponents is
LCM.

Reecall definition of polynomials.

Sum or difference of two rational expressions
is always a rational expression.

Subtract the first expression from the second
expression.

Factorise numerator and denominator and
eliminate the common factors.

Factorize the given polynomials. The product
of all the factors with highest exponents is
LCM.

(i) Factorize the given polynomials.

() x*-5x+6=(x—-2) (x—23)
x>+ 12x+32=(x+8) (x + 4)
x*=7x+12=(x-4) x—3)

(i) Factorize the given polynomials.

() x*—2x=x(x—2).
xX*—4=x+2) x—2).

(i) Factorize the given polynomials.

() x*-2x+1=(x—1)
x*+3x—4=x+4) x-1)

(i) Equate the given expression to zero and
compare with the given values.

1
(i) Aszero of 2x + 1 is o zero of the

b
expression 3x + 2a is 3"

(i) Factorize the given polynomials.
(i) (x*—8x+ 16) (x> —25) = (x —4)?
(x+5) x-15).



27.

28.

29.

30.

31.

32.

33.

34.

35.

@)
(i)
@)
(i)
(i)
@
(i)
(i)
@)

(i)
(iif)

@)
(i)
(iif)

@)

(i1)

(x*—10x + 25) (x> — 2x — 24)
=x-5*x—-06)(x+4).

LCM X HCF = #f(x) X g(x)

X +8x+ 16 = (x + 4)°

h(b) —h(a) = (b* + b) — (a* + a).
Now factorize the above expression.
Similarly factorize g(b) — g(a).

Divide the given polynomials with (x + £).
h(b) —h() = b’ —a’, gb) — g(a) = b* —a".

Now, factorize the above expressions.

Find the values of a and b using the
concept of HCF then obtain the
required relation.
X+7x+12=(x+4) x+3)

x + 3 is a factor of 2x*> 4+ 5x + a and x +
4 is a factor of x* + 7x + b.

px) q(x) = LCM x HCE

LCM X HCF = * {(x) X g(x)
x*+16x+63=(x+7) (x+9)
x*+5x—14=(x+7) x-2).

Equate the given expression to zero to
get the values of a and b then find a + b.

As the zero of 3x + 2 is _—32 ,zero of ax
+bis l

2
Factorize and then simplify.

xX*—(y—2z)’=(x+ty—2z

(x —y + 22) and so on.

If (x — k) is a of factor {(x), then f(k) = 0
Find the quotients by dividing each of
the expressions by x + £.

Add the terms which have the same
denominators.

LCM of denominators is (1 — x)
1+ x).

a?—1=@+1) @a-1);a-1
=@-1)@*+a+1)

36.

37.

38.

40.

41.

42.

43.

45.

46.

48.

50.

(1) Factorize numerator and denominator
then simplify.

@) a>—(b-c*=(@@+b-c)@a->b
+c);at+c)—-b*=@+c+Db)
(@atc—b)

(1) Simplify the first two terms.
(il)) LCM of denominators is (x* — 1)
x>+ 1).
(1) We have, P(x) Q(x) = LCM x HCE
@) P?+Q*-2PQ=(P-Q)".
(i) Find P —Q and then find
P-Q
(1) Use division rule.
(i1) Apply the concept of finding HCF by
long division method.

Find the quotients by dividing each of the
given expressions by x* + ax + b.

(i) Find the values of a, b using the concept
of HCF then obtain the relation
between a and b.

(i) 3x —21isa factor of 3x* + 10x + b.

(i) x — 3 is a factor of x> — 2x + a.
(iv) Apply remainder theorem to find the
values of a and b.

(i) Factorize the given polynomials.

(@ x*-7x+10=x-5) x-2)
x—-6x+5)=x-5)(x—-1)

(i) Factorize the given polynomials.

i@ x*-16=x+4) x—4)
x*—64=(x+8) (x—38)

(1) Use division rule.

(i) Apply the concept of finding HCF by

division method.

@) PP+ Q-2PQ= (P -Q)

(i) Find P —Q and then find
P -Q.

(i) Simplify the expression A

(i1) Find additive inverses of the expression
B and then multiply with A.
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CHAPTER 3

inear tquations

n Two Variables

INTRODUCTION

While solving the problems, in most cases, first we need to frame an equation. In this chapter, we learn how
to frame and solve equations. Framing an equation is more difficult than solving an equation. Now, let us
review the basic concepts related to this chapter.

Algebraic expressions

Expressions of the form 2x, (3x + 5), (4x — 2y),2x> + 3 J; ,3x°/24]y are algebraic expressions. 3x and 5 are the
terms of (3x + 5), and 4x and 2y are the terms of 4x — 2y. Algebraic expressions are made of numbers, symbols
and the basic arithmetical operations. In the term 2x, 2 is the numerical coefficient of x and x is the variable
coefficient of 2.

Equation

An equation is a sentence in which there is an equality sign between two algebraic expressions.
For example,2x + 5 = x + 3,3y —4 = 20 and 5x + 6 = x + 1 are some examples of equations. Here x
and y are unknown quantities and 5, 3, 20, etc are known quantities.

Linear equation

An equation, in which the highest index of the unknowns present is one, is a linear equation.
2(x+5)=18,3x-2=5
x + y = 20 and 3x — 2y = 5 are some linear equations.

Simple equation

A linear equation which has only one unknown is a simple equation.
3x + 4 =16 and 2x — 5 = x + 3 are examples of simple linear equations.

34
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The part of an equation which is to the left side of the equality sign is known as the left hand side, abbreviated as L.H.S.

The part of an equation which is to the right side of the equality sign is known as the right hand side, abbreviated

as R.H.S.The process of finding the value of an unknown in an equation is called solving the equation.The value/

values of the unknown found after solving an equation is/are called the solutions or the roots of the equation.
Before we learn how to solve an equation, let us review the basic properties of equality.

1. When a term is added to both sides of the equality, the equality does not change.
@ Example

Ifa+b=c+dthena+b+x=c+d+x.
This property holds good for difference also.

2. When the expressions on the L.H.S. and R.H.S. of the equation are multiplied by a non-zero
term, the equation does not change.

@ Example

Ifa+b=c+d,then x(a + b) =x(c +d)
This property holds good for division also.

Solving an equation in one variable

The following steps are involved in solving an equation.

Step 1: Always ensure that the unknown quantities are on the L.H.S. and the known quantities or
constants on the R.H.S.

Step 2: Add all the terms containing the unknowns on the L.H.S. and all the knowns on the R.H.S.
so that each side of the equation contains only one term.
Step 3: Divide both sides of the equation by the coefficient of the unknown.

@ Example
If 4x + 15 = 35, find the value of x.
Solution

Step 1: Group the known quantities as the R.H.S. of the equation i.e., 4x = 35 — 15
Step 2: Simplify the numbers on the R.H.S. = 4x = 20
Step 3: Since 4 is the coefficient of x, divide both the sides of the equation by 4.
4x 20
i

x=5

@ Example
Solve: 3x + 11 = 6x—13

Solution
Step 1: 6x—3x=11+13
Step 2: 3x =24

3x 24
Step 3: — =—
P 3 3

=>x=8
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@ Example

A swarm of 62 bees flies in a garden. If 3 bees land on each flower, 8 bees are left with no flowers. Find
the number of flowers in the garden.

Solution

Let the number of flowers be x.
Number of bees on the flowers = 3x
Total number of bees = 62

L 3x+8=62
=3x=62-8=54=x=18

.. There are 18 flowers in the garden.

Transposition

In the above problem, 3x + 8 = 62 can be written as 3x = 62 — 8. When a term is moved (transposed) from
one side of the equation to the other side, the sign is changed. The positive sign is changed to the negative
sign and multiplication is changed to division. Moving a term from one side of the equation to the other
side is called transposition. Thus solving a linear equation, in general, comprises two kinds of transposition.

Simultaneous linear equations

We have learnt to solve an equation with one unknown.Very often we come across equations involving more
than one unknown. In such cases we require more than one condition or equation. Generally, when there are
two unknowns, we require two equations to solve the problem.When there are three unknowns, we require three
equations and so on.

We need to find the values of the unknowns that satisfy all the given equations. Since the values satisfy all
the given equations we call them simultaneous equations. In this chapter, we deal with simultaneous (linear)
equations in two unknowns.

Let us consider the equation, 2x + 5y = 19, which contains two unknown quantities x and y.

Here, 5y = 19 - 2x

19-2x
=y= T (1
In the above equation for every value of x, there exists a corresponding value for y.
17
Whenx =1,y = )

When x = 2,y = 3 and so on.
If there is another equation, of the same kind, say, 5x — 2y = 4

From this, we get,y = 5X2_4 2

If we need the values of x and y such that both the equations are satisfied, then 19;2X = 5X2_4

= 38 —4x = 25x — 20
= 29x = 58
=>x=2




Linear Equations in Two Variables 37

On substituting the value of x = 2 in the first equation, we get,

_19-2(2) 15 _
5 5

=>y=3

Both the equations are satisfied by the same values of x and y. Thus we can say that when two or more
equations are satisfied by the same values of unknown quantities then those equations are called simultaneous

equations.

When two equations, each in two variables, are given, they can be solved in five ways.

(a) Elimination by cancellation.

(b) Elimination by substitution.

(c) Adding the two equations once and subtracting one equation from the other.
(d) Cross-multiplication method.

(e) Graphical method.

(a) Elimination by cancellation

@ Example
If 2x + 3y = 19 and 5x + 4y = 37, then find the values of x and y.

Solution

In this method, the two equations are reduced to a single variable equation by eliminating one of the

variables.

Step 1:

Step 2:

Step 3:

Here, let us eliminate the y term, and in order to eliminate the y term, we have to multiply
the first equation with the coefficient of y in the second equation and the second equation
with the coefficient of y in the first equation so that the coefficients of y terms in both the
equations become equal.

(2x + 3y =19)4 = 8x + 12y = 76 ————mmm—— ?3)
(5x + 4y = 37)3 = 15x + 12y = 111 —meemeeee o 4)

Subtract equation (3) from (4),
(15x + 12y) — 8x + 12y) = 111 - 76

= 7x =35

=x=5

Substitute the value of x in equation (1) or (2) to find the value of y. Substituting the value
of x in the first equation, we get,

2(5) + 3y =19

=3y=19-10=>3y=9

=>y=3

.. The solution of the given pair of equation is x = 5;y = 3.
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(b) Elimination by substitution

@ Example
If 4x — 3y = 32 and x + y = 1, then find the values of x and y.

Solution

In this method, the two equations are reduced to a single variable equation by substituting the value
of one variable, obtained from one equation, in the other equation.

Step 1: Using the second equation, find x in terms of y.
re,x +y=1
=>y=1-x

Step 2: Substitute the value of y in the first equation to find the value of x.
So4x—3(1—x) =32

Step 3: Simplify the equation in terms of x and find the value of x.
4x—-3 +3x =32
=7x=32+3=35
=>x=5

Step 4: Substituting the value of x in equation (1) or (2), we have,
y=1-x=1-5
=>y=-4

.. The solution for the given pair of equations is x = 5;y = —4.

(c) Adding two equations and subtracting one equation from the other

@ Example

Solve 3x + 7y = 32 and 7x + 3y = 48

Solution

Given,

x+7y=32 - )

7x + 3y = 48 ———————————- )

Step 1: Adding both the equations, we get
10x + 10y = 80
= 10x+y)=10x8
=>x+y=8 3)

Step 2: Subtracting equation (1) from equation (2),
(7x + 3y) — 3x + 7y) = 48 - 32

= 4x -4y =16
=4x-y)=4x4
=>x-y=4 “4)

Step 3: Adding the equations (3) and (4),
X+ty+tx—y=12
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=2x=12

=>x=6

Substituting x = 6 in any of the equations (1), (2), (3) or (4), we get,y = 2
.. The solution of the pair of equations is x = 6;y = 2.

(d) Cross-multiplication method

@ Example
Solve ax + b]y +¢, =0 and ax +by + ¢, = 0, where 4 * ,E_l
2 2 2 a, .
Solution
Given,
ax+by+c =0 1)
ax+by+c,=0- - )

Solving the above equations using elimination by cancellation method, we get,

X = b,c, b, and v = Cid, —Cray
a;b, —a b, a,b, —a,b,
Applying alternendo on the above ratios, we have
1 1
x and—~ =

b,c, =by,c, ab,—a,b, ca,—Ca, ab,—a,b,

ie x = Y = !
Lo = -
bic,=by, ca,—ca  ab,—ab,

The above result can be better remembered using the following diagram.

X y 1

aq b1

by Cq

bo az

c2
Figure 3.1

The arrows between the two numbers indicate that they are to be multiplied and second product is to
be subtracted from the first.

While using this method, the following steps are to be followed.
Step 1: Write the given equations in the formax + by +c¢ =0andax + b,y +¢,=0
Step 2: Write the coefficients of the equations as mentioned above.

Step 3: Find the values of x and y.
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@ Example
Solve 4x + 5y = 71 and 5x + 3y = 66.

Solution
Step 1: Rewriting the equations, we get,
4x +5y—-71 =0 ——————- 1)
5x + 3y — 66 = 0 ——————————- ()
Step 2: Write the coefficients of x and y in the specified manner.
x vy 1
5 =71 4 5
3 66 5 3
Step 3: Find the values of x and y.
X _ y 1
-330+213 -355+264 12-25
x _y 1
-117 -91 -13
=117 -91
= X= 5 Y=—"
-13 -13

=>x=9%andy=7.

NorE: Choosing a particular method to solve a pair of equations makes the simplification easier. One
can learn as to which method is the easiest to solve a pair of equations by becoming familiar with the
different methods of solving the equation.

(e) Graphical method
Plotting the points

If we consider any point in a plane, then we can determine the location of the given point i.e., we can
determine the distance of the given point from x-axis and y-axis.Therefore, each point in the plane represents
the distance from both the axes.So, each point is represented by an ordered pair and it consists of x-coordinate
and y-coordinate. The first element of an ordered pair is called x-coordinate and the second element of an
ordered pair is called y-coordinate. In the first quadrant Q,, both the x-coordinate and y-coordinate are
positive real numbers. In the second quadrant Q_, x-coordinates are negative real numbers and y-coordinates
are positive real numbers. In the third quadrant Qs both the x-coordinate and y-coordinate are negative real
numbers. In the fourth quadrant Q,, x-coordinates are positive real numbers and y-coordinates are negative real
numbers. And the origin is represented by (0, 0).

Consider the point (2, 3). Here 2 is the x-coordinate and 3 is the y-coordinate. The point
(2, 3) is 2 units away from the y-axis and 3 units away from the x-axis. The point (2, 3) belongs to the first
quadrant. If we consider the point (-3, —5), =3 is x-coordinate and —5 is y-coordinate. The point (-3, —5)
belongs to Q, and is 3 units away from the y-axis and 5 units away from the x-axis.
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To plot a point say P(=3, 4), we start from the origin and proceed 3 units towards the left hand side along the
X-axis (i.e., negative direction as x-coordinate is negative), and from there we move 4 units upwards along the
y-axis (i.e., positive direction as y-coordinate is positive). The method of plotting a point in a coordinate plane was
explained by a Rene DesCartes, a French mathematician.

@ Example
Plot the following points on the coordinate plane.

P(2,3), Q(-4,-5),R(2,-3),S(-4, 4),T(3, 0), U(0, 5).

Y-axis
/|

S(+4, 4) 3 P(2,3)

X-axis

Figure 3.2

@ Example
Plot the following points on the coordinate plane. What do you observe?
(1) =2,3),(-1,3),00,3),(1,3),(2,3)
(i) (4,2),(4,1),(4,0),(4,-1),(4,-2)
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Y-axis
7
6
5
4
@ Y @ @
A\ A4 A\ 24 A\
—2, 3) (- (01 3) 2,3
( ) (—1,|3) > (1,13) (2,/3) r\(4‘2)
N\
1 L(4,1)
2
(4,0)
@ :
-6 -5 -4 -3 =9 = 0 1 > 3 P A X-axis
(41 _1)
7
A\ 24
-1
(41 _2)
p
N\
-2
-3
-4
-5
-6
Figure 3.3

Solution

(l) (_2, 3)’ (_1, 3)’ (0, 3)’ (1, 3)’ (2, 3)
1. The above points lie on the same straight line which is perpendicular to the Y-axis.
2. The y-coordinates of all the given points are the same i.e.,y = 3.
3. Hence, the straight line passing through the given points is represented by y = 3.
4. Therefore, the line y = 3 is parallel to X-axis which intersects Y-axis at (0, 3).

(ll) (4, 2)’ (4, 1), (4, 0)’ (4, _1)’ (4, _2)
1. The above points lie on the same straight line which is perpendicular to the X-axis.
2. The x-coordinates of all the given points is the same i.e.,x = 4.
3. Hence, the straight line passing through the given points is represented by x = 4.
4. Therefore, the line x = 4 is parallel to the Y-axis which intersects the X-axis at (4, 0).

NoOTE:

1. The y-coordinate of every point on the x-axis is zero i.e.,y = 0.Therefore the x-axis is denoted by
y = 0.
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2. The x-coordinate of every point on the y-axis is zero i.e.,x = 0.Therefore the y-axis is denoted by
x=0.

@ Example

Plot the following points on the coordinate plane and what do you observe?

(3,3),(-2,2),(-1,1),(0,0), (1,-1), 2,-2), (3,-3)

Y

/2)

0, 0)
5| - A =2 4 0 1 2 3 4| s

(1!_1)

(2,-2

(37 _3)

-5

Figure 3.4

1. All the given points lie on the same straight line.
2. Every point on the straight line represents y = —x.
3. The above line with the given ordered pairs is represented by the equation y = —x.

@ Example
Draw the graph of the equation y = 3x where R is the replacement set for both x and y.
Solution
X -2 -1 0 1 2
y = 3x -6 -3 0 3 6

Some of the ordered pairs which satisfy the equation y = 3x are (-1, -3), (-2, —6), (0, 0), (1, 3),
2,6).
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By plotting the above points on the graph sheet, we get the following.

6 Y y = 3x
5 (2, 6)
1/
3 (1, 3)
2
1/
(0,0
6| -5| -4 -3 -2 -1 0 1 2 3 4
o
-3
(_1 b _3)
-4
/|
(2. =6) =
Figure 3.5
@ Example
Draw the graph of the equations x + y =—-1 and x—y = 5.
Solution
@ x+y=-1
X -3 -2 -1 0 1 2 3
y=-1l-x | 2 1 0 | -1 | 2] 3| 4
Some of the ordered pairs which satisfy the equation x + y = -1 are
3,2),(2,1),(-1,0),(0,-1),(1,-2), (2,-3), 3,—4).
i) x—y=5
X -2 -1 0 1 2 3 4
y=x-5| -7 —6 -5 —4 -3 -2 -1
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. Some of the ordered pairs which satisfy the equation x —y = 5 are
2,-7), <1,-6), (0,-5), (1,-4), (2,-3), 3,-2), (4,-1)

The ordered pairs which satisfy the equations x + y = —1 and x —y = 5 are plotted on a graph paper. We
find that each equation represents a line.

Y-axis

8

7

6

('_27 1 ) 1

X-axis
-8| -7| -6| -5| —-4| -3| -2 -1 0 1 2 3 4 6 7 8 9
(=1.0)

(@
|
9
|
—

2

—~
@©

=8 (3, )

—4 14
(Ov _'5)

(_1 7_6)

7 \

-8

Figure 3.6

From the graph, we notice that the two given lines intersect at the point (2,-3).
That is, lines x + y = —1 and x — y = 5 have a common point (2, —3).Therefore, (2,-3) is the solution
of the equationsx + y =—-1 and x—y = 5.

Verification
x + y=—-1-——- (1)
X — y =0 = (2)

Solving (1) and (2), we get,
x=2andy=-3
5 (2,-3) is the solution of x + y=-1 and x—y = 5.

NorE: From the above example, we notice that we can find the solution for simultaneous equations
by representing them in graphs i.e., by using the graphical method.
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Nature of solutions
When we try to solve a pair of equations we could arrive at three possible results. They are, having

(a) a unique solution.
(b) an infinite number of solutions.
(c) no solution.

Let the pair of equationsbe ax + by + ¢, =0 and ax + b,y + ¢, = 0, where a, and b, are the coefficients
of x;b, and b, are the coefficients of y; while ¢, and c, are the known constant quantities.

(a) A pair of equations having a unique solution

a, b . . . . .
If -+ — then the pair of equations will have a unique solution.
a, b,

We have solved such equations in the previous examples of this chapter.

(b) A pair of equations having infinite solutions

If &= };—‘ =51 then the pair of equations a x + b,y + ¢ = 0 and
a, b, ¢,

ax + b,y + ¢, = 0 will have infinite number of solutions.

NoOTE:

In fact this means that there are no two equations as such and one of the two equations is simply obtained
by multiplying the other with a constant. These equations are known as dependent equations.

@ Example
3x+4y =8
9x + 12y = 24

For these two equationsa, = 3,2, =9,b, = 4,b, = 12,c, = -8,c, = 24

a_b_a
a, b, ¢
. 3 4 -8
Since, — = —=—
4 12 24

The above pair of equations will have infinite solutions.

(c) A pair of equations having no solution at all

a, b, ¢ . .
If —=—# — then the pair of equationsax + b,y + ¢, = 0 and
a, b, ¢

ax + b,y + ¢, = 0 will have no solution.

NoOTE:

1. In other words, the two equations will contradict each other or be inconsistent with each other.
2. A pair of equations is said to be consistent if it has a solution (finite or infinite).
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@ Example
5x + 6y = 30
10x + 12y = 40
For these two equations,a, = 5,2, = 10,b, = 6,b, = 12, ¢, = =30, ¢, = —40
Here, & _ h # S
a, b, ¢

5 6 _ 30

S

10 12 -40

Hence, the pair of equations has no solution at all.

Word problems and application of simultaneous equations

In this chapter, we have discussed earlier that it is essential to have as many equations as there are unknown
quantities to be determined. In word problems also, it is necessary to have as many independent conditions as
there are unknown quantities to be determined.

Let us understand with the help of the following examples as to how word problems can be solved using
simultaneous equations.

@ Example

The sum of the successors of two numbers is 42 and the difference of their predecessors is 12. Find
the numbers.

Solution

Let the two numbers be x and y.
Given that,

(x+ 1)+ (y+1) = 42
=>x+y=40 )
Also,

(x—1)—(y—1)=12
=>x-y=12 v )
Adding (1) and (2), we get,

2x =52

=x=26

Substituting x = 26 in any of the equations (1) and (2) we get y = 14.
.. The two numbers are 26 and 14.

@ Example

In a fraction, if numerator is increased by 2 and denominator is decreased by 3, then the fraction
becomes 1. Instead, if numerator is decreased by 2 and denominator is increased by 3, then the fraction

becomes % . Find the fraction.

Solution

Let the fraction be %.
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Applying the first condition, we get Z+§ =1

=a+2=b-3

a-2 3
Applying the second condition, we get =—
pplying g b+3 8

=8a—-16=3b+9

Solving the equations (1) and (2) using any of the methods discussed earlier, we geta = 8 and b = 13.

.. The fraction is i
13

@ Example
In a box, the total number of Rs 2 coins and Rs 5 coins is 20. If the total coins amount to
Rs 76, find the number of coins of each denomination.
Solution

Let the number of Rs 2 coins and Rs 5 coins be x and y respectively.

Given,x + y = 20 ———————————- €))

2x + 5y =76 ———————————- )

Solving equations (1) and (2), we get
x=8andy =12

i.e.,The number of Rs 2 coins = 8 and
. Number of Rs 5 coins = 12

@ Example

Four years ago, the age of a person was thrice that of his son. Eight years later, the age of the person
will be twice that of his son. Find the present ages of the person and his son.

Solution

Let the present ages of the person and his son be x years and y years respectively.

Given,

x—4=3@y—-4
=>x—-4=3y-12
=>x-3y=-8 v 1)
Also,

x+8=2(y+8)
=>x+8=2y+16
=>X—-2y=8 - )

Solving the equations (1) and (2), we get
x=40andy = 16.



@ Example

test your concepts oo

Very short answer type questions

1.
2.

O 0 NN N U

10.

11.

For what value of k do the set of equations 4x — (3k + 2)y = 20 and (11k — 3)x — 10y = 40 have
infinite solutions?

Solution

Given equations are

4x — (3k + 2)y = 20 ————————- 1)
(11k — 3)x — 10y = 40 ——————————- @)
- 2) 2
System of equations (1) and (2) have infinite solutions, if 4 = Bk +2) = 0
11k -3 -10 —40
4 1
= = —
11k-3 2
=8=11k-3
=11k =11
=k=1

0

If 99x + 101y = 400 and 101x + 99y = 600, then x + y is

The number of common solutions for the system of linear equations 5x + 4y + 6 = 0 and
10x + 8y = 12 is

. Sum of the heights of A and B is 320 cm and the difference of heights of A and B is 20 cm.The height

of B can be .(140 cm / 145 ¢m / 150 cm).
.Ifa:b=7:3anda+b=20,thenb =
LIt i + L k and é — % = k, then the value of y . (is 0/does not exist).
Ifp+q=k,p—-—q=nandk >n,thenqis (positive/negative).
fa+b=x,a-b=yandx<ythenbis (positive/negative).

.If3a+2b+4c=26and 6b + 4a + 2c = 48, thena+ b +c = .
. Sum of the ages of X and, 12 years ago, was 48 years and sum of the ages of X andY, 12 years hence

will be 96 years. Present age of X is

If the total cost of 3 chairs and 2 tables is Rs 1200 and the total cost of 12 chairs and 8 tables is Rs 4800,
then the cost of each chair must be Rs 200 and each table must be Rs 300. (True/False)

If the total cost of 2 apples and 3 mangoes is Rs 22, then the cost of each apple and each mango must be
Rs 5 and Rs 4 respectively, (where cost of each apple and mango is an integer). (True/False)

49
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12. Number of non-negative integral solutions for the equation 2x + 3y = 12 is

13. Two distinct natural numbers are such that the sum of one number and twice the other number
is 6.The two numbers are

14. If 2x + 3y = 5 and 3x +2y = 10, then x —y =

15. Ifa + b = p and ab = p, then find the value of p. (where a and b are positive integers).

Short answer type questions
16. Solve: 331a + 247b = 746 and 247a + 331b = 410.

17. Six gallery seats and three balcony seats for a play were sold for Rs 162. Four gallery seats and five
balcony seats were sold for Rs 180. Find the price of a gallery seat and the price of a balcony seat.

18. If the numerator of a fraction is increased by 2 and the denominator is decreased by 4, then it becomes

1
2.If the numerator is decreased by 1 and the denominator is increased by 2, then it becomes — . Find the

fraction.
1 1 1 1
19. Solve: — +l:6,l+—=7and—+ — =5
X Yy Yy Z z X
2 1 5 4
20. Solve: — =11 and + = 8.
X+y X—y X+y X—y

21. Jaydeep starts his job with a certain monthly salary and earns a fixed increment in his monthly salary
at the middle of every year, starting from the first year. If his monthly salary was Rs 78000 at the end
of 6 years of service and Rs 84000 at the end of 12 years of service, find his initial salary and annual
increment.

6 7
22. Alok was asked to find, = of a number but instead he multiplied it by = .As a result he got an answer,

which was more than the correct answer by 299. What was the number?

23. Shriya has certain number of 25 paise and 50 paise coins in her purse. If the total number of coins is 35
and their total value is Rs 15.50, find the number of coins of each denomination.

24. For what value of 'k, will the following pair of linear equations have no solution?
2x + 3y =1 and Bk - 1)x + (1 —2k) y = 2k + 3.

X y - ) X y
25.Solve: — + — =a>+b*and — + — =a+b.
a b a b

Essay type questions
26. Solve:x 2y + z = 0,9x — 8y + 3z = 0 and 2x + 3y + 5z = 36.

27. Four friends P, Q, R and S have some money. The amount with P equals the total amount with the
others. The amount with Q equals one-third of the total amount with the others. The amount with R
equals one-fifth of the total amount with the others. The amount with S equals one-eleventh of the

S0
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total amount with the others. The sum of the smallest and the largest amounts with them is
Rs 210. Find the sum of the amounts with the other two (in Rs).

28. The population of a town is 25000. If in the next year the number of males were to increase by 5% and
that of females by 3%, the population would grow to 26010. Find the number of males and females in
the town at present.

12 N 5 8 N 6
2x + 3y 3x — 2y =—7and 5 4 3y 3x -2y —10z

29. What is the solution set of

30. Tito purchased two varieties of ice cream cups, vanilla and strawberry — spending a total amount of
Rs 330.1If each vanilla cup costs Rs 25 and each strawberry cup costs Rs 40, then in how many different
combinations could he have purchased the ice cream cups?

CONCEPT APPLICATION g

¥
Concept Application Level—1 ﬁ

1. For what value of k do the equations 3(k — 1)x + 4y = 24 and 15x + 20y = 8(k + 13) have

infinite solutions?
M1 2 4 (3} 3 @ 2

2. If the system of equations 4x + py = 21 and px — 2y = 15 has unique solution, then which of the
following could be the value of p?

(a) 103 (b) 105 (c) 192 (d) 197
(1) Both (a) and (b) (2) Both (c) and (d)
(3) (a), (b) and (d) (#) Allof (), (b), (c) and (d)
3. If the system of equations 2x — 3y = 3 and —4x + qy = B is inconsistent, which of the following cannot
be the value of p? ~
(1) —24 (2 —18 (3) —12 4) -36

4. The semi perimeter of a triangle exceeds each of its side by 5, 3 and 2 respectively. What is the
perimeter of the triangle?
(1) 12 2) 10 (3) 15 4) 20

5. If (p, p) is the solution of system of equations ax + by + (t —s) =0 andbx +ay + (s—1) =0, (a #b),
then which of the following must be true?

(1) 2r=s+t @) 2t=r+s (3) 2s=r+t 4) r+s+t=0
6. If 173x + 197y = 149 and 197x + 173y = 221, then find (x,y).
1) G.-2) @ @0 3) (1, -2 @ @ -1

7. Mallesh has some cows and some hens in his shed. The total number of legs is 92 and the total number
of heads is 29. Find the number of cows in his shed.

K ) 12 ) 14 @) 17 ) 19 /

S1
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8. Total cost of 14 pens and 21 books is Rs 130 and the total cost of 6 pens and p books is
Rs 90.Which of the following cannot be the value of p?
(1) 8 2 9 (3) 10 4 11
9. If an ordered pair satisfying the equations 2x — 3y = 18 and 4x —y = 16 also satisfies the
equation 5x — py — 23 = 0, then find the value of p.
M1 2 2 3) -1 4 -2

10. Ifax+by+c, =0andax+b,y +c,= 0aresuch thata,b,c ,a,b, and c, are consecutive integers
in the same order, then find the values of x and y.

1 1,2 2 2,-3 3 1,3 (4) data insufficient
11. If we increase the length by 2 units and the breadth by 2 units, then the area of rectangle is increased

by 54 square units. Find the perimeter of the rectangle (in units).

(1) 44 (@ 50

(3) 56 (4) Cannot be determined

12. A mother said to her son, “the sum of our present ages is twice my age 12 years ago and nine years
hence, the sum of our ages will be thrice my age 14 years ago”.What is her son’s present age? (in years)

(1) 8 2 12 (3) 15 4) 10

13. A told B, “when I was as old as you are now, then your age was four years less than half of my present
age”. If the sum of the present ages of A and B is 61 years, what is B’s present age? (in years)
1 9 ) 25 (3) 43 (4) 36

14. If the system of equations 4x — 5y = 6 and —12x + ay = b is inconsistent, which of the following cannot
be the value of b?
(1) -16 (2 —18 (3) —20 4) 22

15. A sum of Rs 400 was distributed among the students of a class. Each boy received Rs 8 and each girl

received Rs 4.If each girl had received Rs 10, then each boy would have received Rs 5. Find the total
number of students of the class.

(1) 40 ) 50 3) 60 ) 70

Concept Application Level—2

16. Dheeraj has twice as many sisters as he has brothers. If Deepa, Dheeraj’s sister has the same number of
brothers as she has sisters, then Deepa has how many brothers?

(1) 2 2 3
3) 4 (4) Cannot be determined

17. The total cost of six books, five pencils and seven sharpeners is Rs 115 and that of eight books, ten
pencils and fourteen sharpeners is Rs 190, then which of the following article’s cost can be found

uniquely?
(1) Book (2) Pencil
(3) Sharpener (4) None of these

18. The sum of the speeds of a boat in still water and the speed the current is 10 kmph. If the boat takes
40% of the time to travel downstream when compared to that upstream, then find the difference of the
speeds of the boat when travelling upstream and down stream.

(1) 3 kmph (2) 6 kmph
(3) 4 kmph (4) 5 kmph

/
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19.

20.

21.

22.

23.

24.

25.

Concept Application Level—3
26.

217.

In a fraction, if the numerator is decreased by 1 and the denominator is increased by 1,

. 1 . . .
then the fraction becomes 5 Instead, if the numerator is increased by 1 and the denominator

4
is decreased by 1, then the fraction becomes 5 Find the numerator of the fraction.

15 2 6 3 7 4) 8

Ram has 18 coins in the denominations of Re1, Rs 2 and Rss 5. If their total value is

Rs 54 and the number of Rs 2 coins are greater than that of Rs 5 coins, then find the number

of Re 1 coins with him.

1) 2 2 3

(3) 4 (4) Cannot be determined

If the ordered pair (sind, cosO) satisfies the system of equations mx + ny + a+ b = a — b and nx + my
+ 2b = 0, then find the value of ® where 0 <0 < 90°. (m # n)

(1) 30° (2) 45°

(3) 50° (4) Cannot be determined

Swaroop can row 16 km downstream and 8 km upstream in 6 hours. He can row 6 km
upstream and 24 km downstream in 6 hours. Find the speed of Swaroop in still water.

(1) 6 kmph (2) 8 kmph (3) 3 kmph (4) 5 kmph

A two-digit number is formed by either subtracting 17 from nine times the sum of the digits
or by adding 21 to 13 times the difference of the digits. Find the number.

(1) 37 2 73

3) 71 (4) Cannot be determined

Swathi starts her job with certain monthly salary and earns a fixed increment every year. If her salary
was Rs 22500 per month after 6 years of service and Rs 30000 per month after 11 years of service.
Find her salary after 8 years of service (in Rs).

(1) 24000 (2) 25500 (3) 26000 (4) 24500

A three digit number abc is 459 more than the sum of its digits. What is the sum of the 2 digit number
ab and the 1-digit number a?

1 71 (2) 61

(3) 51 (4) Cannot be determined

An examination consists of 100 questions. Two marks are awarded for every correct option. If one mark
is deducted for every wrong option and half mark is deducted for every question left, then a person
scores 135. Instead, if half mark is deducted for every wrong option and one mark is deducted for every
question left, then the person scores 133. Find the number of questions left unattempted by the person.

(1) 14 2 16 (3) 10 4) 12
Ram, Shyam, Tarun and Varun together had a total amount of Rs 240 with them. Ram had half of the

total amount with the others. Shyam had one-third of the total amount with the others. Tarun had
one-fourth of the total amount with the others. Find the amount with Varun (in Rs).

(1) 64 @ 70 (3) 52 (4) 58

%
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28. Ramu had 13 notes in the denominations of Rs 10, Rs 50 and Rs 100.The total value of ¥,
the notes with him was Rs 830. He had more of Rs 100 notes than that of Rs 50 notes
with him. Find the number of Rs 10 notes with him.

(1) 4 2 3 3) 2 # 5

29. A, B, C and D share a certain amount amongst themselves. B sees that the other three get 3 times what
he himself gets. C sees that the other three get 4 times what he gets, while D sees that the other three
get 5 times what he gets. If the sum of the largest and smallest shares is 99, what is the sum of the other
two shares?

(1) 99 (2) 81 (3) 64 4) 54
30.If3|x| +5|y| =8 and 7|x| — 3|y| = 48, then find the value of x + y.
1 5 2 —4
k (3) 4 (4) The value does not exist

KEY

Very short answer type questions

1 1
1.5 19.X:E,Y:Z
2. zero
-1
20.x= —,y= l
3.150 cm 24 24
4.6
21. Rs 72000, Rs 1000
2. PDo.esA not exist. 22. 966
: OSIUV.G 23. Number of 25 paise coins is 8 and number of
7. Negative 50 paise coins is 27.
8.10
9. Cannot be determined 24, —
10. False 13
11. False 25.x=a,y= b’
12.3
13.4and 1 Essay type questions
1.2 26.x=1,y=3,2=5
15. 4 27.x=4andy =5
Short answer type questions 28. 13000, 12000
—_— — 1
16.a=3andb 1 29. (= 1)
17. Rs 15, Rs 24 2
4 30.2
18. —

_’ .
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-

Short answer type questions

16. (i) Add the two equations and get a + b.
(i) Subtract one from the other and get a — b.

(iii) Solve the above equations for a and b.

17. (i) Let the fare of each gallery seat be Rs x.
and each balcony seat be Rs y.
(i) Given 6x + 3y = 1621i.e.,2x+y = 34
(iii) Solve the above equations.

18. (i) Let the numerator be x and denominator
bey.
(1) Givenx+2= 2 and x~1 =1.
y—4 y+2 3
(iii) Solve the above equations by using
elimination method.

19. (i) Let 1 a, 1= b and 1- c.
X y z

(i) Given,a+b=6,b+c=7andc+a=>5

(iii) Add the above obtained three equations and
finda+b+c.

(iv) Find a on subtracting of b+ ¢ = 7 from a +
b+c.

(v) Similarly find b and c.

1
(vi) Thenx = 1 ,y =—and z = — and evaluate
a b c

the values of x,y and z.
20. (i) Let =b.

= aand

X+y X—y
(i) Solve the equations for a and b.
(iii) Replace aand b by x + y and x —y and

solve for x and y.
21. (i) Let the initial salary and annual increment
be Rs x and Rs y respectively.
(i) Frame the equations from the data given.
(i) Solve the equations obtained in step (ii).
22. (i) Let the number b x.
(i) Given Ix _ox_ 299
6 7

(iii) Find the value of x by using the above
equation.

o

selected questions

23. (i) Let the number of 25 paise and 50 paise

coins be x and y respectively.
(i) Given x+y = 35 and §+%= 15.5
(i)

solve the above equation we get x and y
values.

24. (@) Ifax+by+c =0andax+by+c,=0,
a, b, ¢

have no solution then

(i) Substitute the values in the above relation
and find k.

25. Solve the equations by elimination method.

Essay type questions

26. (i) First of all eliminate z and obtain two
equations in x and y.

(i) Then solve the two equations obtained
above.

(iii) Substitute x and y in one of the given

equations to find z.

27. (i) Let landl= b

X y
(i) Then write the given equations in terms of
aand b.

(@iii) Then solve the equations by using
cancellation method.

28. (i) Let the number of males and females
presently be x and y respectively.

(i) x+y = 25000

i) 1% 103y _ 6010
100 100

(iv) Solve the above equations.

30. (i) Frame the linear equation and check
possibilities.

(i) Let the number of ice cream cups of vanilla
be x and that of strawberry be y.

(i) Frame the equation and identify the

possible values of x and y.

/
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Concept Application Level—1,2,3

1. 4 2. 4
3.3 4. 4
5.3 6. 4
7.3 8.2
9.2 10. 1
11. 2 12. 2
13.2 14. 2
15.3 16. 2
17. 1 18. 2
19. 3 20. 2
21. 2 22. 4
23. 2 24. 2
25.3 26. 1
27.3 28. 2
29. 2 30. 4

Concept Application Level—1,2,3

Key points for select questions

1. Condition for infinite solutions is,

b

. i a
2. For unique solution, —- # —-
a, b,

3. If two equations a x + by + ¢, = 0 and
ax + b x + ¢, = 0 are inconsistent, then

S}

a+b+c
2

@) a+t5=s;b+3=5c+2=5

4. (i) Semi perimeter (s) =

5.Ifx=ythena =a,b =b andc, =c,
6. Add two equations.
7. Each cow has 4 legs and each hen has 2 legs.

) . . a
8. Frame the linear equation and write —- b—l
a, 5

10.

11.

12.
13.

14.

15.

16.

17.

19.

20.

21.

24.

. Solve the first two equations and

substitute (x,y) in the third
equation.

Take any consecutive integers for

a,b,c,a,b,

and c, and solve.

or

Substitute any convenient consecutive
integers fora,b ,c,a,,b

12 Y12 %0 Y

and ¢, and solve.

Frame linear equation by taking length and
breadth as ¢ and b respectively.

Frame linear equations and solve.

(i) Let the present ages of A and B be
x years and y years respectively.
() y= (=)= - —4
(i) x +y=61.
If the system of equations a, x + b,y + ¢ ,ax
b

e W

. . a
+ by + ¢, = 0 is inconsistent, — = -+
- - a, b, ¢
Let the cost of each book and each pencil
and each sharpener be b, p and s respectively.

Then frame the equations.

(i) Let the number of sons and daughters
that Dheeraj’s parents have be b and d
respectively.

(i1) Form the equations and solve them.
Let the cost of each book and each pencil
and each sharpener be b, p and s respectively.
Then frame the equations.

. n .
Let the fraction be —and frame the linear

: a
equations.

(1) Let the number of Re 1,Rs 2 and Rs 5
coins be x, y and z respectively.
(i1) From the information given, obtain an
equation in y and z and proceed.
If (p, q) is a solution of ax + by + ¢ = 0 and
bx + ay + ¢ = 0, then p =q.
@) 10x+y=9x+y)—17
@) 10x+y=13x—vy) + 21.
(iii) Solve the above equations.

Frame linear equations and solve.



25.

26.

@
(i1)
@)

Let the three digit number be 100x + -
10y + z. @) r=

Frame the equations and solve them.

1
(s+t+v),s=§ T+ec+v),

t:

N

1
x+y+z=100,2x—y—522135;2x

5 (iii) Solve the above equation set to get v.

T o z=133 29. Let the total amounts be 4B or 5C or 6D
where x,y, and z are the number of and B+ D = 99.
correct answers, wrong answers and 30. () Let | x | =aand | y | =b and solve

unattempted questions respectively. linear equations which are in a and b.

(i) Let [x|] =k, and |y| =k, and solve
Let 1,s, t, v, be the amounts, with Ram, them.
@) |x| = xx, |y| = tv.

Solve the above equations.

Syam, Tarun,Varun respectively.

(r+s+v),v+ts+t+v=240.
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CHAPTER 4

Quadratic Equations
and Inequalities

INTRODUCTION

Very often we come across many equations involving several powers of one variable. If the indices of all these
powers are integers then the equation is called a polynomial equation. If the highest index of a polynomial
equation in one variable is two, then it is a quadratic equation.

A quadratic equation is a second degree polynomial in x usually equated to zero. In other words, for an
equation to be a quadratic, the coefficient of x? should not be zero and the coefficients of any higher power
of x should be 0.

The general form of a quadratic equation is ax* + bx + ¢ = 0, where a # 0 (and a, b, ¢ are real). The
following are some quadratic equations.

1.x*=-5x+6=0
2.x°—-x-6=0

3.2x2+3x—-2=0
4. 2x>+x-3=0

Roots of the equation

Just as a first degree equation in x has one value of x satisfying the equation, a quadratic equation in x has
two values of x that satisfy the equation.The values of x that satisfy the equation are called the ROOTS of
the equation. These roots may be real or complex.

The roots of the four quadratic equations given above are:
Equation (1) x =2 andx =3
Equation (2) x =—2andx =3

1
Equation (3) x = > and x = -2

Equation (4) x =1 and x = _73

S8
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In general, the roots of a quadratic equation can be found in two ways.

(i) by factorising the expression on the left hand side.

(ii) by using the standard formula.
All the expressions may not be easy to factorize, whereas applying the formula is simple and straightforward.

Finding the roots by factorization

If the quadratic equation ax* + bx + ¢ = 0 (a # 0) is written in the form, (x —a) (x — ) = 0, then the roots of
the equation are a and B.

To find the roots of a quadratic equation, we should first express it in the form of (x — a)
(x— B) = 0,1i.e., the left hand side, ax* + bx + ¢ of the quadratic equation ax* + bx + ¢ = 0 should be factorized.

For this purpose, we should go through the following steps. We will understand these steps with the help of
the equation x> — 5x + 6 = 0.

Herea=1,b=-5andc=6

First write down b (the coefficient of x) as the sum of two quantities whose product is equal to ac. In this
case,—5 has to be written as the sum of two quantities whose product is 6. We write =5 as (—=3) + (-2), because
the product of (-3) and (-2) is equal to 6.

Now, rewrite the equation. In this case, the given equation can be written as x> — 3x — 2x + 6 = 0.

Consider the first two terms and rewrite them together after taking out their common factor. Similarly, the
third and the fourth terms should be rewritten after taking out their common factor. In this process, we should
ensure that what is left from the first and the second terms (after removing the common factor) is the same as
that left from the third and fourth terms (after removing their common factor).

In this case, the equation can be rewritten as x(x — 3) —2(x — 3) = 0; now (x — 3) is a common factor.

If we take out (x — 3) as the common factor, we can rewrite the given equation as (x — 3)
x-2)=0

We know that if & and P are the roots of the given quadratic equation (x —a) (x — ) = 0.

Hence, the roots of the given equation are 3 and 2.

Consider equation (2): x> — x — 6 = 0, the coefficient of x is —1 which can be rewritten as
(=3) + (+2), because the product of (=3) and 2 is —6, which is equal to ‘ac’ (1 multiplied by —6). Then, we can
rewrite the equation as (x — 3) (x + 2) = 0 to get the roots as 3 and —2.

Consider equation (3): 2x* + 3x — 2 = 0, the co-efficient of x is 3, which can be rewritten as
(+4) + (-1) so that their product is —4, which is the value of ‘ac’ (-2 multiplied by 2). Then, we can rewrite the

1
equation as (2x — 1) (x + 2) = 0, obtaining the roots as > and —2.
Consider equation (4): 2x* + x — 3 = 0, the coefficient of x is 1, which can be rewritten as (+3) + (-2)

because their product is —6, which is equal to ‘ac’ (2 multiplied by —3).Then we can rewrite the given equation
as (x — 1) 2x + 3) = 0 to get the roots as 1 and _73
Finding the roots by using the formula

For the quadratic equation ax*> + bx + ¢ = 0, we can use the standard formula given below to find out the
roots of the equation.

_ -bx+b* —4ac

B 2a
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Sum and product of roots of a quadratic equation

For the quadratic equation ax* + bx + ¢ = 0, Let a and B be the roots, then

the sum of the roots (o + B) = b
a

the product of the roots (af) = <
a

These two rules will be very helpful in solving problems on quadratic equation.

Nature of the roots

We have already learnt that the roots of a quadratic equation with real coefficients can be real or complex.
When the roots are real, they can be rational or irrational and, also, they can be equal or unequal.

Consider the expression b* — 4ac. Since b* — 4ac determines the nature of the roots of the quadratic equation,
it is called the “DISCRIMINANT” of the quadratic equation.

A quadratic equation has real roots only if b*> — 4ac > 0.

If b*> — 4ac < 0, then the roots of the quadratic equation are complex conjugates.

The following table gives us a clear idea about the nature of the roots of a quadratic equation when a,b and
c are all rational.

when b® — 4ac < 0 the roots are complex conjugates
when b®> — 4ac =0 the roots are rational and equal.
when b* — 4ac > 0 and a perfect square the roots are rational and unequal.

when b? — 4ac > 0 and not a perfect square  the roots are irrational and unequal.

Nork:

1. Whenever the roots of the quadratic equation are irrational, (a, b, ¢ being rational), are of the form a +
\/B and a — \/g ,i.e.,whenever a + \/g is one root of a quadratic equation, a — \/g is the other root of the
quadratic equation and vice-versa. In other words, if the roots of a quadratic equation are irrational, then
they are conjugate to each other.

2. If the sum of the coefficients of a quadratic equation, say ax* + bx + ¢ = 0, is zero, then its roots are 1

c
and —.

a

Thatisifa + b + ¢ = 0, then the roots of ax> + bx + ¢ = 0 are 1 and <.
a

Signs of the roots

We can comment on the signs of the roots, i.e., whether the roots are positive or negative, based on the sign
of the sum of the roots and the product of the roots of the quadratic equation. The following table indicates
the signs of the roots when the signs of the sum and the product of the roots are given.
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+ ve + ve Both the roots are positive

+ ve —ve Both the roots are negative

One root is positive and the other negative.

—ve + ve . . .
The numerically greater root is positive

One root is positive and the other negative.

—ve —ve . . .
The numerically greater root is negative

Constructing a quadratic equation

We can build a quadratic equation in the following cases:
(i) when the roots of the quadratic equation are given.
(i) when the sum of the roots and the product of the roots of the quadratic equation are given.
Case (i): If the roots of the quadratic equation are a and B, then its equation can be written as (x — o)
x—-B)=0ie,x*—x(@+B)+aBf=0
Case (ii): If p is the sum of the roots of the quadratic equation and q is their product, then the equation can
be written as x> — px + q = 0.

Constructing a new quadratic equation by changing the roots of a given quadratic equation

If we are given a quadratic equation, we can build a new quadratic equation by changing the roots of this
equation in the manner specified to us.

For example, consider the quadratic equation ax® + bx + ¢ = 0 and let its roots be a and B respectively. Then,
we can build new quadratic equations as per the following points:

. . . 1 1 . . .
(i) A quadratic equation whose roots are — and —, i.e., the roots are reciprocal to the roots of the given
o

quadratic equation can be obtained by substituting (1/x) for x in the given equation, which gives us cx*
+ bx +a = 0,1.e., we get the equation required by interchanging the coefficient of x*> and the constant
term.

(1) A quadratic equation whose roots are (@ + k) and (B + k) can be obtained by substituting (x — k) for
x in the given equation.

(iii) A quadratic equation whose roots are (& — k) and (B — k) can be obtained by substituting (x + k) for
x in the given equation.

(iv) A quadratic equation whose roots are (ka) and (kP) can be obtained by substituting with [%J for x in

the given equation.

(v) A quadratic equation whose roots are (%) and [g) can be obtained by substituting (kx) for x in the

given equation.

(vi) A quadratic equation whose roots are (—a) and (—f) can be obtained by replacing x by (—x) in the given
equation.
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Finding the roots of a quadratic equation by graphical method
First, let us learn how to draw the graph of y = x*

We assume certain real values for x,i.e., we substitute some values for x in y = x>.We can find the corresponding
values of y.We tabulate the values, as shown below.

X 5 4 3|2(1|(0|~-1|-2]-3]|-4]|-5
y=x* 2516 |94 |10 1 4 9 16 | 25

Plotting the points corresponding to the ordered pairs (5, 25), (4, 16), (3, 9), 2, 4), (1, 1), (0, 0)
-1,1),(=2,4), 3,9), (-4, 16) and (-5, 25) on the graph paper and joining them with a smooth curve we
obtain the graph of y = x?, as shown below.

We observe the following about the graph of y = x°.

1. Itis a U shaped graph and it is called a parabola. The arms of the
‘U’ spread outwards.

2. For every value of x (#0) we notice that y is always positive.
Hence, the graph lies entirely in the first and second quadrants.

3. When x = 0,y = 0 = y = x” passes through origin.

4. The graph is symmetric about the y-axis. X'
5. Using the graph of y = x’, we can find the square of any real
number as well as the square root of any non-negative real number
(a) for any given x value, the corresponding y value on the graph
is its square and

Y/

(b) for any given y (= 0) value, the corresponding x value on the
graph is its square root.
6. The graph of y = kx?, when k > 0 lies entirely in Q, and Q, and
when k < 0 the graph lies entirely in Q, and Q,

Figure 4.1

0 y () Y
0 X
o X
y=kx3, k>0 y=kx?, k<0
Figure 4.2

The method of solving the quadratic equation of the form px* + gx + r = 0 whose roots are real is shown
in the following example.

@ Example
Solve x* — 5x + 6 = 0 using the graphical method.

Solution
Lety=x>-5x+6



Prepare the following table by assuming different values for x.

Quadratic Equations and Inequalities

0 1 2 13| -1]-=-2 4 5

3 0 1 419 1 4 16 25

5x 0 5 10 | 15| =5 10 20 25
y=x*-5x+6 6 2 010 12 20 2 6

Plot the points (0, 6), (1, 2), (2, 0), (3, 0), (-1, 12), (-2, 20), (4, 2) and (5, 6) on the graph and join the

points with a smooth curve, as shown below.

Y
12
10
\;\
4
2
X X
3 21 (91 23 a4 s
4 -2
¢ -4
¢ -6
v
Figure 4.3

Here we notice that the given graph (parabola) intersects the x-axis at (2, 0) and (3, 0)

The roots of the given quadratic equation x> —5x + 6 = 0 are x = 2 and x = 3.

.. The roots of the given equation are the x-coordinates of the points of intersection of the curve with
X-axis.

NorE:
1. If the graph meets the x-axis at two distinct points, then the roots of the given equation are real
and distinct

X
° (x1,0—" (x2.0)
Figure 4.4

2. If the graph touches the x-axis at only one point, then the roots of the quadratic equation are real and equal

\ . (x, 0) X

Figure 4.5
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3. If the graph does not meet the x-axis, then the roots of the quadratic
equation are not real, i.e., they are complex.

Second method

We can also solve the quadratic equation px* + gx + r = 0 by considering the
following equations y = px* -—-—----——- (I)andy=-qx—r - (2)
Clearly, y = px® is a parabola and y = — qx — r is a straight line.

Step (i) Draw the graph of y = px* and y = — gx — r on the same graph
paper.

=<

Figure 4.6

Step (ii) Draw perpendiculars from the points of intersection of parabola and the line onto the x-axis. Let

the points of intersection on the x-axis be (x,,0) and (x,, 0).

Step (iii) The x-coordinates of the points in step (ii),i.e.,x, and x, are the two distinct roots of px* + qx +r =0

@ Example
Solve 2x2—x—-3=0

Solution

We know that the roots of 2x* — x — 3 = 0 are the x coordinates of the points of intersection of the

parabola y = 2x* and the liney = x + 3

(1 y = 2x? ) y=x+3
b¢ 0 1 2 |1 |2 X 0 1 2 -1 |2 |3
y=2x> |0 |2 |8 |2 |8 y=x+3|3 4 5 2 1 0

Draw the graph of y = 2x* and y = x + 3.

Clearly, the perpendiculars drawn from the points of intersection of parabola and the line meet the x-axis

at [%, 0) and (-1, 0).

.. The roots of the given quadratic equation 2x* —x —3 = 0 are % and —1.

Y
y=2x2

Y/

Figure 4.7

y=x+3
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NorE: Y
(i) If the line meets the parabola at two points, then the roots of the
quadratic equation are real and distinct.

(i) If the line touches the parabola at only one point, then the quadratic X
equation has real and equal roots. g one root

(iii) If the line does not meet the parabola, i.e., when the line and the
parabola have no points in common, then the quadratic equation
has no real roots. In this case, the roots of the quadratic equation are
imaginary

Figure 4.8

Figure 4.9

Equations of higher degree

The index of the highest power of x in the equation is called the degree of the equation. For example, if the
highest power of x in the equation is x°, then the degree of the equation is 3. An equation whose degree is 3
is called a cubic equation. A cubic equation will have three roots.

NortE: An equation whose degree is n will have n roots.

Maximum or minimum value of a quadratic expression

The quadratic expression ax® + bx + ¢ takes different values as x takes different values.
For all the values of x, as x varies from —o© to +0, (i.e., when x is real), the quadratic expression ax* + bx + ¢

(1) has a minimum value if a > 0 (i.e., a is positive). The minimum value of the quadratic expression is

M and it occurs at x = _—b
4a 2a

(i) has a maximum value if a < 0 (i.e., a is negative). The maximum value of the quadratic expression is

(ac—b7) and it occurs at x = _—b
4a 2a
@ Examples
1. Find the roots of the equation x* + 3x — 4 = 0.

Solution

x2+3x-4=0=>x2-x+4x-4=0
=>xx-1)+4x-1)=0
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=>x+4H)x-1)=0

Lx=—-4orx=1
2. Find the roots of the equation 4x*> - 13x + 10 = 0

Solution

4x2-13x+10=0
=4x2-8x—-5x+10=0
=4x(x-2)-5x-2)=0
=>@4x-5xx-2)=0
SoX = 20rx=2.
4

3. Find the roots of the equation 26x? — 43x + 15 = 0

Solution

We have to write 43 as the sum of two parts whose product should be equal to (26) x (15).
26 x 15 =13 x 30 and 13 + 30 = 43
So26x2—43x +15=0
= 26x*-13x-30x+15=0
= (13x-15) (2x—-1)=0
15 1

=>X= —orx= —
1 2

We can also find the roots of the equation by using the formula.

_ —bxyb’—dac _ 43+./(43)*—(1560)
X = =
2a 52
43+ [(1849) — (1560)

52
43+/289 43+17
52 52
_ 43+17  43-17 _ 60 26
X = or = — Oor —
52 52 52 52
_ 15 1
=2 or =
13 2

4. Discuss the nature of the roots of the equation 4x* —2x + 1 = 0.

Solution
Discriminant = (-2)2—-4(4)(1) =4-16=-12<0

Since the discriminant is negative, the roots are imaginary.
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5. If the sum of the roots of the equation kx> —3x + 9 = 0 is %, then find the product of the roots

of that equation.

Solution
. 3 3 .
Sum of roots of the equation = N = m (given)
k=11
. . 9
In the given equation, product of roots = o

9
As k = 11, product of roots = m

6. Form the quadratic equation whose roots are 2 and 7.

Solution

Sum of the roots =2+ 7 =9

Product of roots =2 x 7 = 14

We know that if p is the sum of the roots and q the product of the roots of a quadratic equation, then its
equationisx*—px+q=0

Hence the required equation is x> — 9x + 14 = 0

7. Form a quadratic equation with rational coefficients one of whose roots is 3 + NG
Solution

If33+ \/g) is one root, then the other root is (3 — \/g)
Sum of the roots = 6

Product of the roots = 4

Thus, the required equation is x> — 6x + 4 =0

8. A person can buy 15 books less for Rs 900 when the price of each book goes up by Rs 3. Find the
original price and the number of copies he could buy at the initial price.

Solution

Let the number of books bought initially for Rs 900 be ‘x’.The original price of book was 200 . Now
X

the price of the book is increased by Rs 3

i.e., the new cost is Rs (@j +3

X

And the number of books bought is reduced by 15 i.e., (x — 15)

Since the total amount spent is still Rs 900, the product of the price and the number of books are
still 900.
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K@jw} (x — 15) = 900

= (900 + 3x) (x — 15) = 900x
= 3x2 + 855x — 13500 = 900x

= 3x2 — 45x — 13500 = 0

= x*— 15x — 4500 = 0

= x* — 75x + 60x — 4500 = 0

= x(x — 75) + 60(x — 75) = 0

= (x—75) (x + 60) = 0 = x = 75 or — 60

Since x cannot be negative, x = 75

Thus, the original price of the book = %= Rs 12

9. If o and P are the roots of the equation x> — 6x + 8 = 0, then find the values of
(i) o+ B2
(ii) 1 + 1
a P
(iii) o —B (> P)

Solution

From the given equation, we geta + B = 6 and afp = 8
@) o+ P2 = (a + B)* — 20 = (6)> - 2(8) = 20

(i) (@ —B)*=(a+B)>—4ap

= (a — B) = £/(o + B)* — 4o
= /6> - 4(8)

=S @-p)=+2
ta—-B=2,(a>p)

10. Solve for x: 3**! 4+ 3%*1 = 270.

Solution

FxH 4 32t = 27()
= 3.3+ 3*>3 =270

= 3"+ 3*=90
Substituting 3* = a, we get,
a+a*=90
=>a*+a-90=0
=>a*+10a-9a-90=0
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=@+ 10)(a-9)=0
=>a=9%ora=-10

If 3* = 9, then x = 2.

If 3* = —10, which is not possible.
SLox=2

11. Solve |x|* =7 |x| + 12 =0.

Solution

Given equation is |x|* =7 |x| +12=0
= (Ix[ =3) (Ix[ -4 =0

= |x| =3or |x| =4
=>x=ft3orx=14

12. Solve |x|*+ 7 |x| + 10 = 0.

Solution

Given equation is |x|* +7 |x| + 10 =0

= (|x] +2) (/x| +5)=0

= |x| =-2or x| =-5

But, absolute value of any number can never be negative.

.. No roots are possible for the given equation.

Quadpratic Inequations

Consider the quadratic equation ax* + bx + ¢ = 0, (a # 0) where a,b and ¢ are real numbers.
The quadratic inequations related to ax*> + bx + ¢ = O are ax> + bx + ¢ <0 and ax* + bx + ¢ > 0.
Assume that a > 0.
The following cases arise:

Case I
If b* — 4ac > 0, then the equation ax® + bx + ¢ = 0 has real and unequal roots.
Let a and B(a < B) be the roots.
Then,
Lax’tbxt+tc=ax—a) x—-P)

(@ Ifx<a,then (x—a)<0and x—-B) <0
Lax’+bx+c>0

(b) fa<x< B,then (x—a)>0and x—-PB) <0
“ax>tbx+c<0

(c) Ifx>B,thenx—a>0andx—-B>0
“ax>tbx+c>0
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Case II
If b — 4ac = 0, then ax* + bx + ¢ = 0 has real and equal roots.
Let X’ be the equal root.
=ax’*+bx +c¢c=ax—-x') (x —x)

(@ Ifx<x".Thenx—x"<0
Lax’+bx+c>0
(b) Ifx>x',thenx —x">0

caxP+bx+c>0

Case III
If b* — 4ac <0, then ax* + bx + ¢ = 0 has imaginary roots.
In this case,ax> + bx + ¢ >0,V x € R.
The above concept can be summarised as
() Ifa <x <P, then (x —a) (x — PB) < 0 and vice-versa.
(i) Ifx <o and x> B (@ < B), then (x —a) (x — B) > 0 and vice-versa.

Nore: If a < 0 and b®> — 4ac < 0 then the solution for ax?> + bx + ¢ > 0 does not exist.

@ Example

Solve the inequation x> + x — 6 < 0.

Solution

Given inequation isx* + x — 6 <0

=>x+3) x—-2)<0
=>x+3)<0,x-2)>0or(x+3)>0,x—-2)<0
=>x<-3,x>2(case ) (or)

x> -3,x < 2 (case II)

Case I
x<-3and x> 2

5 -4 -3 -2 -1 0 1

X <=3 X>2

There exists no value of x so that x < -3 and x > 2 (as there is no overlap of the regions). Hence in
this case no value of x satisfies the given inequation.
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Case 11
x>-3and x <2

-5 -4 -3 -2 -1 0 1 2 3 4 5

All the points in the overlapping region, i.e., =3 < x < 2, satisfy the inequation.
Hence, the solution set of the inequation
x*+x—-6<0is {x/-3 <x<2}or(-3,2).

@ Example

Solve for x: x> —4x + 3 > 0.

Solution

Given inequation isx* —4x+ 3 >0
=>x-1)x-3)=20
=>x-120;x-3200rx—1<0;x-3<0
=>x2>1;x23 (case I) (or)

x < 1;x <3 (case II)

Case I

x>1landx2>3

All the points in the overlapping region, i.e., x > 3, satisfy the given inequation.
Case II
x<landx<3
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All the points in the overlapping region, i.e., x < 1, satisfy the given inequation
Hence, the solution for the given inequation is
x € (~0,1] v [3,0)

@ Example
Solve x> + 6x + 13 >0

Solution

Given inequation is x* + 6x + 13 >0
Here, factorization is not possible.
Rewriting the given inequation we get,
x+6x+9) +4>0

= x+3)*+4>0.

We know that (x + 3)’>0V x € R,
x+3)P2+424>0VxeR,

.. The required solution is the set of all real numbers, i.e., (—o0, ).

@ Example

x> +5x+3
Solve —— <x
X+2

Solution

x> +5x+3
— <X
X+2

x2+5x+3_
X+2

<0

x> +5x+3—x>—2x
<0

X+2

3x+3
=
X+2

<0

x+1
X+2

To solve (1), it is sufficient to solve (x + 1) (x + 2) < 0.
We know that (x —a) (x —B) <0

= a < x < B where (o < B)

So2<x<-1

Thus, the required solution is -2 < x < -1



@ Example

Solve < —2

x—1 1-2x

Solution

-2
1-2x

1
—<
x—1

1 2
= —+
x—-1 1-2x

<0

1—2x+2x—2<
(x=1(1-2x)

= _—1 <0
(x—-1)(1-2x)

= 1 0
(x—-1)(1-2x)

(1) holds goodif x—1) (1 -2x)> 0= (x—-1) 2x—-1) <0
We know that (x —a) (x — B) < 0 = a < x < B where (o < p)

1
.. The solution of the given inequation is > <x<lie,x€ (%, lj

test your concepts e«

Very short answer type questions

1. For a quadratic equation ax* + bx + ¢ = 0,ifa + b + ¢ = 0, then x = 1. (True/False)
2. If a = c, then the roots of ax> + bx + ¢ = 0 are to each other.

3.1fa*> —b* > 0, then a >b or a < —b. (True/False)

4.Ifb = 0, then ax* + bx + ¢ = 0 is called quadratic equation.

5. If the sum of the roots of a quadratic equation is positive and the product of the roots is negative, then
the numerically greater root is

6. If we divide 8 into two parts such that their product is 15, then the parts are and

7. One side of a rectangle exceeds its other side by 2 cm. If its area is 24 ¢cm?, then the length and breadth
are and respectively.

8. If the sum of a number and its reciprocal is 2, then the number is

73



10.
11.

12.
13.

14.
15.
16.
17.

18.
19.

20.
21.

22.
23.
24.
25.
26.
217.
28.

29.

. If we divide 4 into two parts such that the sum of their squares is 8, then the parts are

Ee)

and
If the product of two consecutive positive numbers is 20, then the numbers are and
The area of a right angled triangle is 32 sq.units. If its base is 4 times the altitude, then the altitude is

The diagonal of a rectangle is 5 units. If one side is twice the other side, then the length is

If o and P are the roots of the quadratic equation such that o > f, then for (x — a) (x — ) > 0, the
solution set of x is

The positive number which is less than its square by 12 is

If the product of two successive even numbers is 48, then the numbers are and

The point (1,—-6) satisfies the equation y = x> — x — 6. Is the statement true?

The line y = 5x — 6 meets the parabola y = x* in two points where x-coordinates are and
The solution set of x> — 4x + 4 < 0 does not exist. (True/False)

If the product of Shiva’s age 3 years ago and his age three years later is 16, then Shiva’s present age is

The solution set of x> — 10x + 25 > 0 exists. (True/False)

The sides of two squares are x cm and (x + 2) cm. If the sum of their areas is 20 sq.cm, then the sides of
the squares are and

The solution set of x> —3x — 4 < 0 is

The solution set of x> —8x + 15 >0 is

The solution set of x> —5x + 6 > 0 is

Find the positive number which is less than its square by 42.
If mx* < nx, where m and n are positive, then find the range of x.
The solution set of x> —x—6 < 0 is

Find the dimensions of a rectangular hall, if its length exceeds its breadth by 7 m and the area of the hall
being 228 m?.

If (x + 1) > mx, and x € Z", then the possible values of m are

Short answer type questions

31.
32.

74

The equation (m + 1)x* + 2mx + 5x + m + 3 = 0 has equal roots. Find the value of m.
The denominator of a fraction exceeds the numerator by 3. The sum of the fraction and its multiplicative

9
inverse is 22— . Find the fraction.



ko)
33. Find the value of g* in terms of p and r so that the roots of the equation px* + qx + r = 0 are
in the ratio of 3 : 4.

34. A number consists of two digits whose product is 18. If 27 is added to the number, the number
formed will have the digits in reverse order, when compared to the original number. Find the
number.

35. Find the minimum value of x> + 12x.

36. If the sides of a right angled triangle are x, 3x + 3, and 3x + 4, then find the value of x.

1 1 1 1
37. Find the roots of the equation ——

X X—a b b-a

,where a # 0.

38. Find the values of x which satisfy the inequation, x — 5 < x* — 3x — 50.

39. In a boys’ hostel, there are as many boys in each room as the number of rooms there are. If the number
of rooms is doubled and the number of boys in each room is reduced by 10, then the number of boys in

the hostel becomes 1200. Find number of rooms in the hostel.

40. If the equations x* + 3x + 2 = 0 and x* + kx + 6 = 0 have a common root, then find the values
of k.

41. If x* — 17x*> + 16 = 0, then find the sum of the squares of the roots.

42. If the quadratic equation x* — mx — 4x + 1 = 0 has real and distinct roots, then find the values of m.

43. \/y+1 —\/y—l =\/4y—1 . Find the value of y.

44. Umesh and Varun are solving an equation of form x* + bx + ¢ = 0. In doing so, Umesh commits a
mistake in noting down the constant term and finds the roots as =3 and —12. And Varun commits a
mistake in noting down the coefficient of x and finds the roots as =27 and —2. If so, find the roots of
original equation.

2

45. Solve > .
4x+4 4x-2

Essay type questions

46.1f — (4x + 27) < (x + 6)* < —4(6 + x), then find all the integral values of x.

47.Determine the values of x which satisfy the simultaneous inequations x* + 5x + 4 > 0 and
= —x+ 42> 0.

48.Solve x* — 2x + 1 = 0 graphically.
49. Draw the graph of y = x> — x — 12.
50. Solve x> —x — 42 = 0 graphically.
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¥
Concept Application Level—1 ﬁ

1.

76

The roots of the equation 3x* —2x + 3 = 0 are
(1) real and distinct. (2) real and equal.
(3) imaginary. (4) irrational and distinct.
. Find the sum and the product of the roots of the equation 3+ 27x + 53 = 0.
(1) 93,5 (@ 93,5 (3) 633, -5 4) 63,5
) R al o, BZ
. If o and B are the roots of the equation x>— 12x + 32 = 0, then find the value of 7[3
o+
-8 8 —20 20
1) — 2) — 3) — 4) —
) 3 @ 3 ) 3 ) 3
. Find the maximum or minimum value of the quadratic expression, x> —3x + 5 whichever exists.
(1) The minimum value is 10" (2) The minimum value is — .
. . . 11
(3) The maximum value is —. (4) The maximum value is — .

. Find the values of x which satisty the equation \/SX +7 - \/2X +3=1.

. If one of the roots of a quadratic equation having rational coefficients is 7 = 4, then the quadratic
equation is
1) x-2J7x-9=0. 2) x*—8x + 9 = 0.
B) X+ 8x+9=0. @) x—27x+9=0.

. If the quadratic equation px* + gx —r = 0 (p # 0) is to be solved by the graphical method, then which
of the following graphs have to be drawn?
(1) y=x,y=r—gx (2) y=pxy=qx—r
@G)y=x,gx+py-r=0 ) y=x, qx—py=r
. If the roots of the equation ax* + bx + ¢ = 0 are a and B, then the quadratic equation whose roots are
—o and — is
(1) ax* =bx—c = 0. (2) ax>—bx + ¢ =0.
(3) ax* + bx—c = 0. 4) ax>—bx + 2¢ = 0.
. ) . 5 2B
. Find the sum and the product of the roots of the quadratic equation — x> — —x + 25 =0
25 —25 25 —~25

2 3 3 J
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

For what value of k is one root of the quadratic equation 9x* — 18x + k = 0 double the

&2

other?
(1) 36 2 9 (3) 12 4) 8

The sum of a number and its square is greater than 6, then the number belongs to

(1) (=0,2) U (3, ) 2 (0, -3)v 2,0 (3) (273 @ [2,3]

For which of the following intervals of x is x> > =z ?

(1) (o, - u (1,0 (2 (o, -1) U (1,0 () (-1, 1) @ [F1,1]

If x and y are two successive multiples of 2 and their product is less than 35, then find the range of x.
(1) {2, 4,0} (2 {-6,-4,-2,2,4,6}

(3) {-6,-4,-2,0,2,4} 4) {-6,-4,-2,0,2, 4,6}

If x* <n,and n € (-0, 0), then x

(1) is any real number. (2) is only positive number.

(3) has no value. (4) is any negative number.

If o and B are the zeroes of the quadratic polynomial ax® + bx + ¢ such that x does not lie between o
and B, then

(1) a>0and ax*> + bx + ¢ < 0. (2) ax>+bx+c<0anda<0.

(3) a>0and ax> + bx + ¢ > 0. (4) both (2) and (3).

The condition for the sum and the product of the roots of the quadratic equation ax>—bx + ¢ =0
to be equal, is

1) b+c=0. 2 b—c=0. 3 at+c=0. 4) atb+c=0.
The quadratic equation having rational coefficients and one of the roots as 4 + J15 s

(1) x2-8x+1=0. 2 x2+x-8=0.

(3) x2—x+8=0. 4) x2+8x+8=0.

If o and P are the zeros of the quadratic polynomial ax® + bx + ¢ and x lies between a and B, then
which of the following is true?

(1) Ifa< 0 thenax*+ bx + ¢ > 0. (2) Ifa> 0 then ax* + bx + ¢ < 0.
(3) Ifa> 0 then ax* + bx + ¢ > 0. (4) Both (1) and (2).
Find the nature of the roots of the equation 4x*—2x—1 = 0.
(1) real and equal (2) rational and unequal
(3) irrational and unequal (4) imaginary
The solution of the inequation, 15x* —31x + 14 < 0 is given by
7 2 7 7
1) xe|—,® 2) —<x<— 3) xe|—,© 4) xe R
) ( 5 J e 3 5 3 ( 5 J )
If mx* < nx such that m and n have opposite signs, then which of the following can be true?
(1) x € (2, ooj ) xe (—oo,ij @) x e [3, 0] (4) None of these
m m m

)
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-

22

23.

. Find the range of values of x which satisfy the inequation, (x + 1)* + (x — 1)* <6.
(1) V2, 2) @ 1,1 %‘I
(3) (-0, =2) U (2, ) 4) (-0, -1) U (1, )

If the sum of the squares of three consecutive odd natural numbers is 155, then their product will be
equal to

(1) 99 (2 105 (3) 693 (4) 315
24.If x* > 0, then find the range of the values that x can take.

1) x=0 @ xe R (3) x e (0, ) 4) xe R - {0}
25. Find the range of the values of x which satisfy the inequation, x> — 7x + 3 < 2x + 25.

(1) (2, 11) 2 @, 11)
(3) (-0, -1) U (2, 11) 4) (-8,-2)u [11, )

26. If A and B are the roots of the quadratic equation x*> — 12x + 27 = 0, then A’ + B* is
(1) 27 2 729 (3) 756 4) o4
27. By drawing which of the following graphs can the quadratic equation 4x* + 6x — 5 = 0 be solved by
graphical method?
1) y=x4,3x-2y-5=0 (2 y=4x*,6x—2y-5=0
B)y=x4,6x-y-5=0 4) y=2x36x+2y-5=0
28. If the quadratic equation (a* — b%)x*> + (b> — ¢?)x + (c* — a%) = 0 has equal roots, then which of the
following is true?
1) b2+c?=22 (2) b?+ ¢*= 2a? (3) b2 —c* = 2a? 4) a>=b* + 2¢?
29. Which of the following are the roots of the equation |x|* + |x| — 6 = 0?
(@) 2 (b) -2 (€) 3 d) -3
(1) Both (a) and (b). (2) Both (c) and (d).
(3) (a), (b), (c) and (d). (4) None of the above.

30.

1o,
5x — 3

What are the values of x which satisfy the equation, {/5x — 6 +

1

11 11 11
1) 3 2) 4, — 3) — 4) 3, —
1) ) 5 ©) 5 4) 5
Concept Application Level—2
31. If the roots of the quadratic equation ax® + bx + ¢ = 0 are o and B, then the equation
whose roots are o? and B? is
(1) ax* - (b*—2ac)x +c*=0 (2 x> +bx+c*=
(3) ax*+ (b* + 2ac)x+c*=0 4) x> - (b*+2ac)x+c*=0
32.If3.2>*1 - 5.2%*2 +16 = 0 and x is an integer, find the value of x.
M1 2 2 3) 3 4) 4
33.If(x+ 1) (x+3) (x+5) (x+ 7) = 5760, find the real values of x.
(1)5,-13 (2 -5,13 (3) -5,-13 (4) 5,13 /
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34.

35.

36.

37.

38.

39.

40.

41.

42.

If the roots of the equation 3ax® + 2bx + ¢ = 0 are in the ratio 2 : 3, then

(1) 8ac = 25b. (2) 8ac = 9b%
(3) 8b? = 9ac. (4) 8b2 = 25ac.

Find the roots of the equation £*(m? — n%)x* + m?*(n® — £?)x + n*({* —m? = 0.
n’(¢> —m?) -m*(¢*> —n?)

’ e'_’(m'_’_n'_’> e'_’(mz_n'_’>

(1)1 2 1,

n’ (£ +m?)

’ e'_’ (m2 _n2>

-m?* (£* +n?)

2 (m® —n’)

31 @ 1,

In writing a quadratic equation of the form x* + bx + ¢ = 0, a student writes the coefficient of x
incorrectly and finds the roots as —6 and 7. Another student makes a mistake in writing the constant
term and finds the roots as 4 and 11. Find the correct quadratic equation.

(1) x*+ 15x-42=0 2 X*+x+44=0
@) x*-15x-42=0 () xX-x+44=0
Comment on the sign of the quadratic expression x> —5x + 6 for all x € R..
(1) x*-5x+ 6 >0 when 2<x <3 and (2) x*—5x+ 6 <0 when2<x<3and

x*—5x+6<0Owhenx<2o0rx>3 x*—5x+6>0whenx<2o0rx>3
(3) x*—5x+ 6 <0 when-1<x<6and (4) x*-5x+62>20when—-1<x<6and

x*—5x+6>0whenx<-lorx>6 x*—5x+6<0Owhenx<-lorx>6
If a — b,b — c are the roots of ax*> + bx + ¢ = 0, then find the value of w .

c—a

b c ab bc
1 - @ - G — * —

c b c a

. x+3
The values of x for which —————2>0 are
x —3x-54

(1) (=6,-3) v (9, ®) ) [-6, 3] v [9, ]
3) (=6,-3) v (9, x) (4) (=6, x)

In a right triangle, the base is 3 units more than the height. If the area of the triangle is less than
20 sq.units, then the possible values of the base lie in the region

(1) 4, 6) 2 (.9 3) 6, 98) @ 5.8

A man bought 50 dozen fruits consisting of apples and bananas. An apple is cheaper than a banana.
The number of dozens of apples he bought is equal to the cost per dozen of bananas in rupees and vice
versa. If he had spent a total amount of Rs 1050, find the number of dozens of apples and bananas he
bought respectively.

(1) 12 and 38 (2) 14 and 36 (3) 15 and 35 (4) 18 and 32
The values of x for which —2x — 4 < (x + 2)? < —2x — 1 is satisfied are

1) [-5,-1]. 2 [-5, 0]

3) [-5, 4] v [-2,-1]. 4) [-5, 4] v [-2, -1].
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45.If x> —4x+ 3> 0and x> — 6x + 8 < 0, then .
1) x>3 2 x<4 (3) 3<x<4 4) 1<x<2

Concept Application Level—3

\/%\/%.
72 72
4

1) J_r% @ 72 ¢+~ 4 + 2=

and play with enthusiasm.What is the total number of apes in the forest?

) 16 ) 48 (3) 16 or 48 4) 64

1) [-2,2] 2) [0, 2] v [2, 0]
3 [0, 2] (4) None of the above

49. Find the values of x for which the expression x* — (log,2 + log,5) x + 1 is always positive.

(1) x>log,5 or x <log.2
(2) log2 <x <log,5

() —log.2 <x<log)>5

(4) x <-log2 or x >log,5

50. Find the values of x which satisfy the quadratic inequation | x [2—-2 | x | =8 <0.

k (1) [+4. 4] 2 [0, 4] 3) [-4.0] @ [+ 2]

43. If X;+—X_12 <0, then x lies in
x =3x+2

(1) (-4,3) 2 4,2
3 -4, 1]1v 23] @4 4, 1)v @3

X - (gj +1 5

44. For all real values of x, ———~%———— is
x +1 4
. 1 .

(1) equalto 1 (2) non-negative (3) greater thanz (4) non-positive

46. If the roots of the equation 2x> + 7x + 4 = 0 are in the ratio p : q, then find the value of

47. In a forest, a certain number of apes equal to the square of one-eighth of the total number of their
group are playing and having great fun.The rest of them are twelve in number and are on an adjoining
hill. The echo of their shrieks from the hills frightens them.They come and join the apes in the forest

48. If the roots of the quadratic equation x* — 2kx + 2k*> — 4 = 0 are real, then the range of the values of k is
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KEY

Very short answer type questions

1. True 2. Reciprocal
3. True 4. Pure
5. Positive 6. 3,5
7.6 cm and 4 cm 8.1
9.2,2 10. 4 and 5
11. 4 units 12. 245
13.x<Porx>a 14. 4
15. 6 and 8 16. Yes
17. 3,2 18. True
19. 5 years 20. True
21.2,4 22. [-1,4]
23. (—0,3) U (5,0) 24. x € (—0,2) U (3, 0)
25.7 26. 0<x< —
27.-2<x<3 "
28. Length = 19 m, breadth = 12 m
29. (-0, 4)
30.k

Short answer type questions

-
31, 0 3. 4
7
49
33. 2= 34. 36
12
35.-36 36.x=7

37.band (a—b) 38. {x/ -7 <x<9}
39. {x/x<—-120rx> -8}

40.5 or 7

41. 34

42. m € (-0, —6) U (=2, o)

43. There is no solution for the given equation.
44.-9,-6

45.x € —oo,_—S ) —1,l
2 2

Essay type questions
46. @ 47. x e (-7,-4) U (-1,6)
48. (1,1) 50. {—6,7}

key points for

-

Very short answer type questions

25. (i) Let the number be x.
(ii) frame the equationie.,x* —x—42=0
(1)) Solve the above equation for x by
factorization.

26. Given, =

m

28. (1) Given ! —b =7 and ¢b = 228.
\ (i1) Substitute £ =b + 7 in b = 228.

is always positive.

selected questions

(iii) Then solve the quadratic equation
obtained.

(x+1)°

X

29. m <

30. (1) Square on both the sides of given equation

(i) Solve the above equation for y.

J
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31.

32.

33.

34.

35.

36.

37.

38.

39.

Ghort answer type questions

(i) Ifax® + bx + ¢ = 0 has equal roots, then b?
= 4ac.

(i) Given,a=m+ 1,b=2m+ 5 and
c=m+ 3.

() Let the fraction be g

d 65
(i) Givend —n=3 2L

d n 28
(iii) Substitute d = n + 3 in second equation.
(iv) Then solve the quadratic equation in n.

(i) Let the roots of px*>+ gx +r = 0 be 3m
and 4m.

(i) 3m + 4m = —2 and (3m) (4m) = =
p p

(iii) Substitute, m = 9 in second equation

7p
and find q*.

(i) Let the two digit number be
10x +y.
(i) Given xy = 18 and
10x+y+27=10y +x
=>y-x=3
(i) Substitute y = x + 3 in first equation and
solve for x and y.
(i) Minimum value of ax® + bx + ¢ (a > 0) is
4ac-b"
4a
(i) Givena=1,b =12
(i) Apply Pythagoras theorem i.e.,x* + (3x +
3= (3x+4)7
Simplify and solve the quadratic equation
obtained above.

(i) Simplify LHS and RHS and frame the
quadratic equation.
(i) Solve the above equation for x.

(i)

(i) Factorize x*> — 2x — 63

@) Use,(a—x) x—b)<0=>a<x<b
(where a < b) and find x.

(i) Factorize x* + 20x + 96

@) Use,(x—2a) x—b)>0=>x<aorx>b
(a < b) and find the solution set of x.

40.

41.

42.

43.

44.

45.

Essay type questions
46.

47.

48.

(i) Solve x* + 3x + 2 = 0 for x.
(i) Substitute the values of x in the other
equation and find k.

(i) Put x* = y and reframe the equation in y.
(i) Then solve for y and then replace x* by y
and solve for x.

() Ifax®+ bx + ¢ = 0 has real and distinct
roots, then b?> — 4ac > 0
(i) Givena=1,b=(m+4)andc = 1.

(i) Squaring the given equation until we get
quadratic equation in y.
(i) Solve it.

() In case of Umesh sum of the roots is
correct.
(i) In case of Varun product of the roots is
correct.
(ili) Use, x* — (sum of the roots)x + product of
the roots = 0 and write the equation.

(i) Reframe the inequation as
2 1

4x—-2 4x+4

X—a

(i) The solution of < 0 is same as the

x—
solution of (x —a) (x — b) < 0.

(i) Solve —(4x + 27) < (x + 6)* and (x + 6)*> <
—4(6 + x).
(1)) Then take common solution.

(1) Use,x—a) x—b)>0=>x<aorx>b
(a <b)and

(i) Find the solutions of given inequations
individually and then take their common
solution.

(i) Reframe the equation as

x*=2x-1

() Lety =x*andy = 2x — 1

(iii) Draw the parabola and line which
represents y = x> and y = 2x — 1
respectively.

(iv) The x-co-ordinates of the common points
of the parabola and the line is the solution. j
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49. (1) Find the values of y for the different values
(+ve and —ve) of x.
(i) Then plot the points on the graph sheet.

50. (i) Asy = x7, reframe the quadratic equation
asy =x+42

(i1) Draw the parabola and line which

represents y = x> and y = x + 42
respectively.

(i) The x-co-ordinates of the common points

of the parabola and the line is the solution.

Concept Application Level—1,2,3

1.3

w
~

11.
13.
15.
17.
19.
21.
23.
25.
27.
29.
31.
33.
35.
37.
39.
41.
43.
45.
47.
49.

S T S R N O B N e = =~ N U SO SV S & TSN U S T N6 T SN SO RN N

3, 1
4.
6.
8.

10.

12.

14.

16.

18.

20.

22.

24.

26.

28.

30.

32.

34.

36.

38.

40.

42.

44.

46.

48.

50.

[ I N UL (G T 5 T SRS | IR SO (G T SS T (S T SO S R SV S )

N U S S T S

o —
Concept Application — o
Level—1,2,3 - h

Key points for select questions

1.
2.
3.

11.

12.
13.

14.

16.

Find the discriminant.
Use o + p = —b/a and afp = c/a.

Find the roots o and B or write a* + B? as (a
+ B)? — 2af and o + B = sum of roots and
af product of roots.

. Use the formula and check the coefficient of

x2.

. Square both sides.
Ifa+ \/E is one root then a — \/E is other

root.

. Take the first degree expression and the

constant on the other side.

.Usex>— (o + B)x+ap =0.
. Usea + B =-b/aand af = c/a.
10.

Simplify and solve by finding o + B and ap.
Where B = 2a..

Let the number be x and frame the
Inequations.

Simplify and solve the inequation.

Assume the two successive multiples as
nandn + 2.

5 3 - :
x” is always positive and n is always
negative.

Find the sum and the product of the
roots then equate them.
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17

19
20
21
22
23

24
25
26

. If one of the roots is a + \/E , this the other
roots is a — \/E :

. Use the formula of discriminant.

. Factorise the LHS of the inequation.

. Take nx on the left hand side and solve.

. Simplify and solve the inequation.

. Let the three consecutive odd natural

numbers be x — 2, x and x + 2.

. Observe the options.

. Simplify and solve the inequation.

. Find the roots or write A* + B® in terms of A
+ B and AB.

. Take 6x — 5 on other side.

. Observe the coefficient of each term and

guess one root.

. Find the LCM and then square on both sides.

Put |x| =y and frame the equation.
Solve for y.

.Usex*— (o +B)x +ap =0.

27
28
29. (i)
(i)
30
31
32. (i)
(i)
33. ()
(i)
34

35

36.

37.

Let 2 =P.
Frame the quadratic equation in terms
of P and solve it.

(@) (b) (c) (d) = e can be written as (a d)
(be)=e

Worite the equation in the form of a
quadratic equation.

. If the roots of ax*> + bx + ¢ = 0 are in the
ratio m :n, then (m + n)? a.c = mnb?.

. In the equation ax* + bx + ¢ = 0 whena + b

+ ¢

@

(i)

c
= 0, then the roots are 1 and —.

a

-b
Use sum of roots = —, product of the
a

c
roots = —.

a
Identify that the first student got the
correct product and the second student
got the correct sum.

(x—a) (x—b)<0whena<x<h.

(x—a) (x—b)=20whenx<aorx=b.

38.

39.

40.

41.

42.

43.

44.

45.

46.

(@)

(i)

()

(i)

(a—Db) (b —¢) = product of the roots

& |0

c—a=—-(a-b+b-c¢)=— (sum of

the roots) =—.
a

Express the quadratic equations
given in the numerator and the
denominator as the product of
two linear factors.

Form the various regions by using
critical points

Identify the regions in which the
inequality holds good.

Let the height of the triangle be x.
Hence base = x + 3.
Form the quadratic inequation.

Form a quadratic equation in terms of

apples or bananas.

Form two different inequalities and

find the common solution to them.

@

(i)
(iif)

Express the quadratic equations

given in the numerator and the
denominator as the product of two
linear factors.

Form the various regions by using critical
points.

Identify the regions in which the given
inequality holds good.

Simplify the expression and identify whether

it is non-positive or non-negative.

@)

(i1)

(i)

If (x—a) (x—Db) >0, then

X€ (—00,2) U (b, ).

If (x—a) (x—Db) <0, then

x€ (a, b).

Take the common range of both the
inequations.

Let the roots be pk and gk.

-b
Use sum of roots = — and product of
a
c
roots = —.
a



47. (1) Let the number of apes be equal
to n.

(i) The number of apes which are on the

5

adjoining hills is n — 2 , which is
equal to 12.

48. Discriminant = 0.

49. (@) x*— (log2+1log5) x+1>0
(i) x* - (log.2 + log,5) x + 1
= (x —log.2) (x —log,5) and
proceed.
50. (i) Put |x| =y

(i1) Form a quadratic inequation in terms of y.

(i) If (x —a) (x—Db) <0 thenx € (a,b).
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CHAPTER 5

Statements

INTRODUCTION

In this chapter, we shall learn about statements, truth tables of different compound statements, laws of algebra
of statements, application of truth tables to switching networks etc.

Statement

A sentence with can be judged either true or false but not both is called a statement. Statements are denoted
by lower case letters like p, q, r etc.

@ Examples

1. p :2 is a prime number. This statement is true.
2. q:2 + 3 = 6.This statement is false.

Truth value

The truthness or falsity of a statement is called its truth value.
Truthness of a statement is denoted by T, while its falsity is denoted by E

@ Examples

1. The truth value of the statement p :The sun rises in the east, is True.
2. The truth value of the statement q : All odd numbers are prime, is False.

Negation of a statement

The denial of a statement is called its negation. Negation of a statement p is denoted by ~p and read as not
p or negation p.
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Truth table

p |~P
F
F T
@ Examples
1.p:2+4=6
~p:2+4#%£6

2. p:3isafactor of 10
~ p :3 is not a factor of 10

3. p : Charminar is in Delhi
~ p : Charminar is not in Delhi
Compound statement

A statement obtained by combining two or more simple statements using connectives is called a compound
statement.

@ Examples

Consider the two statements.
p :2 is a prime number and

q :2 is an even number.
Some compound statements that can be formed by using the statements p and q are:

(i) 2 is a prime number and 2 is an even number.

(i) 2 is a prime number or 2 is an even number.
(iii) 2 is neither a prime number nor an even number.
Let us look at some basic compound statements.

1. Conjunction

If p and q are two simple statements, the compound statement p and g is called the conjunction of
p and q. It is denoted by p A q.

Truth table

oo I I R s B e o)

q
T
F
T
F

=l 1>

‘We observe that p A q is true only when both p and q are true.
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@ Examples

i) Let p : 4 is a perfect square and q : 2 is an odd number.
p p q q
p A q :4is a perfect square and 2 is an odd number.

As p isT and q is E the truth value of p A qis E

(i) Letp:3>2andq : V2 is an irrational number.
Then,pAq:3>2and V2 is an irrational number.

The truth value of p A q is true as both p and q are true.

2. Disjunction

If p and q are two simple statements, then the compound statement p or q is called the disjunction of p and
q. It is denoted by p v q.

Truth table

p q pVvq
T T T
T F T
F T T
F F F

We observe that, p v q is false only when both p and q are false.

@ Examples

i) Let p:The set of even primes is an empty set.
p p p
q: 1 is a factor of every natural number.
p Vv q:The set of even primes is an empty set or 1 is a factor of every natural number.

As p is false and q is true, truth value of p v qisT.

(1) Let p:5 isa factor of 18.
q: 12 divides 6.
Then, p v q :5 is factor of 18 or 12 divides 6.

The truth value of p Vv q is false as both p and q are false.

3. Implication or conditional

If p and q are two statements, the compound statement if p then ¢, is called a conditional statement. It is denoted
by p = q.

The statement p is called the hypothesis (or given) and the statement q is called the conclusion
(or result).



Truth table

q

e e

q =
T T
F F
T T
F T

We observe that, a true statement cannot imply a false statement.

-

Examples

(i) Let p: Every set is a subset of itself.
q:3+5=8
p = q:If every set is a subset of itself, then 3 + 5 = 8.

As p is true and q is true, the truth value of p = q is true.

(ii) Let p:ABC is a right triangle if ZA = 100°.
q: LA + £B + ZC = 180°
p = q:If ABC is a right triangle if ZA = 100°, then ZA + /B + ZC = 180°.

As p is false and q is true, the truth value of p = q is true.

4. Bi-conditional or bi-implication

Statements

89

If p and q are two statements, then the compound statement p if and only if q is called the bi-conditional of p and
q. It is denoted by p < q.

Truth table

p
T
T
F
F

HH A e
H|=|= |38

We observe that, p <> q is true if both p and q have the same truth values.

@ Examples

1. Letp:2x3=6
q:2+8=10
p< q2x3=6ifand only if 2 + 8 = 10.

Since both p and q are true, the truth value of p < qisT.
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2. Let p: Every triangle is equilateral

q: Charminar is in Hyderabad
p < q: Every triangle is equilateral if and only if Charminar is in Hyderabad.

As p is false and q is true, the truth value of p <> qis E
Converse, inverse and contrapositive of a conditional
Let p = q or if p then q be a conditional,

(i) If q then pi.e.,q = p,is called the converse of p = q.
(i) If not p then not qi.e.,~ p = ~ q,is called the inverse of p = q
(iii) If not q then not p i.e.,~ q = ~ p is called the contrapositive of p = q.
q p q p p p=4q

Truth table

T T F F T T T T
T F F T F T T F
F T T F T F F T
F F T T T T T T
@ Examples

1. Write the converse, inverse and contrapositive of the conditional “If x is odd then x* is
odd”.

Solution

Conditional: If x 1s odd, then x*is odd.
Converse : If x? is odd, then x is odd.
Inverse : If x is not odd, then x? is not odd.

Contrapositive : If x* is not odd, then x is not odd.

2. Write the converse, and the contrapositive of the conditional, “If ABC is a triangle, then ZA + /B
+ £ZC = 180°".

Solution

Conditional : IfABC is a triangle, then ZA +£B + ZC = 180°.

Converse : If ZA + ZB + £C = 180°, then ABC is a triangle.

Contrapositive : If ZA + ZB + ZC # 180°, then ABC is not a triangle.

@ Examples

Let us now look at the truth tables of some compound statements:

1. The truth table of p v ~ q:



p q ~q pVv~q
T T F T
T I T T
F T F F
F F T T

2. The truth table of ~p Vv (p A q):

P |a]~ | pPrqg|~pVvPArg
T |T]| F T T
T | F | F F F
F | T | T F T
F |F| T F T

3. Werite the truth table of ~p = p v q.

Solution
p q =P pV ~p=>pVq
T T F T T
T F F T T
F T T T T
F F T F F
Tautology

A compound statement which always takes True as its truth value is called a tautology.

@ Examples
1. The truth table of p v ~ p is
% ~p pv~p
F T
F T T

Statements

We observe that p v ~p takes T as its truth value always. So, p vV ~ p is a tautology.

2. Show that the compound statement p = p V q is a tautology.

91



92 Statements

Solution

Truth table

p q pPVvVq p=(@pVvq
T T T T
T F T T
F T T T
F F F T

We observe that p = p Vv q is always True.
Hence, p = p Vv q is a tautology.

Contradiction

A compound statement which always takes False as its truth value is called a contradiction.

@ Examples
1.The truth table of p A ~p is
p ~p pA~p
F F
F T F

We observe that p A ~p takes F as its truth value always. So p A ~p is a contradiction.
2. Show that the compound statement (p V ~p) = (q A ~q) is a contradiction.

Solution

Truth table

p q ~p ~q pVv~p qn~q PA~P=qA~q
T T F F T F F
T F F T T F F
F T T F T F F
F F T T T F F

We observe that p vV ~p = q Vv ~q is always False.
Hence, p V ~p = q A ~q is a contradiction.

Contingency

A compound statement which is neither a tautology nor a contradiction is called a contingency.
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@ Example

pvq=-~p

Truth table
p q ~pP pVvq pvqg=-~p
T T F T F
T F F T F
F T T T T
F F T F T

Logically equivalent statements

Two statements r and s are said to be logically equivalent, if the last columns of their truth tables are identical.
(OR)

Two statements 7 and s are said to be logically equivalent if r < s is a tautology. Generally, r and s will be
compound statements.

If the statements r and s are logically equivalent, then we denote this as 7 = s.

NortE: that r < s is always true only if both r and s have same truth values.

@ Examples

1. Show thatp A q=q A p.

Solution
p q P9 qAnPp
T T T T
T F F F
F T F F
F F F F

We observe that p A q and q A p have the same truth values. Hence,p A q=q A p.

2. Show thatp = q=~p Vv q.

Solution
p q ~p p=9q ~pVvq
T T F T T
T F F F F
F T T T T
F F T T T

We observe that p = q and ~p Vv q have the same truth values.
Hence,p => q=~p Vv q
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Laws of algebra of statements
Some logical equivalences are listed under the following laws:

1. Commutative Laws
(@ pvg=qVvp
(b) pAg=qAp
2. Associative laws
@@ (pvqgvr=pv(QVvr)
(b) pAAT=pA(qQAT)

3. Distributive Laws
@ pA@vn=pPAqV(pAr)
®) pv@An=pEVveAlpVvr)
4. Idempotent Laws
@ pvp=p
®) pAp=p
5. De Morgan’ laws
@) ~(p Vv q)=(p)A(~9
(b) ~p A q)=(~p) Vv (~q
6. Identity Laws
(@ pvfi=p, pvt=t.
b) paf=f, pAat=p.

7. Complement Laws

(@) pv(~p) =t (b) pA(p)=f () ~(~p)=p
d) ~t=f (e) ~f=t

List of equivalences based on implications

M) p=q=~pVvq
i) ~Np=q=pA~q
(i) p=>q =~q=~p

(i.e., a conditional and its contrapositive are logically equivalent)
(iv) g=p=~q=~p

(i.e., converse and inverse of a conditional are logically equivalent)
M) pea=pP=>9Ar@=p)
(vi) ~p = q) =(p)=qorp < (~q)

Open sentence

A sentence involving one or more variables is called an open sentence, if it becomes TRUE or FALSE when the
variables are replaced by some specific values from the given set.The set from which the values of a variable can
be considered is called the replacement set or domain of the variable.

@ Examples

1. x + 2 =9 is an open sentence.
For x = 7, it becomes True and for other real values of x it becomes False.
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2. x> + 1 > 0 is an open sentence.
For all real values of x it is True.

Quantifiers

A quantifier is a word or phrase which quantifies a variable in the given open sentence.
There are two types of quantifiers.

(a) Universal quantifier.

(b) Existential quantifier.

Universal quantifier

The quantifiers like for all, for every, for each are called universal quantifiers. A universal quantifier is denoted by V’.

@ Examples

1. Consider an open sentence, | x |ZO .
This is true for all x € R.. So, we Write| X |ZO ,VxeR.

2. Consider the sentence,
n(n + 1)
2

1+2+3+..... +n= ,VnelN.

Existential quantifier

The quantifiers like for some, not all, there is/exists at least one are called existential quantifiers.
An existential quantifier is denoted by ‘3’.

@ Examples
1. Not all prime numbers are odd.

2. dx e Rsuchthatx+ 4 =11

Negation of statements involving quantifiers

1. p:All odd numbers are prime.
~p: Not all odd numbers are prime

(or)

Some odd numbers are not prime.

(or)

There is an odd number which is not prime.

2. p:All questions are difficult.
~ p: Not all questions are difficult.

(or)

Some questions are not difficult.

(or)

There is at least one question which is not difficult.

3. p:All birds can fly
~ p: Not all birds can fly

(or)
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There are some birds which cannot fly.

(or)

There is at least one bird which cannot fly.

Methods of proof

Statements in mathematics are usually examined for their validity. The various steps involved in the process
is referred as proof.
There are two important types of proofs

1. Direct Proof
In this method, we begin with the hypothesis and end up with the desired result through a logical
sequence of steps.

@ Example

If x is odd, then x? is odd.
Given, x is an odd number
Conclusion: x? is an odd number

Proof

= x =2k +1forsomek € Z
= x*= (2k + 1)?
=4k>+ 4k + 1
=2(2k* + 2k) + 1
=2m + 1,where m=2k>+2k e Z ("~ ke Z=2k*+2k € Z)
Lx*=2m+1meZ
= x”? is an odd number.
Hence, if X is an odd number, then x? is an odd number.

2. Indirect proof
In this method, we proceed by assuming that the conclusion is false. Then we arrive at a
contradiction. This implies that the desired result must be true.

@ Example

Ifa+b =0,then (a + b)*= 0. where a,b € Z — {0}
Given:a +b =10
Conclusion: (a + b)>* =0

Proof

Let us assume that (a + b)*> # 0

= (a + b)>>0 (As (a + b)* cannot be —ve)
=a+b>0o0ra+b<0

which is a contradiction to the hypothesisi.e.,a+b =0
. Our assumption i.e., (a + b)* # 0 is false.

Hence,ifa + b = 0, then (a + b)> = 0.

Methods of disproof

To disprove a given statement there are two methods.
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1. Counter example method
In this method, we look for a counter example which disproves the given statement.

@ Example

(i) Every odd number is a prime number.
This statement is false, as 9 is an odd number but it is not a prime.

(1) x> —x —6 = 0 for all real values of x.
This statement is false, as for x = 2,
X-x—-6=Q2P2-2-6=—4%#0

. X = 2 is a counter example here.

2. Method of contradiction
In this method, we assume that the given statement is true. Then we arrive at a contradiction. This
implies that the given statement is false.

@ Example

Disprove the statement, “There can be two right angles in a triangle”.

Solution

Let ABC be a triangle.

If possible, let ZA = 90° and £ZB = 90°.

We know that, the sum of the three internal angles of a triangle is 180°.
ie,ZA + ZB + ZC = 180°

= 90° + 90° +£C = 180°

= ZC = 0° which is a contradiction.

Hence, there cannot be two right angles in a triangle.

Application to switching networks

Now we consider the statements p and p' as switches with the property that if one is on, then the other is
off and vice versa.
Further, a switch allows only two possibilities. They are

(1) it is either open (F) in which case there is no flow of current.
(or)
(i) it is closed (T) in which case there is a flow of current.
Hence, every switch has two truth values T or F only.
Let p and q denote two switches. We can connect p and q by using a wire in a series or parallel
combination as shown below.

p
A &—— ——*B
S ;
A e . ——oB —~ ¢ .
series combination parallel combination

Figure 5.1



NotE: p A q denote the series combination and p Vv q denote the parallel combination.

Switching network

A switching network is a repeated arrangement of wires and switches in series and parallel combinations.
So, such a network can be described by using the connectives A and V.

@ Example

1. Describe the behaviour of flow of current from A to B in the following circuit network.

£7/ q

Ao— | —B
p!
e
Figure 5.2
Solution
The given network can be described by the compound statement (p A q) Vv p'. Truth table of
PAq Vvp'is:
p q p' pPAg (prg) vp'
T T F T T
T F F F F
F T T F T
F F T F T

So, current flows from A to B if
(i) p is closed, q is closed,
(i) p is open, qis closed” and

(iii) p is open, q is open.

test your concepts e« %

Very short answer type questions

1. If truth value of (~P) is T, then truth value ~(~P) is

2.~(pv~q) =

3. Truth value of “If x is even, then x” is even” is
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13.

14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

. Counter example which disproves “all primes are odd” is
. The negation of “no dog barks” is

. The truth value of “Hyderabad is the capital city of A.P”" is

~(~p=q) =~pVQq) (True/False)

.IfpisFand qisT, then ~q = p is

. The quantifier used in negation of “every planet in the solar system has a satellite”. (V or 3)
10.
11.
12.

Truth value of “3 x 7 =28 “iff 73 + 7 = 12" is
The negation of “a > b” is a = b. (True/False)

LS
A B
The current (does/does not) flow from A to B.
The quantifier to be used to describe the statement,“not all isosceles triangles are equilateral is

(V or 3)”

If p v ~q is E then q is

The connective used in the negation of “if the grass is green, then sky is blue” is

Worite the conjunction and implication of the statement: He is smart; He is intelligent.
Write the suitable quantifier for the sentence: there exists a real number x such that x + 2 = 3.
Find the truth value of “Are you attending the meeting tomorrow?”.

The symbolic form of the statement, “If p, then neither q nor r” is

Find the inverse of the conditional, “If I am tired, then I will take rest”.

The converse of converse of the statement p = ~q is

Find the truth value of the statement, “The sum of any two odd numbers is an odd number”.
Find the negation of the statement, “Some odd numbers are not prime”.

What is the truth value of the statement,2 x 3 =6 or 5 + 8 = 10?

p = qis logically equivalent to _____

The counter example of the statement, “All odd numbers are primes”, is

Find the converse of the statement, “If ABCD is square, then it is a rectangle”.

Worite the compound statement, “If p, then q and if q, then p” in symbolic form.

The negation of the statement, “I go to school everyday”, is

The contrapositive of the statement p = ~q is
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Short answer type questions
31.
32.
33.
34.

35.
36.
37.
38.
39.
40.
41.

42.
43.
44.
45.

What is the converse of the statement p = p Vv q?
Write the converse, inverse and contrapositive of the conditional, “If she is rich, then she is happy”.
Show that p = p Vv q is a tautology.

Write the converse, inverse and contra positive, of the statement “In a A ABC, if AB # AC, then £B #
£C”.

Show that ~(p A q) =~p Vv ~q.
Worite the truth table of (p v q) Vv ~r
Show that p => q=~p v q.

Worite the truth table of p A ~q.
Show that (p A q) vV ~q=p Vv ~q
Worite the truth table of p = (p A q).

Worite the suitable quantifier for the following sentence
(a) x + 1 > x for all real values of x.

(b) there is no real number x such that x* + 2x + 2 = 0.

Prove that (~p A q) A q is neither a tautology nor a contradiction.
Worite the truth table of ~ p v (p A q).

Show that (p A ~p) A (p Vv q) is a contradiction.

Negation of the compound statement [(p A q) vV (p A~ Q)] is

Essay type questions

46.

47.

100

Discuss when does the current flow from A to B in the given network.

5

r
=08
l o]
Discuss when does the current flow from A to B in the network given.
q O/
24

— —

p;/




48. Discuss when does the current flow from A to B in the network given.

B

Ao/

>/
49. Discuss when does the current flow from A to B in the network given.
p o/
q (/
A o——| ® B
po'/

50. Discuss when does the current flow from the points A to B in the network given.

CONCEPT APPLICATION X2

+
Concept Application Level—1 ﬁ]

1. For which of the following cases does the statement p A ~ q take the truth value as true?
(1) p is true, q is true (2) p is false, q is true
(3) p is false, q is false (4) p is true, q is false
2. Which of the following sentences is a statement?
(1) Ramu is a clever boy (2) What are you doing?
(3) Oh! It is amazing (4) Two is an odd number.

3. Which of the following laws does the connective A satisty?

k (1) Commutative law (2) Idempotent law (3) Associative law (4) All the above
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8. Find the counter example of the statement “Every natural number is either prime or composite”.
1) 5 2 1 3) 6 (4) None of these
9. Which of the following pairs are logically equivalent?

(1) Conditional, Contrapositive (2) Conditional, Inverse

(3) Contrapositive, Converse 4) Inverse, Contrapositive
10. The property p A(QVv ) =(p A Q) V (p A1) is called

(1) associative law (2) commutative law (3) distributive law (4) idempotent law
11. Which of the following is contingency?

D pv~p 2 pArq=>pVvq (3) pA () (4) None of these
12. Which of the following pairs are logically equivalent?

(1) Converse, Contrapositive (2) Conditional, Converse

(3) Converse, Inverse (4) Conditional, Inverse
13. Which of the following connectives can be used for describing a switching network?

1) pAqg vy 2 pvgAaqg. (3) Both (1) and (2). (4) None of these
14. Find the quantifier which best describes the variable of the open sentence x + 3 = 5.

(1) Universal (2) Existential

(3) Neither (1) nor (2) (4) Cannot be determined
15. Which of the following is equivalent to p <> q?

M p=>q 2 q=p G p=>9Ar@=>p) (4) None of these
16. The property ~ (p A q) = ~p Vv ~q is called

(1) associative law (2) De morgan’s law (3) commutative law (4) idempotent law
17. The statement pvq is

(1) a tautology (2) a contradiction

(3) neither a tautology nor a contradiction (4) Cannot say

. The truth value of the statement, “We celebrate our Independence day on August 15th”, is
1) T ) F ﬁ
(3) neither T nor F (4) Cannot be determined

. When does the inverse of the statement ~p = q results in T?

N p=T,q=T 2 p=T,q=F 3 p=F q=F (4) Both (2) and (3).

. Which of the following is a contradiction?

1) pvgq 2 pArg 3 pv-~p @ pA~p
. In which of the following cases, p < q is true?

(1) p is true, q is true (2) pis false, q is true (3) pis true, q is false (4) None of these

. Which of the following compound statement represents a series network?

() pvq 2 p=q @) pAq 4 p&eq
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19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

Which of the following is a tautology?
M) pArg @ pvgq @3 pv~p @ pA~p ﬁ

Find the truth value of the compound statement, ‘If 2 is a prime number, then hockey is
the national game of India’.

1T ) F

(3) Neither T nor F (4) Cannot be determined

Find the truth value of the compound statement, 4 is the first composite number and 2 + 5 = 7.
1T @ F

(3) Neither T nor F (4) Cannot be determined

Find the inverse of the statement, “If AABC is equilateral, then it is isosceles”.
(1) If AABC is isosceles, then it is equilateral.

(2) If AABC is not equilateral, then it is isosceles.

(3) If AABC is not equilateral, then it is not isosceles.

(4) If AABC is not isosceles, then it is not equilateral.

The statement p = p v q is
(1) a tautology (2) a contradiction

(3) both tautology and contradiction (4) neither a tautology nor a contradiction

What is the truth value of the statement “Two is an odd number iff 2 is a root of x> + 2 =0"?
MmT @ F
(3) Neither T nor F (4) Cannot be determined

‘Which of the following connectives satisfy commutative law?
1) A 2 v 3 < (4) All the above

~pAlpe9l=

1) pvgq 2 qnp 3 T 4 F
Write the negation of the statement “If the switch is on, then the fan rotates”.

(1) “If the switch is not on, then the fan does not rotate”.

(2) “If the fan does not rotate, then the switch is not on”.

(3) “The switch is not on or the fan rotates”.

(4) “The switch is on and the fan does not rotate”.

If p:The number of factors of 20 is 5 and q :2 is an even prime number, then the truth values of inverse
and contrapositive of p = q respectively are

1T, T (@ F,F 3 T,F 4 F, T

“No square of a real number is less than zero” is equivalent to

(1) for every real number a, a* is non-negative. 2 VaeR,2’20
(3) either (1) or (2) (4) None of these
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30. If a compound statement r is contradiction, then find the truth value of

=)A= 1]
M T ) F

(3) TorF (4) None of these
Concept Application Level—2

31. Which of the following is/are counter example(s) of the statement x> — 7x + 10 > 0, for all real x?

(@) 2 (b) 3 (c) 4 d 5
(1) Only (a) and (d) (2) Only (b) and (¢)
(3) All (a), (b), (c) and (d) (4) None of these
32. If p: 3 is an odd number and q: 15 is a prime number, then the truth value of [~ (p < q)] is equivalent
to that of .
@ peqg b CPeqg (©~0Ag
(1) only (a) (2) only (c) (3) Both (a) and (b) @) (a), (b) and (c)

33. The compound statement, “If you want to top the school, then you do not study hard” is equivalent to
(1) “If you want to top the school, then you need to study hard”.
(2) “If you will not top in the school, then you study hard”.
(3) “If you study hard, then you will not top the school”.
(4) “If you do not study hard, then you will top in the school”.

34. If p: 25 is a factor of 625 and q: 169 is a perfect square then ~ (p = q) is equivalent to

(1) prq (2) p) A q
3) pA () (4) Both (2) and (3)

35. The compound statement, “If you won the race, then you did not run faster than others” is equivalent
to

(1) “If you won the race, then you ran faster than others”.
(2) “If you ran faster than others, then you won the race”.
(3) “Ifyou did not win the race, then you did not run faster than others”.

(4) “If you ran faster than others, then you did not win the race”.

36. “If x is a good actor, then y is bad actress” is

(1) a tautology (2) a contradiction (3) a contingency (4) None of these

37. Which of the following is negation of the statement “All birds can fly”.
(1) “Some birds cannot fly”. (2) “All the birds cannot fly”.
(3) “There is at least one bird which can fly” (4) All the above.

38. What are the truth values of (~ p = ~ q) and ~ (~ p = q) respectively, when p and q always speak true
in any argument?
k 1T, T (2 F,F 3) T,F 4 F, T

)
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39. If p: 4 is an odd number and q: 4° is an even number, then which of the following is

40.

41.

42.

43.

44.

45.

e

equivalent to ~ (p = q)?
(1) “4 is an odd number and 4’ is an even number”.

(2) “The negation of the statement “4 is not an odd number or 4’ is not an even number”.
(3) Both (1) and (2)
(4) None of these

In the above network, current flows from N to T when

(1) p closed, q closed, ropened and s opened.

(2) p closed, q opened, s closed and r opened.

(3) q closed, p opened, r opened and s closed.

(4) p opened, q opened, r closed and s closed.

If p: In a triangle, the centroid divides each median in the ratio 1 : 2 from the vertex and q: In an

equilateral triangle, each median is perpendicular bisector of one ofits sides. The truth values of inverse
and converse of p = q are respectively

1T, T 2 F, F 3 T,F 4 F, T

If p always speaks against q,then p = p v~ qis

(1) a tautology (2) contradiction

(3) contingency (4) None of these

If p: Every equilateral triangle is isosceles and q: Every square is a rectangle, then which of the following

is equivalent to ~ (p = q)?
(1) The negation of “Every equilateral triangle is not isosceles or every square is rectangle”.
(2) “Every equilateral triangle is not isosceles, then every square is not a rectangle”.

(3) “Every equilateral triangle is isosceles, then every square is a rectangle”.
(4) None of these

‘When does the value of the statement (p A1) < (r A q) become false?
1) pisT,qis F () pisF,risF
(3) pisF,qisFandrisF (4) None of these

If the truth value of p Vv q is true, then truth value ~p A q is
(1) false if p is true (2) true if'p is true
(3) false if q is true (4) true if q is true
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Concept Application Level—3

46. Ifp and q are two statements, then p v ~(p = ~q) is equivalent to ﬁ
(1) pA~q @ p @) q 4 ~pArgq
47.
P
K : : : > L
o r
a\

In the above network, current does not flow, when

(1) p opened, q opened and r opened. (2) p closed, q opened and r opened.
(3) p opened, q closed and r closed. (4) None of these

48. The contropositive of the statement ~p = (p A~ q) is

M p=>Cpva @ p=>@Pnrq @ p=>CprArq 4 pvqg=>p
49.

J S

—O\ —o\—
q r
In the above circuit, the current lows from A to B when
(1) p is closed, q is open r is open.
(2) p is closed, q is closed and r is open.
(3) p is closed, q is closed and r is closed.
(4) all the above
50. If p: 5x + 6 = 8 is an open sentence and q: 3, 4 are the roots of the equation x*> — 7x + 12 = 0, then
which of following is equivalent to ~ [~p Vv q]?

(1) “The negation of “If 5x + 6 = 8 is an open sentence, then 3, 4 are the roots of the equation x* — 7x +
12=0".
(2) 5x + 6 = 8 is an open sentence or 3, 4 are not roots of the equation x> —7x + 12 =0

(3) 5x + 6 = 8 is not an open sentence and 3, 4 are the roots of the equation x¥* —7x + 12 =0
(4) None of these
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Very short answer type questions

22

1
2
3
4
5.
6
7
8
9

10.
11.
12.
13.
14.
15.
16.

17.
18.
19.
20.
21.

23.
24.
25.
26.
217.
28.

. False

.~pAgq

. True

. 2 1is even prime

Some dogs bark.

. True

. True

. True

.3

True

False

does not

3

True

and

He is smart and he is intelligent.
If he is smart, then he is intelligent.

3

Neither true nor false

p=~qA~r
“If I am not tired, then I will not take rest”.
p=~q
. False
All odd numbers are primes.
True
~pVvq
9
If ABCD is a rectangle, then it is square.

(=9 A @=p)
. Some days I do not go to school.

-q="~p

Short answer type

questions

31.
32.

34.

41.

45.

pvq=p

Converse: If she is happy, then she is rich.
Inverse: If she is not rich, then she is not happy.
Contrapositive: If she is not happy, then she is
not rich.

Converse:In a AABC, if ZB # ZC, then AB #
AC.

Inverse : In a AABC, if AB = AC, then /B =
ZC.

Contrapositive : In a AABC, if ZB = ZC, then
AB =AC.

v

Y
~pvVv[-qvd]

Essay type questions

46.

47.
48.
49.

50.

(@) p is closed, q is closed, r is closed
(i) p is closed, q is closed, r is open
(iii) p is closed, q is open, r is closed
(iv) p is open, q is closed, r is closed
(v) p isclosed, q is open, r is open
(vi) pis open, q is closed, r is open
(vii) p is open, q is open, r is closed
p is closed, q is closed
p is closed, q is closed.

(1) p is closed, q is closed
(i) p is open, q is closed

@) p is closed, q is closed, r is closed
(i) p is closed, q is closed, r is open
(ii1) p is closed, q is open, r is closed
(iv) p is open, q is closed, r is closed
(v) pis closed, q is open, 1 is open

107




-

16.
17.

20.
21.

24.
217.
30.

31.
32.

33.

34.

35.

36.

-

Very short answer type questions

If x and y are statements, then Conjunction: x
and y. Implication: If x, then y.

The symbol for ‘for some’ and ‘there exists atleast
one’is 3.

Inverse of p = q is ~p = ~q.

Converse of converse of conditional is
conditional.

p V q is true if atleast one of the p, q is true.
Converse of p = qis q = p.

Contrapositive of p = q is ~q = ~p.

Short answer type questions

Converse of p = q is q = p.

(i) conditional: If p then q.
(i) converse:If q then p.
(iii) inverse: If ~p then ~q
(iv) contrapositive: If ~q then ~p.
(i) First of all write possible truth values of
both p and q.
(1)) Then write the truth values of p v q.
(iii) Then write truth values of p = (p Vv q).
(iv) If each truth value in the last column of
p = (p Vv q) isT, then it is a tautology.

(i) conditional: If p then q.
(i) converse:If q then p.
(iii) inverse: If ~p then ~q
(iv) contrapositive: If ~q then ~p.
(i) First of all write all the possible truth values
for both p and q.
(@) Then write the truth values of both ~p and ~q.
(iii) Then write the truth values of p A q.
(iv) Then negate the truth values of (p A q).
(v) Then write the truth table for ~p v ~q.
(vi) Then compare truth values in the last
column of ~ (p A q) and ~p v ~q.

(i) First of all write all possible truth values of
p,qandr.
(@ii)) Then write the truth values of ~r.

37.

38.

39.

40.

41.
42,

43.

45.

key points for
selected questions

@iv) Then write truth values of (p v q) and (p Vv

q) Vv ~r.
(i) Write the possible truth values of both p

and q.

(i) Then write the truth values of ~p.

(i) Write truth values of p = q.

(iv) Write truth values of (~p Vv q).

(v) Compare the truth values of the last
columns of p = q and (~p Vv q).

@) First of all write possible truth values of p
and q.

Then write truth values of ~q.

Then write truth values for p A ~q.

(i)
(iii)
(@) First of all write all the possible truth values
of both p and q.
(i) Then write the truth values for ~q.
(i) Then write the truth values for (p A q).
(iv) Then write the truth values for both (p A
qQ) V~qandp Vv q.
(v) Then compare the truth values of both
(b A Q) v~qand (p v ~q).
(i) Write the possible truth values of both p and q.
(i) Write truth values of p A q.
(i) Then write truth values of p = (p A q)

The symbol for ‘for all’ and ‘for every’is V.

(@) First of all write all the possible truth values
of both p and q.
(i) Write the truth values of ~p.
(i) Write the truth values of (~p A q).
(iv) Then write the truth values of (~p A Q) A q.
(v) Ifthe truth values in the last column of (~p
A q) A q are different, then it is contingency.

(@) First of all write possible truth values of p and q.
(i) Then write truth values of ~p and p A q.
(i) Write the truth values of (~p) v (p A q).

(@) First of all write all the possible truth values
of both p and q.
(i) Then write truth values of ~p.
(i) As p A ~p is always false, then (p A ~q) A
(pVvqie,pA(pVq)isalso false.
Use the laws ~(p v q) = ~p A~qand ~(p A Q) =

~P V ~q. /
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@SSOY type ques‘l’ions (iv) Write the truth values for (p A @) A
~p Vv p)

(v) When the truth value of r is T, correct
flows from A to B.

46. (1) Parallel connection is represented by x Ay.
(1) Series connection is represented by x v y.
(iii) Given network is represented by p v

rvq) 49. (1) Parallel connection represented by x A'y.
(iv) Write the truth values for p v (r v q). (i) Series connection represented by x Vv y.
(v) When the truth value of s is T, current (iti) Given network is represented by (p v ~p)
flows from A to B. N q.
(iv) Worite the truth values of (p vV ~q) A q

47. (1) Parallel connection represented by x A'y. fsay 9

(i) Series connection represented by x Vv v. (v) When the truth value of r is T, then

iii) Given network is represented b A
(i) P Y P current flows from A to B.

(@ Vv ~p) _ o
(iv) Write the truth values of p A (q V ~p) 50. (i) Parallel connection is represented by
(say 1) XAy o
(v) When the truth value of r is T, current (i) Series connection is represented by x v y.
Aows from A to B. (iii) Given network is represented by p v
(QAr).

48. (i) Parallel connection is represented by x Ay. (v} "Widte the truth valies af v (q A 1) (a7 1)

(v) When the truth value of r is T, current
flows from A to B.

k A(pVp) j

(i) Series connection is represented by x v y.
(i) Given network is represented by (p A q)

% —
Concept Application Level—1,2,3 :/Q =

1. 4 14. 3 27. 4 39. 4
2. 4 15.3 28. 4 40. 3 Pp—
3.4 16. 2 29. 3 41. 2
4.1 17. 3 30. 2 42. 1
5.4 18. 3 31. 3 43. 1
6. 4 19. 3 32. 4 44. 4
7.1 20. 1 33.3 45. 1
8.2 21. 1 34. 4 46. 2
9.1 22.3 35. 4 47. 4
10. 3 23. 1 36. 4 48. 4
11. 3 24. 1 37. 1 49. 2
12. 3 25. 4 38. 3 50. 1
13.3 26. 1
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Concept Application Level—1,2,3

Key points for select questions

1.

10.
11.
13.
14.
15.
16.
17.
18.
19.
20.
21.

22.
23.
24.
25.
26.
217.
28.

29.

30.

31.

Check from options.

2. Recall the definition of statement.
3. Recall the properties.

5.
6
7

Check from options.

. Verify through truth tables.

. Check from truth tables.

Recall the properties.
Converse of p = q is ¢ = p.

Recall the concept of switching network.

For only one value of *x’ the equation is true.

Check from truth tables.

Recall the properties.

Verify through truth tables.

Recall the concept of switching networking.
Check from truth tables.

If p = q is false only p is true, q is false.

Conjunction is true only when both the
statements are true.

Inverse of p = qis ~p = ~q
Use truth table.
Recall Biconditinal truth table.
Recall the properties.
Inverse of p = qis ~p = ~q
~p=9g=~pVva=Qpr~q).
(1) The inverse of p = q is ~p = ~q.
The contrapositive of p = q is ~q =

Np.
(i1) p = q s false only when p is true and q
is false.

Square of a real number is always non-
negative.

Conjunction is false if atleast one of the
statements is false.

(1) Check from the options.

32.

33.

34.

35.

36.
37.

38.

39.
40.

41.

42.
43.
44.

45.

46.

47.

48.
49.

50.

(i1) Go contrary to the given statement by
substituting the value of x in it.

(1) Use truth table of double implication.

(i) Apply the identity,~(p < q) = (~p &
9 =<~

p = q is equivalent to ~q = ~p.

(i) Both p and q are true.

(i) ~p=>q=pAr~q.
A conditional is equivalent to its
contrapositive.i.e.,p = q =~q = ~p.
Given sentence is not a statement.

Contradict the given statement by using
different quantifiers.

p = q is false only when p is true and q is
false.

~p=9=pA~q=~p V9

Current flows only when p and r are closed

or q and s are closed.

(1) p is false and q is true.

(i) The inverse of p = qis ~p = ~q.The
converse of p => qisq = p

(iii)) p = q is false only when p is true and q
is false.

Verify through truth table.

~p=>9=pAr~q=~(p V9
(1) x Ay is always false when vy is false.
(i) Compare with truth table of double
implication

Cheek from options.

) ~p=>9=~pVva
@ pv@vn=pvavr
Current flows irrespective of p,q and r
whether closed or open.
The contrapositive of p => q = ~q = ~ p.

(i) Parallel connection is represented by x A
y.

(i) Series connection is represented by x v
y.
~~pV @ ZpA~g



CHAPTER 6

Sets, Relations
and Functions

INTRODUCTION

In everyday life we come across different collections of objects. For example: A herd of sheep, a cluster of
stars, a posse of policemen etc. In mathematics, we call such collections as sets. The objects are referred to as
the elements of the sets.

Set

A set is a well-defined collection of objects.

Let us understand what we mean by a well-defined collection of objects.

We say that a collection of objects is well-defined if there is some reason or rule by which we can say
whether a given object of the universe belongs to or does not belong to the collection.

We usually denote the sets by capital letters A, B, C or XY, Z etc.

To understand the concept of a set, let us look at some examples.

@ Examples

1. Let us consider the collection of odd natural numbers less than or equal to 15.
In this example, we can definitely say what the collection is. The collection comprises the numbers
1,3,5,7,9,11,13 and 15.

2. Let us consider the collection of students in a class who are good at painting. In this example, we
cannot say precisely which students of the class belong to our collection. So, this collection is not
well defined.

Hence, the first collection is a set where as the second collection is not a set. In the first example
given above, the set of the odd natural numbers less than or equal to 15 can be represented as set
A={1,3,57,9,11,13,15}
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112 Sets, Relations and Functions

Elements of a set

The objects in a set are called its elements or members.
If a is an element of a set A, then we say that a belongs to A and we write it as,a € A.
If a is not an element of A, then we say that a does not belong to A and we write it as,a ¢ A.

Some sets of numbers and their notations

N = Set of all natural numbers = {1,2,3,4,5,............ }
W = Set of all whole numbers = {0,1,2,3,4,5,............ }
Z or I: Set of all integers = {0, 1,+2,£3,....}

Q = Set of all rational numbers = {B where p,qe Z and q # O}
q

Cardinal number of a set

The number of elements in a set A is called its cardinal number. It is denoted by n(A). A set which has
finite number of elements is a finite set and a set which has infinite number of elements is an infinite
set.

@ Examples
1. Set of English alphabets is a finite set.

. Set of number of days in a month is a finite set.
. The set of all even natural numbers is an infinite set.

. Set of all the lines passing through a point is an infinite set.

S NS N )

. The cardinal number of the set X = {a, ¢, c,a,b,a} is n(X) = 3 as in sets distinct elements only are
counted.

6. IfA = {a,{a,b},b,c, {c,d}}, then n(A) = 5.

Representation of sets
We represent sets by the following methods:

1. Roster or list method
In this method, a set is described by listing out all the elements in the set.

@ Examples

(i) LetW be the set of all letters in the word JANUARY.
Then we represent W as, W = {A,], N,R, U,Y}.

(ii) Let M be the set of all multiples of 3 less than 20.Then we represent the set M as,
M= {3,6,9,12,15,18}.

2. Set—Builder method

In this method, a set is described by using a representative and stating the property or properties
which the elements of the set satisfy, through the representative.
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@ Examples

(i) Let D be the set of all days in a week. Then we represent D as,
D = {x/x is a day in a week}.

(1) Let N be the set of all natural numbers between 10 and 20, then we represent the set N as,
N = {x/10 <x <20 and x € N}.

Types of sets

1. Empty set or Null set or Void set
A set with no elements in it is called an empty set (or) void set (or) null set. It is denoted by { } or ¢. (read
as phi)

Nore: n(p) =0

@ Examples

(i) Set of all positive integers less than 1 is an empty set.

(i1) Set of all mango trees with apples.

2. Singleton set
A set consisting of only one element is called a singleton set.

@ Examples

(i) The set of all vowels in the word MARCH is a singleton as A is the only vowel in the word.

(1) The set of whole numbers which are not natural numbers is a singleton as 0 is the only whole
number which is not a natural number.

(iii) The set of all SEVEN WONDERS in India is a singleton as Tajmahal is the only wonder in the set.

3. Equivalent sets

Two sets A and B are said to be equivalent if their cardinal numbers are equal.
We write this symbolically as A ~B or A <> B.

@ Examples
(i) Sets,X = {2,4,6,8} and
Y = {a, b, c,d} are equivalent as n(X) = n(Y) = 3
(i) Sets, X = {Dog, Cat, Rat}
Y = {A,0,0} are equivalent.
(i) Sets,X = {-1,-7,-5} and
B = {Delhi, Hyderabad} are not equivalent as n(X) # n(B)

Nork: If the sets A and B are equivalent, we can establish a one-to-one correspondence between the
two sets. i.e., we can pair up elements in A and B such that every element of A is paired with a distinct
element of set B and every element of set B is paired with a distinct element of set A.

4. Equal Sets
Two sets A and B are said to be equal if they have the same elements.
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@ Examples
(i) Sets,A = {a,e,i,0,u} and
B = {x/x is a vowel in the English alphabet} are equal sets.
(i) Sets,A = {1,2,3} and B = {x,y,z} are not equal sets.
(iii) Sets,A = {1,2,3,4,....} and

B = {x/x is a natural number} are equal sets.
Nork: If A and B are equal sets, then they are equivalent but the converse need not be true.

5. Disjoint sets
Two sets A and B are said to be disjoint, if they have no elements in common.

@ Examples
() Sets X = {3,6,9,12} and

Y = {5,10, 15,20} are disjoint as they have no element in common.
(i) SetsA = {a,e,i,0,u} and

B = {e,1,]} are not disjoint as they have common elements e and 1.
6. Subset and Superset

Let A and B be two sets. If every element of set A is also an element of set B, then A is said to be a
subset of B or B is said to be a superset of A.If A is a subset of B, then we write. A € B or B D A.

@ Examples
(i) SetA = {2,4,6,8} isasubset of set B = {1,2,3,4,5,6,7,8}.

(i) Set of all primes except 2 is a subset of the set of all odd natural numbers.
(i) SetA = {1,2,3,4,5,6,7,8} is a superset of set B = {1, 3,5,7}.

NOTE:

(i) Empty set is a subset of every set.
(i) Every set is a subset of itself.
(iii) Ifa setA has n elements, then the number of subsets of A is 2".

(iv) Ifaset A has n elements, then the number of non-empty subsets of A is 2" — 1.

7. Proper subset
IfA € B and A # B, then A is called a proper subset of B and is denoted by A € B.When A c B
then B is called a superset of A and is denoted as B D A if A € B then n(A) < n(B) and if B DA
then n(B) > n(A).

8. Power set
The set of all subsets of a set A is called its power set. It is denoted by P(A).

@ Examples

(i) LetA = {x,y,z}.Then the subsets of A are ¢, {x}, {y}, {z}, {x, ¥}, {x 2}, {y. 2}, {x, v, 2}

So, P(A) = {9, {x}, {v}, {z}, {x. v}, {x. z}. {y 2}, {x, v. 2} }.
We observe that the cardinality of P(A) is 8 = 2°.
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NorE:
(i) If a set A has n elements, then the number of subsets of A is 2" i.e., the cardinality of the power
set is 27,

(i) Ifa set A has n elements, then the number of proper subsets of A is 2" — 1.

9. Universal set
A set which consists of all the sets under consideration or discussion is called the universal set. It is
usually denoted by U or .

@ Examples
(i) LetA = {a,b,c},B = {c,d, e} and

C = {a,e,f, g, h}.Then, the set {a,b,c,d, e, f, g, h} can be taken as the universal set here.
S u={a,b,c,d,ef gh}.

10. Complement of a set
Let p be the universal set and A € p.Then, the set of all those elements of B which are not in set
A is called the complement of the set A. It is denoted by A' or A“.
A' = {x/xep and x¢A}

@ Examples

() Let p={3,6,9,12,15,18,21,24} and A = {6,12,18,24}. Then,A’ = {3,9,15,21}.

(i) Let p= {x/x1is astudent and x € class X}
And B = {x/x is a boy and x € class X}.
Then,B' = {x/x is a girl and x € class X}.

NOTE:

1. A and A’ are disjoint sets.
2. w=¢and ¢' = p.

Operations on sets

1. Union of sets
Let A and B be two sets. Then, the union of A and B, denoted by A U B, is the set of all those elements
which are either in A or in B or in both A and B.
ie,AUB = {x/x € Aorx € B}

@ Examples

(i) LetA = {-1,-3,-5,0} and
B = {-1,0,3,5}.Then,
AuB={5,-3-1,0,3,5}.

(i) LetA = {x/5<5x < 25and x € N} and
B = {x/5<(10x) <20 and x € N}
Then,A U B = {x/5<5x <20 and x € N}.
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NortE:

1. IfA < B,then A U B = B.

22Aup=pandAuUd=A

3.AUA'=p

2. Intersection of sets
Let A and B be two sets. Then the intersection of A and B, denoted by A N B, is the set of all those
elements which are common to both A and B.
ie,ANnB = {x/x € Aand x € B}

@ Examples

@) LetA = {1,2,3,5,6,7,8} and B = {1,3,5,7}.Then,
ANB-=({1,357}.

(i) Let A be the set of all English alphabets and B be the set of all consonants, then, A N B is the set

of all consonants in the English alphabet.

(i) Let E be the set of all even natural numbers and O be the set of all odd natural numbers. Then

ENnO={}oré.

NortE:

1. If A and B are disjoint sets, then A " B = ¢.
2. IfA C B,thenA "B =A.

3. Anp=AandAn ¢ =¢.

4. AnA'= ¢

3. Difference of sets

Let A and B be two sets. Then the difference A — B is the set of all those elements which are in A
but not in B.

ie,A-B = {x/x € Aand x ¢ B}

@ Example

(1)

LetA = {3,6,9,12,15,18} and B = {2,6,8, 10, 14, 18}.
A—-B = {3,9,12,15} and
B-A={2,8,10,14}.

NOTE:

1.
2.

4.

A—-B#B—-AunlessA =B
For any set A,A"' = p—A.

Symmetric difference of sets

Let A and B be two sets. Then the symmetric difference of A and B, denoted by A A B, is the set of

all those elements which are either in A or in B but not in both.i.e,AAB = {x/x e Aandx ¢ B
orx € Bandx ¢ A}

Norte: AAB=A-B)u (B—-A)(or) AAB=(AUB)-(ANDB)



@ Example
LetA = {1,2,4,6,8,10,12} and
B = {3,6,12}.Then,
AAB=(A-B)U (B -A)
= {1,2,4,8,10} U {3}
= {1,2,3,4,8,10}.

Some results

For any three sets A, B and C, we have the following results.

1. Commutative law
(d) AUB=BUA
b) AnB=BnNA
(c) AAB=BAA

2. Associative law
@ AuB)uC=AuUuBUCQC
®) ANnB)NnC=AnBNCQC)
(c) AAB)AC=AABACQ)

3. Distributive law
@ AuBNC)=AuB)NAUQO)
b)) AnBUC)=ANBUANCQC
4. De—-Morgan’s Law
@ AuUB)=A'NnB
b) ANnB)=A'"UB'
) A—-BuC)=A-B)n(A-C)
d A-BnC)=(A-B)yu (A-C)

5. Identity law
@ Avd=¢UA=A
b)) Anp=punA=A
6. Idempotent law
(@ AUA=A
b) AnA=A
7. Complement law
(@ (A)=A
b) AUA'=p
) AnA'=¢

Sets, Relations and Functions
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Dual of an identity

An identity obtained by interchanging U and M, and ¢ and p in the given identity is called the dual of the
identity.

@ Examples

1. Consider the identity AU B =B UA
Dual of the identity is, AN B =B N A

2. Consider the identity, A U u = .
Dual of the identity is,A N @ = ¢

Venn diagrams

We also represent sets pictorially by means of diagrams called Venn diagrams. In Venn diagrams, the universal
set is usually represented by a rectangular region and its subsets by closed regions inside the rectangular
region. The elements of the set are written in the closed regions and the elements which belong to the
universal set are written in the rectangular region.

@ Example

1. Letp = {1,2,3,4,5,6,7,8,9,10},A = {1,2,4,6,7,8} and B = {2,3,4,5,9}.
We represent these sets in the form of Venn diagram as follows:

A B H
6 10

Figure 6.1

‘We can also represent the sets in Venn diagrams by shaded regions:

@ Examples

1. Venn diagram of A U B, where A and B are two overlapping sets, is

Figure 6.2

2. Let A and B be two overlapping sets. Then, the Venn diagram of A N B is
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A B B
Figure 6.3
3. For a non-empty set A,Venn diagram of A' is
= [—
— . =

Figure 6.4

4. Let A and B be two overlapping sets. Then, the Venn diagram of A — B is

A B u

Figure 6.5

5. Let A and B be two sets such A € B.We can represent this relation using Venn diagram as follows.

@ .,

Figure 6.6

Some formulae on the cardinality of sets

LetA = {1,2,3,5,6,7} and B = {3,4,5,8,10,11}.

Then, AU B = {1,2,3,4,5,6,7,8,10,11} and A" B = {3, 5}.

In terms of the cardinal numbers,n(A) = 6,n(B) = 6, n(A N B) = 2 and n(A U B) = 10.
So,n(A) + nB) - nANB)=6+6-2=10=n(AuUB)

We have the following formulae:
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For any three sets A, B and C
1. n(A U B) =n(A) + n(B) —n(A N B)
2. nAuBUC)=nA) +nB) + n(C)—n(ANB)-nBNC)-n(CNA)+nAnBnQC).

@ Examples
1. If n(A) = 7,n(B) = 5 and n(A U B) =10, then find n(A N B).

Solution

Given,n(A) = 7,n(B) = 5 and n(A U B) = 10.
We know that,

n(A U B) = n(A) + n(B) — n(A N B)

So0,10 =7 + 5—n(A N B)

=n(ANB)=2.

2. If n(A) = 8 and n(B) = 6 and the sets A and B are disjoint, then find n(A U B).

Solution

Given,n(A) = 8,n(B) = 6.

A and B are disjoint
=>ANB=9¢=>nANnB)=0

. n(A v B) =n(A) + n(B) n(A N B)
=8+6-0=14

Nork: If A and B are two disjoint sets then n(A U B) = n(A) + n(B)

The Venn diagram and the summary of it when three overlaping sets
are given are as follows.

A=a+x+r+z A
Only A (or) exactly A = a Av “

B=b+x+r+y
Only B (or) exactly B =D

C=c+y+r+z c none =n

Only C (or) exactly C = ¢
ANnB=x+r
ANBNC'(or)onlyAnB=x
BNC=y+r
BNCNA'(or)onlyBNC =y;CNnA=z+r;CNnANB (or)onlyCNnA =2
Only two sets (or) exactly two sets = x +y + z
A N B N C (or) all the three = r

Atleast one set = Exactly one + exactly two + exactly three

=at+b+c+tx+tyt+z+r

Figure 6.7

= Total — none
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Atleast two sets = Exactly two + exactly three

=x+tytz+r

Atleast three sets = exactly three = r

Atmost two sets = exactly two + exactly one + exactly zero
=x+y+tz+at+tb+c+n

n(u) —r

Atmost three sets = Exactly three + exactly two + exactly one + exactly zero

=rt+x+y+z+tatb+c+n
= n(w)

Ordered pair

Let A be a non-empty set and 4, b € A.The elements a and b written in the form (a, b) is called an ordered
pair. In the ordered pair (a, b), a is called the first co-ordinate and b is called the second co-ordinate.

NortE: Two ordered pairs are said to be equal only when their first as well as the second co-ordinates are
equal ie., (a,b) = (c,d) <> a=candb=4d
o, (1,2) # (2,1) and if (a,5) = (3,b) =>a=3and b =5

Cartesian product of sets

Let A and B be two non-empty sets. The Cartesian product of A and B, denoted by A x B is the set of all
ordered pairs (a, b), such thata € A and b € B.
ie,AxB = {(a,b)/a € A,b € B}

NorE:

1.AxB#B xA,unlessA =B
2. For any two sets A and B,n(A x B) = n (B x A)
3. If n(A) = p and n(B) = q, then n(A x B) = pq.

@ Example
LetA = {1,2,3} and B = {2, 4}.
AxB={1,2),1,4),2,2),(2,4),(3,2),(3,4)} and
BxA={21),(2,2),(2,3),4,1),42),4,3)}
We observe that,A x B # B x A and
n(A xB) =6 = n(B xA).

Some results on cartesian product
@ AxBuUC)=AxB)U(AxC)(r) (AuB)x((AuC)
b)) AxBNC)=AxB)NAxC)(or) AnB)x (AnC)
(c) IfA x B = ¢, then either (i) A= ¢ or

(@) B=¢ or

(iii)) bothA=¢and B=¢
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Cartesian product of sets can be represented in following ways.
1. Arrow diagram
2. Tree diagram and

3. Graphical representation

1. Representation of A x B using arrow diagram

@ Example
IfA = {a,b,c} and B = {1, 2, 3}, then find A x B.

In order to find A x B, represent the elements of A and B as shown below.

Now draw an arrow from each element of A to each element of B, as shown
in the above figure.

Now represent all the elements related by arrows in ordered pairs in a set,
which is the required A x B.

ie,AxB = {(a,1),(@a,2),@a3),(b1),d,2),b,3),(1),(c2),(3)}

Figure 6.8

2. Representation of A x B using a tree diagram

@ Example
IfA = {a,b,c} and B = {1, 2, 3}, then find A x B.

To represent A x B using tree diagram, write all the elements of A vertically and then for each element
of A, write all the elements of B as shown below and draw arrows as shown in the figure below.

A B A xB
1—>(@ 1)

2 > (a, 2)

/N

3 é(a! 3)
1—=>(b, 1)

b\ 2 > (b, 2)

3——> (b, 3)
1T— 5 (c, 1)
2 —> (c, 2

3 > (¢, 9)
Figure 6.9

S AXB={@1),2),@3), b 1),(0b,2),0,3), (1), (2),(c3)}

3. Graphical representation of A x B:

@ Example
IfA = {1,2,3} and B = {3, 4,5}, then find A x B.

Consider the elements of A on the X-axis and the elements of B on the Y-axis and mark the points.
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Y A
6
B Ax B
5
4
3
2
1
P>
0 1 2 3 4 5 86X
—P>A
Figure 6.10

S AxB={(1,3),(1,4),(1,5),(2,3),(2,4),(2,5),(3,3),(3,4),(3,5)}

Relation

We come across certain relations in real life and also in basic geometry, like is father of, is a student of, is parallel
to, is similar to etc., We now define the mathematical form of the sum.

Definition

Let A and B be two non-empty sets and R € A x B. R is called a relation from the set A to B. (Any subset
of A x B is called a relation from A to B).
.. A relation contains ordered pairs as elements. Hence “A relation is a set of ordered pairs”.

@ Examples

1. LetA = {1,2,4} and B = {2, 3}
Then,A x B = {(1,2), (1, 3), (2,2), (2, 3), (4, 2), (4,3)}
LetR, = {(1,2),(1,3),(2,3)}
Clearly, R, € A x B and we also notice that, for every ordered pair (a,b) € R ,a <b.
So,R, is the relation is less than from A to B.

2. In the previous example, let R, = {(4, 2), (4, 3)}.
Clearly, R, € A x B and we also notice that, for every ordered pair (a,b) € R,,a>b.
So, R, is the relation is greater than from A to B.

NoOTE:

1. If n(A) = p and n(B) = q, then the number of relations possible from A to B is 29
2. If (x,y) € R, then we write x Ry and read as x is related to y.

Domain and range of a relation
Let A and B be two non-empty sets and R be a relation from A to B, we note that

(a) the set of first co-ordinates of all ordered pairs in R is called the domain of R.
(b) the set of second co-ordinates of all ordered pairs in R is called the range of R.
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@ Example
LetA = {1,2,4},B = {1,2,3} and
R ={(1,1),(1,2),(2,1),(2,3), (4,3)} be a relation from A to B.
Then, domain of R = {1, 2, 4} and range of R = {1, 2, 3}

Representation of relations
We represent the relations by the following methods:

(i) Roster—-method (or) List method

In this method we list all the ordered pairs that satisfy the rule or property given in the relation.

@ Example
LetA = {1,2,3}
If R is a relation on the set A having the property is less than, then the roster form of R is,
R ={(1,2),(1,3),(2,3)}

(1) Set—builder method
In this method, a relation is described by using a representative and stating the property or properties, which
the first and second co-ordinates of every ordered pair of the relation satisfy, through the representative.

@ Example
LetA = {1,2,3}.

If R is a relation on the set A having the property is greater than or equal to, then the set builder form
of R is,

R ={(x,y)/x,y € Aandx >y}

(i) Arrow diagram
In this method, a relation is described by drawing arrows between the elements which satisfy the property
or properties given in the relation.

@ Example A PN
LetA = {1,2,4} and B = {2, 3}
Let R be a relation from A to B with the property is less than. ; 2
Then, the arrow diagram of R is: 4 3
Inverse of a relation .
Figure 6.11

Let R be a relation from A to B.The inverse relation of R, denoted by R,

is defined as, R = {(y,x)/(x,y) € R}

@ Example
LetR = {(1,1),(1,2),(2,1),(2,3), (4,3)} be a relation from A to B, where A = {1,2,4} and B = {1, 2,3}
Then,R" = {(1,1),(1,2),(2,1),(3,2),(3,4)}
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NoOTE:

. Domain of R = Range of R
. Range of R™! = Domain of R
. If R is a relation from A to B, then R is a relation from B to A.

If R € A x A, then R is called a binary relation or simply a relation on the set A.
For any relation R, (R™")" = R.

SIS

Types of relations

1. One-One relation: A relation R : A — B is said to be one-one relation if different elements of A are
paired with different elements of B.i.e.,x # y in A = f(x) # f(y) in B.

@ Example A R B
Here, the relation R = {(1, 3), (2, 4), (3, 5)} — T —
1 3
2. One-many relation: A relation R : A — B is said to be one- 5 i
many relation if at least one element of A is paired with two or 5
more elements of B. 1 &
@ Lxample Figure 6.12
A R B
/;\

Figure 6.13

Here, the relation R = {(1, 3), (1, 4), (3,5)}.

3. Many-one relation: A relation R : A — B is said to be many-one relation if two or more
elements of A are paired with an element of B.

@ Example
Here, the relation R = {(1, 2), (2, 4), (3, 2), (5, 3)} A R B

4. Many-many relation: A relation R : A — B is said to be many- L
many relation if two or more elements of A are paired with two or %
<]

more elements of B. ?

Figure 6.14
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@ Example
R

<17 =

=

Figure 6.15

Here, the relation R = {(1, 3), (1, 4), (2, 3), (2, 5), (3,4), (3,5)}

Properties of relations

(i) Reflexive relation: A relation R on a set A is said to be reflexive if for every x € A, (x,x) € R.

@ Example
1. LetA = {1,2,3} then,R = {(1,1),(1,2), (2,2), (3, 3), (2,3)} is a reflexive on A.
2. LetA = {1,2,3} then,R = {(1,1), (2, 3),(1,2), (1,3),(2,2)} is not a reflexive relation as (3, 3) ¢ R.

2_a
Nore: Number of reflexive relations defined on set having #n elements is 2

(i) Symmetric relation: A relation R on a set A is said to be symmetric, if for every (x,y) € R,
(v,;x) € R.

@ Examples
1. LetA = {1,2,3}.Then,R = {(1,1), (1,2), (2,2),(2,1), (3, 3)} is a symmetric relation on A.

2. Let A = {1, 2, 3}. Then, R = {(1, 1), (1, 2), (3, 1), 2, 2), (3, 3)} is not a symmetric relation as
(1,2) e Rbut 2,1) ¢ R.

NoOTE:

A relation R on a set A is symmetric iff R = R i.e., R is symmetric iff R = R™.

(iii) Transitive relation: A relation R on a set A is said to be transitive if (x,y) € R and (y,z) € R, then
(x,z) € R.
i.e., R is said to be transitive, whenever (x,y) € R and (y,z) € R = (x,z) € R.

@ Examples

1. If A = {1, 2, 3}, then the relation on set A, R = {(1, 1), (1, 2), (1, 3), (2, 1), 3, 1), (2, 2),
(3,3)} is a transitive relation.

2. LetA = {1, 2, 3}, then the relation on set A,R = {(1,2), (2,2), (2,1), (3,3),(1,3)} is not a transitive
relation as (1,2) € R and (2,1) € R but (1,1) ¢ R.

(iv) Anti-symmetric relation: A relation R on a set A is said to be anti-symmetric if (x,y) € R and
(v,x) € R,thenx =y.

i.e,, R is said to be anti-symmetric if for x # y, (x,y) € R = (v,x) ¢ R.
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@ Examples
1. letA = {1,2,3}.Then, R = {(1,1), (1, 2), (3, 3)} is an anti-symmetric relation.

2. LetA = {1,2,3}.Then, R = {(1, 1), (1, 2), (1, 3), (2, 1), (3, 3)} is not an anti-symmetric relation as
(1,2) e Rand (2,1) e R but1 #2.

(v) Equivalence relation: A relation R on a set A is said to be an equivalence relation if it is,
(i) reflexive
(i) symmetric and
(ii1) transitive.

NorE: For any set A,A x A is an equivalence relation. In fact it is the largest equivalence relation.

Identity relation

A relation R on a set A defined as, R = {(x,x)/x € A} is called an identity relation on A. It is denoted by I,.

@ Example
LetA = {1,2,3}.Then,R = {(1,1), (2,2), (3,3)} is the identity relation on A.

NoOTE:

Identity relation is the smallest equivalence relation on a set A.

Function
Let A and B be two non-empty sets. f is a relation from A to B. If f is such that
(i) for every a € A, there is b € B such that (a,b) € fand
(i) no two ordered pairs in f have the same first element, then f is called a function from set A to set B
and is denoted as f : A — B.
NorE:

1. If (a,b) € fthen f(a) = b and b is called the f image of a.a is called the preimage of b.
2. If A — B is a function, then A is called the domain of f and B is called the co-domain of f.
3. The set f(A) which is all the images of elements of A under the mapping f is called the range of f.

Few examples of functions are listed below:

1) A ' B 2) A . B

) (5

Figure 6.16 Figure 6.17
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Function

Let A and B be two non-empty sets. A relation f from A to B is said to be a function, if every element in
A is associated with exactly one element in B. It is denoted by f:A — B (read as f is mapping from A to B).
If (a,b) € f, then b is called the f image of a and is written as b = f(a). a is called the pre image of b. Also in
f(a) = b, a is called the independent variable and b is called the dependent variable.

Domain and co-domain

If f :A — B is a function, then A is called domain and B is the co-domain of the function.

Range

If f:A — B is a function, then the set of all images of elements in its domain is called the range of f and is
denoted by f(A)
ie., f(A) = {f(a) / a€eA}

Norte: Range of a function is always subset of its co-domain i.e., f(A) C B.

(i) If f:A—>B is a function, and n(A) = m, n(B) = p, then the number of functions that can be defined
from A to B is p”

@ Examples
(1) A=1{1,2,3,4};B = {2,3,4,5,6} are two sets.A relation fis defined as f(x) = x + 2.
The relation f: A—B is a function and f = {(1, 3), (2, 4), (3, 5), (4,6)}.

() A= {-2,2,3,4},B = {4,9,16} are two sets.The relation f, defined as f(x) = x?,is a function from A
to B, since every element in A is associated with exactly one element in B.The function f = {(-2,

4),(2,4),(3,9), (4,16)}.

(i) A ={-1,1,2,5},B = {1,8, 125} are two sets.The relation f defined as f(x) = x> is not a function
from A to B.The relation f = {(1, 1), (2, 8), (5, 125)}.The number —1 is an element in A but it has
no image in B.

iv) A =1{1,2,3,4},B = {x,V,2,t,u, v} are two sets. A relation f is defined as follows.

f={1,%), 2,y) 3,2), 4, t) (1, u)}. Here f is not a function, because the element 1 in A is
associated with two elements x, u in B.Therefore, f is not a function.

Arrow diagram

Functions can be represented by arrow diagrams.

@ Example A = {1,2,3,4,5},B={1,4,9,16,25,36} are two
sets. A relation f'is defined as f(n) = n?

The arrow diagram of this function is given below.

Figure 6.18
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@ Example

Every element in A is associated with exactly one element in B. So f :A—B is a function.

@ Example

Figure 6.19

Every element in A is associated with exactly one element in B. So, f : A—B is a function.

@ Example
B

Figure 6.20

b is an element in A and it is not associated with any element in B. So g:A—B is not a function.

@ Example

Figure 6.21

2 is an element in A. It is associated with two different elements in B. i.e., 2 has two different images.
Soh :A — B is not a function.

Difference between relations and functions
Every function is a relation but every relation need not be a function. A relation f from A to B is called a
function if

(1) Dom (f) = A,
(1) no two different ordered pairs in f have the same first coordinate.
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@ Example
LetA = {1,2,3,4} B = {a,b,c,d,e}

Some relations f, g, h are defined as follows.
f={(1,2),(2,b),3,0),# d}
g = {(1,2),(2,b), (3,0}
h={1,2),(,b),(2,c),(3,d), 4, e)}.
In the relation f the domain of f is A and all first coordinates are different. So fis a function. In the

relation g the domain of g is not A. So g is not a function. In the relation h the domain of h is A but
two of the first coordinates are equal i.e., 1 has two different images. So h is not a function.

Types of functions

One-one function or injection

Let f : A — B be a function. If different elements in A are assigned to different elements in B, then the
function f : A — B is called a one-one function or an injection.

ie,a,a, € Aanda, #a, = f(a,) # f(a,) then f:A — B is a one-one function (or) if f(a,) = f(a,) = a, =a,
then f :A — B is a one-one function.

@ Example

Figure 6.22

Different elements in A are assigned to different elements in B.f:A — B is a one-one function.

@ Example

Figure 6.23

1 and 2 are two different elements in A, but they are assigned to the same element in B.So g :A — B is
not a one-one function.

NortE: A and B are finite sets and f : A — B is one-one.Then n(A) < n(B).
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Many to one function

If the function f : A—B is not one-one, then it is called a many to one function;i.e., two or more elements
in A are assigned to the same element in B.

@ Example

Figure 6.24
2, 3 are different elements in A, and they are assigned to the same elementi.e.,5in B.So f:A—>B isa

many to one function.

Onto function or surjection

f: A—B is said to be an onto function, if every element in B is the image of at least one element in A. i.e.,
for every b € B, there exists at least one element a € A, such that f(a) = b.

Norke: Iff:A—B is an onto function, then the co-domain of f must be equal to the range of f.f(A) = B

@ Example

Figure 6.25
Range = {a, b, c}
Co-domain = {a, b, c}
Range = co-domain
In the diagram, every element in B is the image of one element in A B

A.Therefore. it is an onto function.

@ Example

In the above diagram, d is an element in B, but it is not the image
of any element in A.Therefore, it is not an onto function.

NotE: A and B are finite sets and f : A — B is onto. Then,
n(B) < n(A). Figure 6.26
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Into function

If a function is not onto, then it is an into function, i.e., at least one element in B is not the image of any
element in A, or the range is a subset of the co-domain.

Bijective function

If the function f:A — B is both one-one and onto then it is called a bijective function.

@ Example

Figure 6.27

In the diagram, f : A—B is both one-one and onto. So f'is a bijective function.

@ Example

Figure 6.28
In the diagram, it is only one-one but not onto, so it is not bijective.

NortE: A and B are finite sets and f : A — B is one-one and onto then n(A) = n(B).

Inverse of a function

Iff:A—B is function, then the set of ordered pairs obtained by interchanging the first and second coordinates
of each ordered pair in f is called the inverse of f and is denoted by f. i.e., f : A—B is a function then its
inverse is f': B—>A

@ Examples
0 £=1{1,2),@2,3),3,4}
1= {2,1),3,2),43)}

(i1) g— {( 2 4),3,5), (4,6)}
={(4,1),(4,2),(5,3), (6, 4)}
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(i) A ={1,2,3,4},B = {x,V,2,a,b} are two sets the function h: A—B is defined as follows.
h={(1,2), 2,b), 3, ), (4,2)}
h'= {(a, 1), (b, 2), (x, 3), (z, 4)} in the above examples only f is a function, but g!, h™ are not
functions
.. f:A—B a function f' : B—>A need not be a function

Inverse function

If £ : A—B is a bijective function then f': B—A is also a function.

i.e,, the inverse of a function is also a function, only when the given function is bijective.
@ Example A = {1,2,3,4.5};B = {a,e,i,p,u} A function f is defined as follows.

f=1{(1,a), (2,e),(3,1), (4,u), (5,p)}. Clearly, f is a bijective function
Now ' = {(a, 1), (¢, 2), (4, 3), (u, 4), (p, 5) }. Clearly £ is also a function and it is also bijective.

Identity function
f:A — A is said to be an identity function on A if f(a) = a for every a € A it is denoted by I,

@ Example A = {1,2,3,4} The identity function on A is I, = {(1, 1), (2,2), (3,3), (4, 4)}.

NoOTE:

(i) Identity function is always bijective function.

(ii) The inverse of the identity function is the identify function itself.

Constant function

A function f:A —B is a constant function if there is an element b € B, such that f(a) = b, for all a € A.
i.e.,in a constant function the range has only one element.

@ Example A= {1,2,3,4};B = {a,e,i,u} are two sets and a function from A to B is defined as follows
f = {(1’ a)’ (2’ a)’ (3’ a)’ (4’ a)}
f is a constant function.
NorE: The range of a constant function is a singleton.

Equal function
Two functions f and g, defined on the same domain D are said to be equal if f(x) = g(x) for all x € D.
@~ Example Let fR — {2} — R be defined by f(x) = x + 2;

and g:R — {2} — R be defined by g(x) = X _24 ;
x—
. fand g have the same domain R — {2}

Given f(x) =x + 2 ;

_ X -4 (x=2)(x+2) _
g () x—2 x—2 X
w f(x) = g(x) for all x € R — {2}

2
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Composite function (or) product function

Let f and g be two functions such that £A — B and g: B — C.Let a be an orbitary element in a.
Since fis a function from A to B, there exists an element b € B such that f(a) = b.
Since g is a function from B to C, there exists an element ¢ € C such that g(b) = c.

- g(f(@)) = c = gof(a) = ¢
/>_f\ B g c

. gof is a function from A to C.
gofA— C

Figure 6.29

Iff:A—B and g : B—>C are two functions, then the function g[f(x)] = gof from A to C, denoted by gof is called
the composite function of f and g.
In the composite function gof,
(i) the co-domain of fis the domain of g.
(i) the domain of gof'is the domain of f, the co-domain of gof is the co-domain of g.
(i) composite function does not satisfy commutative property i.e gof # fog.
(iv) if f:A—>B; g :B—>C ;h: C—>D are three functions, ho(gof) = (hog)of

i.e., the composite function satisfies associative property.

Real function

If f :A — B such that A C R then fis said to be a real variable function.
If £ :A — B such that B C R then f'is said to be a real valued function.
If f :A—>B, and A and B are both subsets of the set of real numbers (R), then fis called a real function.

Even and odd functions

1. If f(—x) = f(x), then the function f(x) is called an even function.

@ Example
flx) = x*
flx) = x2
Here f(—x) = {(x)

f(x) = x* is an even function.
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2. If f(—x) = —f(x), then the function f(x) is called an odd function.

@ Example f(x) = x°
fl=x) = =x°
Here, f(x) = —{(x)
f(x) = x is an odd function.

NoOTE:

1. There are functions which are neither even nor odd.

@ Example 1.2x + 3,2 etc.

2. If f{x) is a real function, then £ +£(=x)

£l ~ (=) is always odd.

is always even and

. Product of two even functions is even.

. Product of two odd functions is even.

. Product of an even function and an odd function is odd.
. f(x) = 0 is both even and odd.

N U1 AW

Domain and range of some functions are listed below

1 R - {0} R

X

Jx [0, ) (0, )
| x| R (0, )
log x (0, ) R

a* (a>0) R (0, 0)

Graphs of functions

A graph does not represent a function, if there exists a vertical line which meets the graph in two or more
points, i.e., a vertical line meets the graph at only one point, then the graph represents a function.

@ Example

Figure 6.30

In this diagram, the vertical dotted line meets the graph at only one point.So the graph represents a function.



@ Example

In the above diagram, the vertical dotted line meets the graph at two
points. So it is not a function.

NoOTE:
o)

(i) The Y-axis does not represent a function.

(ii) The X-axis represents a many-one function. !
Figure 6.31

Zeroes of a function

Iff:A - R (A c R), then the points k € A such that f(k) = 0 are called the zeroes of the function f.
If k is a zero of f : A = R then (k, 0) is the corresponding point on the graph of f : k is called the

x-intercept of the graph.

@ Example

(=k, 0) 0(0,/0) (k, 0)

Figure 6.32

Above graph represents a function, zeroes of the graph are —k, 0 and k.

test your concepts e e -

Very short answer type questions

1. If A is a non-empty set, then (((A")")")" is

2. The number of non-empty proper subsets of a set A is 0, then n(A) =

3. The number of non-empty proper subsets of a set containing 7 elements is
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4. If A and B are disjoint sets, then AAB =
5. n(AUBUC) =
6. If A and B are disjoint, then (AnB)’ =
7. In the following figure, if A and B are any two non-empty sets and L is an universal set, then the shaded
region represents
Figure 6.33
8. If any two of the sets A A, .......... A _are disjoint, then A " A " ...... NA =
9. If n(A) = 25,n(B) = 10 and also BCA, then n(B-A) =
10. If n(A) = 15,n(B) = 13 and n(AnB) = 10, then the symmetric difference of A and B is

11.
12.

13.
14.
15.
16.
17.
18.
19.
20.
21.

22.

23.

24.

The ordered pair (x,y) is a subset of {x, y}. (True/False)

IfA = {a,b,¢c,d} and B = {1,2,3},then R = {(a,2), (b, 1), (d, 3), (2, ¢)} is a relation from A to B. (True/
False)

A = {a,b,c} and R is an identity relation on set A.Then the ordered pairs of R are

n (P x Q) =200 and n(P) = 100, then n(Q) =

Relation R = {(x,y) :x >y and x + y = 8 where x,y € N}, then write R™ in roster form.
IfR = R, then the relation R 'is

IfA={1,2,3,4,5,6} and B = {1,3,5,7},thenn (A x B) =

If A and B are two equivalent sets and n(B) = 6, then n(A x B) =

The domain of the relation R = {(x,y) :x,y € Nandx+ y< 9} is

The range of the relation R = {(x,y) : 3x + 2y = 15 and x,y € N} is

A={x,y,z,p};B = {7,8,9,10} and a rule f is given by f(x) = 7,f(y) = 7,f(z) = 7,f(p) = 7.The relation f is
a function. [True/False]
Range of the function | x—5 | is

If f(x) = 2x + %then find f(3) and f(%)

If the function f :A — {a, b, ¢, d} is an onto function, then the minimum number of elements in A must
be equal to

137



25

26

27
28
29
30

S

.In a bijection, the number of elements of the domain is equal to the number of elements of the
co-domain. [True/False]

. . 1 .
. Domain of the function — is

/s

. Number of elements of an identity function defined on a set containing four elements is

. If fis a constant function and f (100) = 100, then £f(2007) =
.f:R — R be defined by f(x) = 7x + 6. What is f'?

.Iff:A — B and g :B — C are such that g of is onto then g is necessarily onto. [True/false]

Short answer type questions

31.

32.

33.
34.

35.
36.
37.
38.

39.

40.

41.

42.

43.

44.

45.
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IfA ={1,2,3,6,8,9},

B={3,4,56}and pn={1,2,3,..... 10}, then find (A UB)'

Worite the following sets in the roster form.

X ={a/30 £a <40 and a is a prime}

IfnP-—Q)=x+37,n(Q—-P) =30+ 3x,n(P U Q) = 120 + 2x and n (PNQ) = 35, then find x.

In a club of 70 members 30 play Tennis but not cricket and 55 play Tennis. How many members play
cricket but not Tennis? (Each member plays either Tennis or Cricket).

Find the value of n(AnBNC), if n(A) = 35, n(AnBNC) = 8, n(AnCNB’) = 10 and n(AnB'"C') = 6.
R = {(a,2a—b) /a,b € Nand 0 <a,b < 3}, then find the domain and range of the relation R.
Ifn X NY'") =9,n(YNX") = 10 and n(XUY) = 24, then find n(X xY).

In a gathering, two persons are related “if they have the same bike”, then find the properties that are
satisfied by the relation.

IfA = {3,5,6,9} and R is a relation in A defined as R = {(x,y) € R and x + y < 18}, then write R in

roster form.

Given R = {(a, ), (a,b), (b, ), (a, c), (b, b), (b, a), (c,a), (c,b)} on set A = {a, b, c}.What are the properties
that R satisfies?

IFF (x) = 2x +3

,then find ' (EJ ;
4

If f(x) is a polynomial function of 4th degree, f(x)- f(lj =f(x)+f (lj and f (2) = 17, then find {(3)
x x
1

Iffx) = 1-x° )g , then find fof(x).
If f(x) = 5 forx € {-2,-1,0, 1,2}, then find f'(x).
Find the range of the function f(x) = } .

2x° +1
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Essay type questions
46. In a colony of 125 members, 70 members watch Telugu channel, 80 members watch Hindi channel and
95 watch English channel, 20 watch only Telugu and Hindi, 35 watch only English and Hindi and 15

watch only Telugu and English. How many members watch all the three channels, if each watches either
of the channels?

1+
47.1f f(a) = log| ——= |, then find £| 22 | in terms of fla,), fa,).
1-a 1+aa, -

48. If f(x) = 2x + 1 and g(x) = 3x — 5, then find (fog)™" (0).
1 1

49. Iffx)=x - 1,x<0=x*-1,x20and gx) = (x+1)3,x<1 = (x—i-l)E,XZl,thenﬁnd gof (x).

50. IF£= {(1,3), (2, 1), (3,4), 4,2)} and g = {(1,2), (2,3), 3, 4), (4, 1)}, then find fog.

CONCEPT APPLICATION %

A/
Concept Application Level—1 %]

1. A, B and C are three non-empty sets. If A © B and B < C, then which of the following

is true?

() B-A=C-B 2 AnBNnC=8B 3 AuB=BnC 4 AuBuUuC=A
2. If S is the set of squares and R is the set of rectangles, then (S U R) — (S R) is

1) s. @ R.

(3) set of squares but not rectangles. (4) set of rectangles but not squares.

3.IfA={1,2,3,4,5,6}, then how many subsets of A contain the elements 2, 3 and 5?

(1) 4 ) 8 (3) 16 4) 32

4. If A= {a,b,c,d,e},B = {a,c,e,g} and C = {b, d, ¢, g}, then which of the following is true?
(1) Cc(AuB) 2 Cc(AnDB)
B3 AuB=AuC (4) Both (1) and (3)

x=11

50
5.IfAcA,cA c...cA andn(A)=x—1,then find n|:ﬂ A)} :

(1) 49 ) 50 @) 11 ) 10

6. A group of 30 people take either tea or coftee. If 12 people do not take tea and 15 people take coffee,
then how many people take tea?

K 1) 18 @) 16 @) 15 @ 12 J

139




e

. If P is the set of parallelograms, and T is the set of trapeziums, then P nT is

(1) P. ) T.
) ¢. (4) None of these

8. If X,Y and Z are three sets such that X DY D Z,then X uwY U Z)- X N"Y N Z) =
1) X-Y 2 Y-Z B X-2z (4) None of these
99
9.Ifn(A) =x+1andA CA,CA C.......... cA,,, then n{UAX}= :
x=1
(1) 99 (2) 98 (3) 100 4) 101
10. In a class every student can speak either English or Telugu.The number of students who can speak only

11.

12.

13.

14.

15.

English, the number of students who can speak only telugu and the number of students who can speak
both English and Telugu are equal. Then which of the following can represent the number of students
of the class?

(1) 20 (2 25 (3) 45 (4) 50

If 2x —y,x +y) = (1, 11), then the values of x and y respectively are

(1) 6,5 @ 7,4 (3) 4,7 4 7,3

A relation between two persons is defined as follows:

a R b‘if a and b born in different months’, R is

(1) reflexive. (2) symmetric. (3) transitive. (4) equivalence.
If A is a non-empty set, then which of the following is false?

p:There is atleast one reflexive relation on A
q:There is atleast one symmetric relation on A

(1) p alone (2) qalone (3) Bothpand q (4) Neither p nor q
In a set of teachers of a school, two teachers are said to be related if ‘they teach the same subject’, then
the relation is

(1) reflexive and symmetric. (2) symmetric and transitive.

(3) reflexive and transitive. (4) equivalence.

IfA = {x,V,z}, then the relation R = {(x,x), (,y), (z, 2), (z, %), (z,y)} is

(1) symmetric. (2) anti symmetric. (3) transitive. (4) both (2) and (3).

Direction for questions 15 and 16: In the set of animals, a relation R is defined in each question.

16.

17.

18.

o

a R b if“a and b are in different zoological parks,” then R is

(1) only reflexive. (2) only symmetric. (3) only transitive. (4) equivalence.
On the set of human beings a relation R is defined as follows:

a R b if “a and b have the same brother”, then R is

(1) only reflexive. (2) only symmetric. (3) only transitive. (4) equivalence.
Consider the following statements:

p: Every reflexive relation is a symmetric relation.
q: Every anti-symmetric relation is reflexive.
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19.

20.

21.

22.

23.

Which of the following is/are true?

v,
(1) p alone (2) q alone
(3) Both p and q (4) Neither p nor q

In a set of ants in a locality, two ants are said to be related if they walk on a same straight line,
then the relation is

(1) reflexive and symmetric. (2) symmetric and transitive.

(3) reflexive and transitive. (4) equivalence.

Ifn (A) = 4 and n (B) = 4, then find the number of subsets of A x B.

(1) 65636 (2) 65536 (3) 65532 (4) None of these

A function f'is constant from set A = {1,2,3} onto set B = {a, b, ¢} such that f (1) = a, then the range
of fis

(1) {a, c} ) {a} (3) {a, b} @ {a,b, c}
Which of the following is an odd function?

N
3x”
2

1) x+x 2 x¥*-x*-5 3) x*+x' )

x +1

Which of the following relations is a function?

1) 2 A B

7

3 4
®) @ .
. Which of the following relation is not a function?

(1) )
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All Positive) A
integers - All Natural
il Negati ‘ numbers
integers /

25. Iff:A — B is an onto function defined by f (x) = 3x — 4 and A = {0, 1,2, 3}, then the co-domain of fis
(1) {-4,0,2,5}. 2 {-1,2,5,6}. 3) {—4,-1,2,5}. (4) None of these

26. Which of the following graphs represents a function?

m @
~
> " . X
o] \
(3 " (4) None of these
/‘T A
O\L X
27.Iff(x) = 2x — 3x* — 5 and g(x) = w,then g(x) is
(1) odd. (2) even.
(3) even as well as odd. (4) neither even nor odd.
. . 5-x .
28. Domain of the function f(x) = W is
- X
(1) xe R 2 xeZz (3) R—{3} 4 R -{5}
29.A ={-1,0,1,2},B = {0,1,2} and
f: A —B defined by f(x) = %%, then fis
(1) only one-one function. (2) only onto function.
(3) bijective. (4) not a function.

30. If two sets A and B have p and q no. of elements respectively and f :A — B is one-one, then the relation
between p and q is

(1) pzq 2 p>q

\\ @G r=<q @ p=q ,/
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Concept Application Level—2

(n+2)(2n° +3n* +4n’ +5n° +6) ﬁ
31.0fF,  _JP¢ where p = o +2n i then find the number of elements
andn,pe Z*
in the set X.
1) 2 2 3 3) 4 4) 6
32.If n AN B) =10,n B n C) =20 and n (A n C) = 30, then find the greatest possible value of

33.

34.

35.

36.

37.

38.

39.

40

n(AnBn Q).

(1) 15 2 20 (3) 10 “4) 4

If X,Y and Z are any three non empty sets such that any two of them are disjoint, then X VY U Z)
NXNYNZ)is

1 X @Y 3z @ ¢

A and B are any two non empty sets and A is proper subset of B.If n (A) = 5, then find the minimum
possible value of n (A A B).

M1 25

(3) Cannot be determined (4) None of these

Ifn(AnB)=5nAnNnC)=7andn (A B n C)= 3, then the minimum possible value of
nBNCO)is .

(ORY @ 1 3 3 “ 2

If a set contains n elements, then which of the following cannot be the number of reflexive relations
in the set?

1) 2 @ 2 @ 2™ (4 2

IfA = {4,6,10,12} and R is a relation defined on A as “two elements are related if they have exactly
one common factor other than 1”.Then the relation R is

(1) anti symmetric. (2) only transitive.

(3) only symmetric. (4) equivalence.

X is the set of all members in a colony and R is a relation defined on X as “two persons are related if
they speak same language”.The relation R is

(1) only symmetric.

(2) only reflexive.

(3) both symmetric and reflexive but not transitive.
(4) equivalence.

IfA = {a,b, ¢, Xx,YV,z}, then the maximum number of elements in any relation on A is

1) 12 2 16 (3) 32 4) 36
. The relation ‘is a factor of” on the set of natural numbers is not

(1) reflexive (2) symmetric

(3) anti symmetric (4) transitive
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f f(x/ ’
41. Iff(x) = log x, then fey)+fx/y) = Y
f(x)£(y)
2 2
1) (2) 2logy (3) 2logx 4)
log x log y
42,166 = X1 X %~ 1; then find f(x_lj.
x+1 x+1
1 1
1) x @ —— ) f&x) “4 f (—j
X X
43. If R — R defined by f (x) = 3x — 5, then f'({-1,-2,1,2}) =
4 7 —4 4 7

1) §1,—,— 2) -1,2,— 3) 41,2,—,— 4) {1,2,-1,-=2

(){33} (){ 3} (){ 33} ) { }
44. If R — R is a function defined as fla — f{o)) = 5f() and £(1) = 7, then find {(-6).

(1) 37 (2 35 3) 7 4) 21

1 1
45. The domain of the function f (x) = —+ ———— is
x log (2—x)
1) x>2 ) xe R—-{2} B) x<2,x#0,x=1 4) x<2,x#0

Concept Application Level—3

46. All the students of a class like Horlicks, Maltova or Viva. Number of students who like only Horlicks
and Moltova, only Maltova and Viva and only Horlicks and Viva are all equal to twice the number of
students who like all the three foods. Number students who like only Horlicks, only Maltova and only
Viva are all equal to thrice the number of students who like all the three foods. If four students like all
the three, then find the number of students in the class.

(1) 64 (2) 48 (3) 68 (4) 52
47.If f(x) = 2x + 3 and g (x) = 3x — 1 then find f'og™".
x+8 x—8 8—x x—8

o e . 3 . ) 5

)

48. The inverse of the function f(x) = (x>-1)* — 12 is
1 1+ x+12)°* 2 [1-(x+12)%*
) [x+12)°—1]* 4 [1+ &+ 1244

49. The relation, R = {(1, 3), (3, 5)} is defined on the set with minimum number of elements of natural
numbers. The minimum number of elements to be included in R so that R is equivalence is

15 2 6 ) 7 4) 8
50. If f(2x+3) = 4x* +12x +15, then the value of f{(3x+2) is
k (1) 9x*—12x + 36 (2 9x*+12x+ 10 (3) 9x*—12x + 24 4) 9x*-12x-5

)
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KEY

Very short answer type questions

1. A

2.1

3.126

4. AUB

5.=n(A) + n(B) + n(C) —n(AnB) ~n(BAC)
—n(CnA) + n(AnBNC).

A

A

-0

.0

10. 8

11. False

12. False

13.R = {(a,2), (b,b), (c, )}

14.2

15. R'= {(1,7),(2,6), (3,5)}

16. Symmetric

17. 24

18. n(A x B) = 36

19. {1,2,3,4,5,6,7,8}

20. {3,6}

21. True

22. (0, o0)

O 0 N

23.

24. 4
25. True
26.R*"
27. 4
28. 100

29.

30.

N Aal)
£l =5

true

Short answer type questions

31.
32.
33.
34.
35.
36.
37.
38.
39.

40.
41.
42.
43.
44.
45.

{7,10}

X = {31,37}

9

15

11

Domain = {1,2},Range = { 1,2,0, 3}
210.

it is reflexive, symmetric, transitive.

R ={(3,3),3,5),(3,6),3.,9).(,3),5,5),

(5,6),(5,9), (6,3), (6,5), (6,6), (6,9), (9, 3),

©.5),0,6)}

R is only symmetric.
0

82

b

Inverse does not exist

©,1)

Essay type questions

46.
47.

48.

49.

50.

25

t@)+f@)

3

2"

When x <0 orx21,gof (x) =x
and when 0 < x < 1, gof(x) = x*?

{(1,1),(2.49,0,2), 4 3)}
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key points for

-

Short answer type questions
31. (a) Find (A U B)
(b) Use,(AnB)!'=p—(AuUB)

X is the set of all the primes between 30
and 40
Use,nPUuQ)=nP-Q)+n(Q-P)
+n (PN Q) and find x
(i) Draw the Venn diagram according to the
given data.
(i) Use,Total strength = Only cricket + Only
Tennis + both cricket and tennis and find
only tennis.

n(A)=nANCnB)+nAnBNC)+n(A
NCNnBY+n(AnB'nC)
Substitute the values of bas 1,2 and a=1,2,3
and find (a, 2a — b).
(i) Draw the Venn diagrams according the
given data.
@) Findn X nY)
(i) nX) =nX NY'") + nX NY) and n(Y) =
nX'nY)+nXnNY)
@iv) Use,n(X xY) =n (X) x n(Y)
Recall the properties of relation.
(@) x,ye {3,5,6,9}
(i) Find all the possibilities of (x,y) which
satisfy x + y < 18.
Check whether the elements satisfy the
properties or not.

32.
33.

34.

35.
36.

37.

38.
39.

40.

2x +
() Let, X3 =

y

selected questions

(i) Then write x interms of y i.e., f (y)

(@ii) Then substitute y = % .

42. Assume f(x) = x* + 1 and proceed.

43. Apply the concept of composite function.

x—1_

44. =y

(1) First of all assume,
(ii) Then write x interms of y, i.e., f' (y).
(i) Then substitute y = -2,-1,0,1, 2.

(i) Find f! (x),
(ii) The domains of ! (x) is the range of f(x).

45.

Essay type questions
46.

(i) Draw the Venn diagram according to the
given data

(i1) Use the formula,n(A U B U C) + n(A N

a, +a
Puta= 12

47. (i) in f(a).

1+apn,

a t+a,

—— |in
1+a,a,

(i) Then simplify and express f [

terms of f(a ) and f (a,)

48. (i) First of all find fog (x).

(i) Then find (fog)™ (x).

(iii) And then put x = 0.

49. Apply the concept of composite function.

50. If (a,b) € gand (b, c) € f, then (a,c) € (fog).

B
NCY+nANnB nC)+nA'nBnC)
+2n(A ~ B~ C) = n(A) + n(B) + n(C)

%
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>~ —
Concept Application Level—1,2,3 7. Recall the properties of — =
1.3 2. 4 parallelogram and trapezium -
3 4 8. Recall the concept of superset, =
5' 6' union of sets and intersection.
) ) 9. Recall the concepts of subset and union
% 8. of sets.
1?' 1(2) 10. n(A v B) = n(only A) + n(only B) + n(A n
. . B)

14.
16.
18.
20.
22.
24.
26.
28.
30.
32.
34.
36.
38.
40.

13.
15.
17.
19.
21.
23.
25.
217.
29.
31.
33.
35.
37.
39.

11. Equate the corresponding co-ordinates.

12. Use the definitions of reflexive, symmetric,
anti-symmetric and transitive.

13. Recall the different types of relations.

14. Use the definitions of reflexive, symmetric,
anti-symmetric and equivalence.

15. Recall the properties of relations.
16. Recall the properties of relations.

17. Use the definitions of reflexive, symmetric,
anti-symmetric, transitive and equivalence.

18. Recall the definitions of reflexive, symmetric
and anti-symmetric relations.

19. Recall the properties of relations.
20. Number of subsets of A x B is 2"*"®

21. Constant function contains only one element

S T N O O S SO S N TS SR SO NC S SO ST N S U SO SO U SV SO SN O
[NOJ (O T SO O SN GUE SC N SR SORN NG S SFO SO N S SO N S SO SO RS

41. 42. -
in the range.
43 e 2 22. Iff(x) is an odd function, then f(—x) = —f(x).
45. .1
46 23. Recall the definition of function.
47. 48. 4 . .
24. Recall the definition of function.
49. 50. 3

25. Substitute domain values in f(x).

26. Use the definition of a function.

Concept Application Level—1,2,3

Key points for select questions 27. Find ) +£(=x) and verify even or odd.

1. Using the concept of subset, verify the .. . .
. & P ’ y 28. Function is defined when denominator is not
options.

equal to zero.

very squaze fa, rectangle 29. Substitute the domain values in f(x) and find

4. Find A U B,A N Band A U C. range.

3. BA ©R& A s0nums , then 30. Recall the definition of one-one function.

BBy % By Py, v ) =n(A,). 31. Divide each term by ‘n’ and find the positive

6. Use venn diagram concept. factors of 6.
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32.

33.

34.

35.

36.

37.

38.
39.
40.

41.

42.

The greatest possible value of n(A " B n C)

is the least value amongst the values of n (A

N B), B n C) and n(A n C).

A and B are disjoint > AN B =¢ and A n

¢ = 9.

(i) A is proper subset of B,A — B = ¢ i.e,,

n(A -B) =0.

(i) Given n(A) = 5, the minimum number
of elements in B is 6.

(@iii)) The minimum possible value of n(A A
B) is n(B) — n(A).

Number of elements in (A "B n C)

becomes the minimum number of elements
in B C.

Number of reflexive relations in a set
containing ‘n’ elements is g

(1) Worite the elements in R.

(ii) Apply definition of symmetric relation.
Reecall the properties of relations.

A x A has maximum number of elements.

Use the definitions of reflexive, symmetric,
anti-symmetric and equivalence.

(1) Substitute f(xy), f(x/y) in the given.
(i) log ab = log a + log b.

(i) log (%j =loga—logh.

@iv) Replace x by xy and also byi in f(x)

and simplify. Y

x—1

(i) Replace x by in f(x).

x+1
(i) Then simplify

43.

44.

45.

46.

47.

48.

49.

50.

(i) Find f'(x).
@) Putx=-1,-2,1,2inf"' (x) and find
their values.
Put o0 = 1 in the given equation and
simplify.

1
— is not defined for x = 0 and logarithmic
X

function takes only positive values.
(1) Let the number of students who like all
the three be ‘x.

(i) n (H) n (M)

a5

n (V)
(i) Substitute the given values in the above
diagram.
(1) Find gof(x).
(i) We know that, (gof) ! = flog™.
(1) Letf(x) =y
(i) Worite the value of x in terms of y.

Recall the properties of equivalence
relation.
(i) Put2x +3 =t.

(i) Replace x by t.
(i) Againis putt = 3x + 2.



CHAPTER 7

Progressions

INTRODUCTION

Let us observe the following pattern of numbers.

@) 5,11,17,23, ............
(i) 6,12,24,48, ............
(i) 4,2,0,-2,—4, ..........

(v) =, =, = =2

In example (i), every number (except 5) is formed by adding 6 to the previous numbers. Hence a specific pattern
is followed in the arrangement of these numbers. Similarly, in example (ii), every number is obtained by
multiplying the previous number by 2. Similar cases are followed in examples (iii) and (iv).

Sequence

A systematic arrangement of numbers according to a given rule is called a sequence.

The numbers in a sequence are called its terms. We refer the first term of a sequence as T,, second term
as T, and so on.The nth term of a sequence is denoted by T , which may also be referred to as the general
term of the sequence.

Finite and infinite sequences

1. A sequence which consists of a finite number of terms is called a finite sequence.

@ Example
(@) 2,5,8,11,14,17, 20, 23 is the finite sequence of 8 terms.
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150 Progressions

2. A sequence which consists of an infinite number of terms is called an infinite sequence.

@ Example
3,10,17,24,31, ........ is an infinite sequence.

NorkE: If a sequence is given, then we can find its nth term and if the nth term of a sequence is given we
can find the terms of the sequence.

@ Example

Find the first four terms of the sequences whose nth terms are given as follows.
() T, ,=3n+1
Substituting n = 1,
T, =31)+1=4
Similarly, T, = 3(2) + 1 =7
T,=33)+1=10
T,=34H+1=13
.. The first four terms of the sequence are 4,7, 10, 13.
(i) T =2n*>-3
Substituting n = 1.
T, =2(1)-3=-1
Similarly, T, = 2(2)* =3 =5
T,=23)Y-3=15
T,=2(4)°-3=29
.. The first four terms of the sequence are -1, 5, 15,29.

Series

The sum of the terms of a sequence is called the series of the corresponding sequence.
@ Example
1+2+3+ ... + n is a finite series of first n natural numbers.

The sum of first n terms of series is denoted by S .

Here, Sn =T, +T,+ .......... +T.
Here, S1 =T,
S,=T, +T,

S,=T, +T,+T,
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We have,

S,-S, =T,

S,-S,=T,

Similarly,

Sn - Sn—l = Tn
@ Example

In the series, T = 2n + 5, find S,

Solution

T =2n+5

T,=2(1)+5=7

T,=22)+5=9

T,=2@3)+5=11

T,=2(4)+5=13
S,=T,+T,+T,+T, =7+9+ 11 + 13 = 40.

Sequences of numbers which follow specific patterns are called progression. Depending on the pattern,
the progressions are classified as follows.

(i) Arithmetic Progression
1) Geometric Progression
g

(111) Harmonic Progression

Arithmetic progression (A.P.)

Numbers (or terms) are said to be in arithmetic progression when each one, except the first, is obtained by
adding a constant to the previous number (or term).

An arithmetic progression can be represented by a,a + d,a + 2d, ..., [a + (n — 1)d]. Here, d is added to any
term to get the next term of the progression.The term a is the first term of the progression, n is the number
of terms in the progression and d is the common difference.

1. The nth term (general term) of an arithmetic progression isT_=a + (n — 1)d

2. Sum to n terms of an A.P.= S = %[Za + (n —1)d]

The sum to n terms of an A.P. can also be written in a different manner. That is,

sum of n terms = %[Za + n-1)d] = %[a + {a+ (n—1)d}]

But, when there are n terms in an A.P,, a is the first term and {a + (n — 1)d} is the last term. Hence, S, = [%)

[first term + last term]
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Arithmetic mean (A.M.)
The average of all the terms in an A.P. is called the arithmetic mean (A.M.) of the A.P.

. Sum of all the numbers
The average of a certain numbers =
number of numbers
1
.. AM.ofntermsin an AP = S, = —X %[ﬁrst term + lastterm] = (frst term ; fast term)
n n

i.e.,, The A.M. of an A.P. is the average of the first and the last terms of the A.P.
The A.M.of an A.P. can also be obtained by considering any two terms which are EQUIDISTANT from the two
ends of the A.P. and taking their average, i.e.,

(a) the average of the second term from the beginning and the second term from the end is equal to the
A.M.of the A.P.

(b) the average of the third term from the beginning and the third term from the end is also equal to the
A.M. of the A.P. and so on.

In general, the average of the kth term from the beginning and the kth term from the end is equal to the
A.M. of the A.P.

If the A.M. of an A.P. is known, the sum to n terms of the series (S ) can be expressed as S = n (A.M.)

In particular, if three numbers are in arithmetic progression, then the middle number is the A.M.1i.e.,if a,

. . a+c
b and c are in AP, then b is the A.M. of the three terms and b= .
. a+b
If a and b are any two numbers, then their A.M. = 5
Inserting arithmetic mean between two numbers:
When n arithmetic means a, a,, .......... ,a_are inserted between a and b, then a,a ,a,,........ ,a,barein A.P.

=t ,=aandt, =bofAP
The common difference of the A.P. can be obtained as follows:
Given that, n arithmetic means are there between a and b.
“a=tandb=t¢t
Let d be the common difference.
=>b=t+@n+1)d
=>b=a+n+1)d
RN
(n+1)

NorTE:

(i) If three numbers are in A.P., we can take the three terms to be (a — d),a and (a + d).

(i) If four numbers are in AP, we can take the four terms to be (a — 3d), (a — d), (a + d) and (a + 3d).
The common difference in this case is 2d and not d.

(iii) If five numbers are in A.P., we can take the five terms to be (a — 2d), (a — d), a, (a + d) and (a + 2d).
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Some important results

The sum to n terms of the following series are quite useful and hence should be remembered by students.

(i) Sum of first n natural numbers = zi = %
i=1

., nn + 1)2n+1)

(i) Sum of the squares of first n natural numbers = Zi = 5
i=1

(iii) Sum of the cubes of first n natural numbers = 21 = |:n(n 2+ 1)} (n +1)° {z }
i=1 1

@ Example

Find the 14th term of an A.P. whose first term is 3 and the common difference is 2.

Solution

The nth term of an A.P.is given by t = a + (n — 1)d, where a is the first term and d is the common
difference.

L, =3+ (14-1)2=29

@ Example

Find the first term and the common difference of an A.P. if the 3rd term is 6 and the 17th term is 34.

Solution

If a is the first term and d is the common difference, then we have

On subtracting equation (1) from equation (2), we get
14d=28=d=2
Substituting the value of d in equation (1), we geta = 2

~a=2andd=2
@ Example
Find the sum of the first 22 terms of an A.P. whose first term is 4 and the common difference is 4/3.
Solution
Given that,a =4 andd = % .

We have S = g[Za + (n—1)d]
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@ Example

Divide 124 into four parts in such a way that they are in A.P. and the product of the first and the 4th
part is 128 less than the product of the 2nd and the 3rd parts.

Solution

Let the four parts be (a — 3d), (a — d), (a + d) and (a + 3d).The sum of these four parts is 124,
le,4a =124 = a =31

@—3d)(a+3d)=(—-d)(@a+d—128

=a?2-9d>=2a%2-d%>- 128

=>8d2=128=d==+4

As a = 31, taking d = 4, the four parts are 19, 27, 35 and 43.

Nortke: 1f d is taken as —4, then the same four numbers are obtained, but in decreasing order.

@ Example

Find the three terms in A.P., whose sum is 36 and product is 960.

Solution

Let the three terms of an A.P.be (a — d),a and (a + d).
Sum of these terms is 3a.

3a=36=>a=12

Product of these three terms is

(@at+d)a@—d) =960

= (12 +d) (12-d) =80

= 144-d2=80=d =48

Taking d = 8, we get the terms as 4, 12 and 20.

Nortke: If d is taken as —8, then the same numbers are obtained, but in decreasing order.

Geometric progression (G.P.)

Numbers are said to be in geometric progression when the ratio of any quantity to the number that follows it is
the same. In other words, any term of a G.P. (except the first one) can be obtained by multiplying the previous
term by the same constant.

The constant is called the common ratio and is normally represented by r. The first term of a G.P. is
generally denoted by a.

A geometric progression can be represented by a, ar, ar?, ..... where a is the first term and r is the common
ratio of the G.P. nth term of the G.P.is ar" ! i.e., t = ar™!

al—r") a(r"-1) r(ar"')—a
1-r r—1 r—1

.. The sum to n terms of a geometric progression can also be written as

Sum to n terms = Sn =

r (Last term) — First term

" r—1
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NorE:

1. Ifn terms viz.,a,a,,2,, ....ce... a_arein G.P, then the geometric mean (G.M.) of these n terms is given

2. If three terms are in geometric progression, then the middle term is the geometric mean of the G.P,,
ie. if a,b and c are in G.P, then b is the geometric mean of the three terms.
3. If there are two terms say a and b, then their geometric mean is given by G.M. =+/ab .
4. When n geometric means are there between a and b, the common ratio of the G.P. can be derived as follows.
Given that, n geometric means are there between a and b.
“a=tandb=t¢t
Let ‘r’ be the common ratio
= n+l1 = n+1
=b=(t) @) =>b=ar

b
:>rn+1=_ :>r=(n+1)h
a a

5. For any two positive numbers a and b, their arithmetic mean is always greater than or equal to their

+b
geometric mean, i.e., for any two positive numbers a and b, 222 >/ab. The equality holds if and

2
onlyifa = b.

6. When there are three terms in geometric progression, we can take the three terms to be a/r, a and ar.

Infinite geometric progression

>

If-1<r<1(or|r| <1),then the sum of a geometric progression does not increase infinitely but “converges’
to a particular value, no matter how many terms of the G.P. we take. The sum of an infinite geometric progression
is represented by S_ and is given by the formula,

a

S, = if || < 1.
1

© ’
-r

@ Example
Find the 7th term of the G.P. whose first term is 6 and common ratio is 2/3.
Solution
Given that,t =6 andr = %

We have t = a !

Jmo(2) - 0L 1z
7 3 729 243

@ Example

Find the common ratio of the G.P. whose first and last terms are 25 and 1/625 respectively and the
sum of the G.P.is 19531/625.

Solution
first term —r(last term)

1-r

We know that the sum of a G.P is
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19531 25—(r/ 625)
= =

625 1-r
=r=1/5

@ Example

Find three numbers of a G.P. whose sum is 26 and product is 216.

Solution

Let the three numbers be a/r, a and ar.
Given that,

a/r .a.ar = 216;

=a*=216;a=6

a/r+a+ar=26

= 6 + 6r + 6r2 = 26r
=6r2-20r+6=0

= 6r2—18r—-2r+6=0
=>6rr—-—3)-2r—-3)=0
=r=1/3(or)r=3

Hence the three numbers are 2,6 and 18 (or) 18, 6 and 2

@ Example
If | x | <1,then find the sum of the series 2 + 4x + 6x2 + 8x> + ...
Solution
LetS=2+4x + 6x2+ 8x®> + ———— (1)

xS=2x+4x*+ 6x> + .....(2)

(1) — (2) gives

SA-x=2+2x+2x2+2x°+ ...

=21 +x+x2+..)

1+ x+ x>+ ...isaninfinite GP witha=1,r=xand |r| = |x| <1
. Sum of the series = 1/1-x

SS(1-x=2/1-x%)

S S =2/(1-x)

@ Example
Find the sum of the series 1,2/5, 4/25,8/125, ...... ocC.
Solution

<1

2 2
Given that,a=1,r = g and [r| = ’g

. S = L:L =5/3
? 1-r 1_%
5
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Harmonic progression (H.P.)

A progression is said to be a harmonic progression if the reciprocal of the terms in the progression form an
arithmetic progression.

1111
For example, consider the series —,—,—,—,..
8 11
The progression formed by taking reciprocals of terms of the above series is 2,5, 8, 11,. ... Clearly, these

terms form an A.P. whose common difference is 3.
Hence, the given progression is a harmonic progression.
nth term of an H.P:

We know thatifa,a +d,a + 2d,....are in A.P, then the nth term of thisA.P.isa + (n — 1) d. Its reciprocal is

_

a+(n-1)d
1 1 . 1

So, nth term of an H.P. whose first two terms are — and is .
a a+d  a+(n-1)d

NorE: There is no concise general formula for the sum to n terms of an H.P.

@ Example

) 3 33
Find the 10th term of the H.P. > 1, 25

Solution
3 33
The gi HPis — 1L, —, — ..
e given is >
The corresponding A.P. is 2, 1, i, i, .......
333
Here a = g;d=1_z= 1
3 3 3

2 1
. T, of the corresponding A.P.isa + (10 — 1)d = §+ (9)5 =—

Hence required term in H.P. is 13—1

Harmonic mean (H.M.)

If three terms are in H.P,, then the middle term is the H.M. of other two terms.

2ab
a+b

The harmonic mean of two terms a and b is given by H.M. =

Inserting n harmonic means between two numbers

To insert n harmonic means between two numbers, we first take the corresponding arithmetic series and insert n
arithmetic means, and next, we find the corresponding harmonic series.
This is illustrated by the example below:



@ Example

1 1
Insert three harmonic means between E and %

Solution
After inserting the harmonic means

let the harmonic progression be

1 1 1 1 1

;’a+d’a+2d’a+3d’a+4d
Givenl=—an ! =i:>a=12andd=2
a 12 a+4d 20
. . 1 1 1
.. The required harmonic means are —,— and —.
14 16 18

Relation between A.M., H.M. and G.M. of two nhumbers

Let x and y be two numbers.

SLAM.=

X+y

2
,G.M.= /xy and HM.= Xy
xX+y

= (A.M.) (HM.) = (G.M.)?

test your concepts @«

e

Very short answer type questions

1.
2.
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Third term of the sequence whose nth term is 2n + 5 is

If a is the first term and d is the common difference of an A.P, then the (n + 1)th term of the A.P is

. If the sum of three consecutive terms of an A.P.is 9, then the middle term is

. General term of the sequence 5,25, 125,625, ......... is
. The arithmetic mean of 7 and 8 is
1 -3 -5 -7 .
. The arrangement of numbers —, T’ ?, ?, ......... is an example of sequence. [True/False]

a . . .
. If — is the first term and d is the common difference of an A.P., then the sum of n terms of the A.P. is

- Inasequence,if S_is the sum of ntermsand S_ | is the sum of (n — 1) terms, then the nth term is

T =3n+8,thenT =

1



10.
11.

12.

13.
14.
15.

16.
17.
18.

19.

20.

21.

22.

23.
24.

25.

26.
27.
28.
29.

30

ko)
The sum of the first (n + 1) natural numbers is

For a series in geometric progression, the first term is a and the second term is 3a. The common ratio of
the series is

In a series, starting from the second term, if each term is twice its previous term, then the series is in
progression.

All the multiples of 3 form a geometric progression. [True/False]

If a,b and ¢ are in geometric progression then, a>, b* and ¢* are in progression.

If every term of a series in geometric progression is multiplied by a real number, then the resulting series
also will be in geometric progression. [True/False]

Geometric mean of 5,10 and 20 is

Sum of the infinite terms of the G.P.,-3,—6,—-12, ............ is 3. [True/False]

The reciprocals of all the terms of a series in geometric progression form a progression.

1 1 1
The nth term of the sequence —,———,——,......... is

10010000 1000000

In a series, T = x™ 2 (x # 0), then write the infinite series.

3
The harmonic mean of 1,2 and 3 is r [True/False]

If a,b, ¢ and d are in harmonic progression, then are in progression.

)

1
a

o

11
—,— and
b ¢
If the A.M. of two numbers is 9 and their H.M. is 4, then their G.M. is 6. [True/False]

If a, b and c are the arithmetic mean, geometric mean and harmonic mean of two distinct terms
respectively, then b’ is equal to

If the sum of n terms which are in G.P.is a(r + 1), then the number of terms is . (Where a is
the first term and r is the common ratio)

Write the first three terms of the sequence whose nth term isT = 8 — 5n.
Write the first three terms of the sequence whose nth term isT = 5""".
If three arithmetic means are inserted between 4 and 5, then the common difference is

If the 7th and the 9th terms of a G.P. are x and y respectively, then the common ratio of the G.P. is

- Inaseries,T = 3 —n,then S, =

Short answer type questions

31
32

. If the 5th term and the 14th term of an A.P. are 35 and 8 respectively, then find the 20th term of the A.P.
. Which term of the series 21, 15,9, ....... is =397

159



33.

34.
35.
36.

37.

38.

39.

40.

41.

42.
43.

44.

45.

If the seventh term of an A.P.is 25 and the common difference is 4, then find the 15th term
of AP.

Find the general term of A.P. whose sum of n terms is given by 4n* + 3n.
Find the sum of all three-digit numbers which leave a remainder 2, when divided by 6.

If the ratio of the sum of first three terms of a G.P. to the sum of first six terms is 448 : 455, then find the
common ratio.

1
Ifin a G.P, 5th term and the 12th term are 9 and T respectively, find the 9th term of G.P.

A person opens an account with Rs 50 and starts depositing every day double the amount he has deposited
on the previous day. Then find the amount he has deposited on the 10th day from the beginning.

; . 1 . . 2
Find the sum of 5 geometric means between 3 and 243, by taking common ratio positive.

Using progressions express the recurring decimal 2 -123 in the form of p/q, where p and q are integers.

3
A ball is dropped from a height of 64 m and it rebounces Z of the distance every time it touches the
ground. Find the total distance it travels before it comes to rest.
Find the sum to n terms of the series 5 + 55 + 555 + .....

In an H.P, if the 3rd term and the 12th term are 12 and 3 respectively, then find the 15th term of the
H.P.

If /th,mth and nth terms of an H.P. are x,y and z respectively, then find the value of
yz (m —n) + xz (n — £) + xy (¢ — m).

The A.M of two numbers is 40 more than G.M. and 64 more than H.M. Find the numbers.

Essay type questions

46.
47.

48.

49.

50.
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Find the sum to n terms of the series 1-2-3 + 2:4-6 + 3:6:9 + .......

One side of an equilateral triangle is 36 c¢cm. The mid-points of its sides are joined to form another
triangle. Again another triangle is formed by joining the mid-points of the sides of this triangle and the
process is continued indefinitely. Determine the sum of areas of all such triangles including the given
triangle.

Three numbers form a G.P. If the third term is decreased by 128 then, the three numbers, <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>