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Objectives

After reading this unit, students will be able to :

e Know the Functions and Related Quantities.

e Determine the Value of Functions.

e Know the Definition of Functions by Mapping.
e Determine the Domain and Range of Functions.

e Understand the use of Linear Functions in Economics.

Introduction

In many of the questions, we have to determine the effect of increase-decrease of an independent
number on a number dependent on it. For example, area of circle always depends on the radius of
it, because if radius is increased or decreased, then area of the circle will also decrease or increase
according to the radius. Here radius of the circle is a number and area of the circle is another
number, which are related to each other. Thus volume of a cylinder depends on its radius, area of
square and volume of a cuboid depend on the length of its arm. The distance covered by a running
train in dynamic velocity depends on the time taken. Velocity of a falling particle depends on the
distance covered by it. Atmospheric pressure of a certain place depends on the alleviation of its
height from sea-coast etc.
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Note

With the change of value of one number, the rate of change in the value of other number and
questions related to rate of such change and analysis and study of functions is referred to as Differential
Calculus.

1.1  Quantities

There are two types of quantities:
1. Variable 2. Constant

1. Variables - Changing quantities are referred to as variables. Quantities for which values keeps on
changing viz which can be given indefinite numerical values are Variables. These are general
expressed with the last characters such as x, v, z, u, v, w etc. of English Words.

2. Constants - Numbers for which value is unchangeable under any process of mathematics, are
constants. Constant quantities are of two types:

(i) Absolute constants
(if) Arbitrary constants

Value of which in any problem is unchanged, is referred to as absolute constants e.g.
51_3/ 1/ 1/ \/g,TE, %/ e etc.

Value of which remains constant in a problem, but get different value in different problems, they
are called arbitrary constants. These are expressed with the beginning letters such as 4, b, ¢, d, etc. of
English word.

1.2 Related Quantities

We know that the area of the circle depends on its radius. In other words, circles with different radii
have different areas. Similarly, square of any positive number increases or decreases with any
change in it. Here radius of circle and its area or number and its square are related quantities.

ig
Notes  Any two numbers, in which change in any one number affects another number, are
referred to as related quantities.

Although both these two numbers are constants, but value of any one number can be changed
liberally and the value of other number will change not independently but applying any rule. For
example if we assume liberally 1, 2,3,4 ........ for the radius of the circle (), then its area (A) applying
the rule A = nr2 would be m, 4x, 97, 16m,..... respectively.

There are two types of constants:
(i) Independent Variables, (ii) Dependent variables

If two constants x and y are related in a manner where one variable can be given any value liberally
and the value of y depends on it, then x will be referred to as independent variables and y would be
its dependent variables.

For example: Assume y =2x +5

Now giving x variable different values like 0, 1, 2, ..... etc. we get different results for y variable such
579, ... etc. respectively, which is completely depended on x.

Therefore, here x is independent variable and y is a dependent one.
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1.3 Functions Note

The principle of functions is mutually based on the related quantities.
Assume area of a circle of any radius (r) is (A), then A = nr?

Here r is a an independent variable and A is a dependent variable, since the area (A) of the circle is
based on radius (r)

In this situation we say that variable (A) is function of (r), which in the language of mathematics is
expressed in the following manner: A = f(r)

Thus, [A is a function of variable 7]

1.4 Definition of Functions

Here two variables x (independent) and y ( dependent) are related with the function (f) in such a way
that for each value of x, a certain and unique value of y can be obtained, then y would be the
f-function of x, which can be expressed as y = f(x).

The functions of x are expressed with the symbols f (x), g(x), ¢(x).....etc.

1.5  Explanation of Functions

If y is a function of x variable then y = f(x).
Then x would be an independent variable and y is a dependent varialble.

If y = 5x + 7, then for each value of x, there is a certain value of y. therefore, y is said to be the function
of x.

1.6  Functional Notations

Many symbols are used to express this function where y variable is the function of x variable. The
symbol mostly used is

y=f(x).

Which is read as “y is equal to function of x”

Other symbols are: y = F(x),y = ¢(x), y = y(x),..., etc.

l?

Did u know?  1If for any value of x variable, there are more than one value, then y is not called
the function of x, but the relation. For e.g. y*> = x, here for each value of x, two
values are obtained, such type of relations are sometimes also called multi-
valued function.

1.7  Value of Functions

Assume any function of variable x is y = f(x)
Putting x = a in f(x) we get f(a) which would be the value of function for x = a.

Value of f(x) on x = a would be f(a)
Which is obtained replacing x with a in f{(x)

For e.g. assume f(x)=2x*-3x+5

LOVELY PROFESSIONAL UNIVERSITY 3
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Note Then f(2)=2(2)* -3.(2) +5, [putting 2 in place of x]
=8-6+5=7

Self Assessment

1. Fill in the blanks:
(i) Changing numbers are called...............
(i) Numbers, which remain same under any mathematical formula, are called...............

(iii) Any two numbers in which changing of one number affect second number are called
................ numbers

(iv) The area of circle is depended on its ...............

(v) Value of the numbers which remains constant, is called..................

1.8  Definition of Functions by Mapping

If correspondence of each element (x) of Non-empty set X is obtained by any rule (f) for a certain and
unique element (i) of Non-empty set, then fis called Mapping of non-empty set (x) of non-empty set
(Y). Mapping shows the geometrical aspect of association of the elements of non-empty set X and Y,
and the function shows its analytical aspect.

In other words,

If X and Y are two non-empty sets and by any rule (f) element of X is associated with the a
unique element of Y, then binary operation R is called the function of X and Y.

Thus, R={(x,y): xe X, y €Y} is the functions of X and Y.

For example: if X = {1, 2, 3}, Y = {3, 4, 5}, then with the function y = x + 2, element 1, 2, 3 of X will be
associated with element 3, 4, 5 of Y. thus, binary operation would be the functions of X and Y and it
can be written as:

f:X—)YorX—f>Y

This way fis a rule by which element of X is associated with a unique element of Y.

1.9 Domain and Range of Functions

If function f: X—Y is defined, then non-empty set X is called domain of this mapping or function
(/) and non-element set (Y) would be its range or co-domain.

Domain of function (f) = Element of actual values of X for which function is defined.

Range of function (f) = values of elements of Y corresponding to domain of all numbers x .

For Example: in y = 2x + 1, y is the function of x. If x holds positive bigger value than 1 and smaller
than 5, domain element of the function would be {2, 3, 4} and the range value would be {5, 7, 9}.
Similarly domain of binary R = {(5, 8), (6, 9), (7, 10)} operation will be {5, 6, 7} and range value would
be {8, 9, 10}

(Domain) (Range)
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Unit 1: Functions

If domain of element of function x is associated with the element of y, then element (y) of this
domain which is associated with x, is expressed with f(x), where f(x) expresses the value of function
(), which also can be written as under:

frx>y fix— f(x)

1.10 Kinds of Functions

1.

Functions of single variable - if variable y is only depended on variable x, then y = f(x) is
called functions of single variable. Similarly y = f(0),s= f(t), v = f(t) etc. are functions of
single variable.

Functions of Many variable - if variable u is depended on variable x and y, then u = f(x, ) is
called functions of many variable.

Explicit Function - function y = f(x) is called explicit function, if it is possible to express y as
independent element of x. for e.g. etc.

y=x*+2x-5, y=cosx,y= o

1+x2

Implicit Function - function y = f(x) is called implicit function, if it is not possible to express
y as independent element of x.

For example: y=x sin(x+y), and f(x, y)=0, x> +y* —xy =0

Even Function - assume y = f(x) is function of y.

If f{-x) = fix)

Viz. if in place of x, putting -x in f(x), there is no change in sign of function, it is called even
function.

For example: f(x)=cosx =cos(—x)=f(-x)

0Odd Function - assume y = f(x) is function of x.

For example: f(x)=x" =—(x)° = - f(-x)
If f-x) = - flx)

Viz. if in place of x, putting -x in f(x), the sign of function changed then it is called odd
function.

Algebraic Function - Function with different exponential value of x variable, in which factors
are certain is called algebraic function.

For example: flx) = x¥*+5x2+ 2x
fo) = X x
) = e o
Rational Function - Function expressed in the form of fraction, in which numerators and

denominators are of algebraic function of exponential value, is called rational function.

2x° +x+7

ftx) =

Transcendental Function - these are of following types:

2 +5x>+x+5

(i) Trigonometrical Functions such as sin x, cos x, sec x, sin 2x, sec? x etc.
(ii) Inverse Circular Functions such as sin™'x, tan™x, sec™x etc.
(iii) Logarithmic Functions such as log x, log x, log, (x* + 4x + 3) etc.

iv) Exponential Functions such as e*a*, x™*, (sin x)**~etc.

LOVELY PROFESSIONAL UNIVERSITY
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Note 10. Defined Function On - x = g, f(x) is a defined function if putting x = a in f(x), the value of
function f{a) is equal to a certain and finite value, which is completely meaningful and real.

11. Undefined function On - x = a f(x) is called undefined function if the value f{a) is uncertain and
meaningless for example

oo

0

o 0 4

,—,00%x0,00-0,0x0,0%, 0,1
0

For example

sinx 0
i = ;thenx=0,| —
(@) o (oj
2
x“+3x+4 S
ii =—————; th =oo| —
(11) v 7 1 en x Oo(w)

1

(i) Y= thenx=1,(1%)

(iv) y= 1 ; then x =0, (o0 — 0) etc.

x sinx
12. Constant Function - y = f(x) = c where c is a constant function shows a constant function. The
value of y or f(x) always remains constant for the value of x under constant function.

13. Periodic Function - Function y = f(x) is called periodic function. If for each value of x
fx+k)=fx),
Where k is an actual number which is not equal to 0 viz k is the period of the function.

14. Function of the Function - Assume f(x) and g(x) are the functions of variable x, then f[g(x)] is
the function of function which is obtained putting g(x) in place of x in the function f(x).

Thus, g[f(x)] is also the function of function which is obtained putting f(x) in place of x in g(x)
Viz. if in place of x, putting -x in f(x), the sign of function changed then it is called odd
function.

1.11 Operations in the Set of Functions

Assume S is the actual function of the sets with D domain. Then if fand g are the function of non-

empty set S, then f+g, f -8, g é will have the following meaning:
i) (f+8) (x)=f(x)=g(x), VxeD
(i) (f-g)(x)=f(x)=-g(x), VxeD
(iii) (fg) (x) = f(x) -g(x), V. xe D

(it is clear that f+g, f—g and fg have the same domain.

(iv) {f](x):f(x)v xeD~S

8 8(x)
Where S is the solution of equation g(x) = 0. In other words S is a set where xeS = g(x)=0 or
S={x:g(x)=0}

6 LOVELY PROFESSIONAL UNIVERSITY



Unit 1: Functions

Itis clear that D ~ S is the domain of f/g viz those elements (x) are removed from D for which g(x) = 0. Note
For example: assume f (x):1 and ¢(x)=x?, are two function, where the algebraic total of f(x) and
x
¢(x) is expressed as f(x)+¢(x) or (f+¢) (x) and would be (f + cl))(x):1 +x°
x

1
Further the multiplications of functions will be expressed as f(x) ¢(x) and f(x)-d)(x):?xz =X

fl(d(x)}, describes the function of functions of x, where f, ¢(x) is the function and again ¢(x) is the
function of x.

Examples with Solution

Example 1: If followings are functions?
(i) y=vx, (ii) y=x°+5x, (iii) R={(2,3), (5,6), (2, 11)}

(i) Ifany positive or negative value of [y is taken, theny = [y would be the function. If both the
values are not taken together, then there won’t be any function.

(ii) For each value of x, we will obtain a unique and certain value for x> + 5x. Therefore it is a
function.

(iii) R is not function, because element 2 of non-empty set X is associated with the element 3 and
11 of Y, whereas each element of X should be associated with a certain and unique element
of Y.

1
Example 2: Find out the domains of defined functions x* -1, Po1 where x is real number.
x

Solution: (i) in f (x) = x2 -1, there is certain real value of function f(x) for each real value of x, therefore
its non-empty set is R.

(i) In f(x)=

51 the value of function f(x) for value of x is uncertain, but if the value of x is all
=

other balance real numbers, then value of f(x) is also real. Therefore its domain is R ~ {1}.

x?-4
x-2"

Example 3: If x is a real number, then ascertain the domain of f(x)=

0
Solution: where x = 2, then the value of x is 6 , which is an undefined value. Besides for each real

value of x, there is a defined real value of function f(x). Therefore, domain of the function is set of all
real numbers except 2 which can be expressed as under:

D(f)=R ~ {2}

1
x2-9°

Example 4: If x € R, then find out the domain of f(x)=

1 1
Solution: —; = therefore, x = 3 and x = -3, denominator of the fraction is obtained
=9 (x=3)(x+3)

in zero (0), therefore, the values of f(3) and f(-3) become uncertain. Besides these two value, we

LOVELY PROFESSIONAL UNIVERSITY 7
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Note

obtain a certain value of function f(x) for each real value of x, therefore domain of fis the complete
set of real numbers except 3 and -3, which can be read as D(f) = R ~ {3, - 3}

Example 5: If f(x) = 5x* + 8x + 7, then find out the value of f(-9).

Solution:
flx) = 5x?+8x+7
x=-9
fi-9) = 5(-9) +8(-9) +7
= 405-72+7 =340. Ans.
Example 6: If f(x) = log, x”, then prove that f (uv) = f(u) + f(v).
Solution:
: ftx) = logx

then flu) = log,u (1)
then flv) = log,o -(2)

fluo) = log,(uv)

= log,u +log, v =flu) + f (v)
From equation (1) and (2) f(uv) = f(u) + f(v)
Example 7: If f(x) = x2 - x, then find out the value of f (y + 1) - y>.

Solution: here
here flx) = x2-x
' fy+1) = +1)P-@+1
=y Ay +l-y-1=y'+y
= fy+D) -y =y +y-y*=y
Now fy+1) -y =y Ans.
1
Example 8: If f(x)=-———— then find out the value of f (E] .
(1+tan”x) 4
Solution:
ot
fx) = (1+tan®x)
b3 1 1 1
f[*J = = =_. Ans.
4 1+tan2(ﬁj I+l 2
4
2
Task  If f(x)=5x*+8x+7, then find out the value of f{-10) Ans.: 427
Example : 1 £O) =~ 2229 4} en find out the val ff(Ej
xample 9: 1+ 2tane’ then find out the value o 4

Solution:

0 1-2tan6
f( ) = 1+2tan6

LOVELY PROFESSIONAL UNIVERSITY
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1+2tan£71+2(1)
_1-2_ 1
T 1+2 3
1+x 2x
o =1 _— ( j=2 .
Example 10: If f(x) Ogl—x then prove that f 1+ 22 fx)
Lt ) - o 1+x
Solution: o flx) = glfx
Here putti ~— in place of
ere putting -~ 7 in place of x
—1+ 2x
2x 2 1+x%+2x
= € il irx +ex
f[“_xzj log 12 1OgL+x2—2x
L 1+x2
- o (1+xj2 %o (1+xj
=08 1-x & 1-x
= 2f(x)
Example 11: If ¢(x) =cot x, then prove that ¢(-x) =-¢(x).
o(x) = cotx
Solution: 2o ¢(—x) = cot (—x)=—cotx =-¢(x).
x
Example 12: If f (X)=;, then find out the value of ';:ZZ); .
, (a/b) __(@/b) __a
Solution: fla/b) = (a/b)-1 (a=b)/b a-b

(b/a) _ (b/a) _ b
b/a)y-1 (b-a)/a b-a

And =

a b-a
a-b b

S

1 1
Example 13: Find out the value of f(;) if f(x)=x°- pr
Solution: wof(x) = X0 — %
x

LOVELY PROFESSIONAL UNIVERSITY
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Note

. =_* . a b
Example 14: If f(x) 41 then find out the value of {f(f) - f[]} .

Solution: -

Example 15: Find out the value of f(x)+ f(-x), if f(x)=x>- 1
x

Solution:

Solution:

f)+f(=x) = - -2"+=0.
x x
a+bj 1-x
. = 3 =l
Example 16: Prove that f(x)+ f(b) f(1+ab , if f(x)=log, 21
1-x
x) =1
fi2) %81 x
uttingx=a f(x) = lo 1-a
P g 81,2
Now putting x = bf(x)= lo 1-b
P & 811
1-a 1-b 1-a 1-0b
a)+ f(b) = log,——+log,——=1 —
f@+ 1) B 1va By Oge{1+axl—b}
~ log, {1—a—b+ab}:10ge (1+ab)—(a+Db)
1+a+b+ab (1+ab)+(a+D)
_a+b
_ 1+ab | _ ([ a+b
log. a+b _f(1+ab]'
1+ab
LOVELY PROFESSIONAL UNIVERSITY
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Putting - in place of x

fx) = x2x+1

) - A
:

ab

b

ab

> +b> a*+b?

3

a

}

Ans.

Ans.

Ans.

Ans.
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Note
- - -1
Example 17: Prove that f@=fb) _a-b flx)= Z_,
1- f(a) f(b) a+b x+1
lution: _x-1
Solution: -, fx) = x+1

a-1 b-1
f(a)—f(b) (mj _(b+1)
1- f(a) f(®) 1_(%1]{1;_1)

a+1 b+1

(a-b+1)-(b-1)(a+1)
(a+1) (b+1)

(a-1)(b-1)

(a+1)(b+1)

(a-1) (b+1)—(b—1) (a+1)
(a+1) (b+1)—(a-1) (b-1)

ab+a-b-1-ba-b+a+1
(ab+a+b+1)—(ab—a-b+1)

2(a—b) _a-b
2(a+b) a+b’

Ans.

Example 18: If domain ={-2,-1,0,1, 2},and f(-2)=4, f(-1)=1, f(0)=0 f(1)=1, f(2)=4, thenf

expresses a function, prove and determine the range also.
Solution: Given that domain is ={-2,-1,0, 1, 2}

According to the question
f(-2) = 4 = f-imageof -2=4
f(-1) =1 = f-imageof -1 =1
f(©) = 0 = f-image of 0=0
f(1) =1 = fimageof 1=1
f(2) =4 = fimageof 2=4

(Domain) (Range)

Therefore f is expressed in the following explanation.

LOVELY PROFESSIONAL UNIVERSITY 11
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Note Since by f, each element of domain, is connected with the unique element of set {0, 1, 4} and any two
or more than two elements of set {0, 1, 4} is not connected with the domain.

Therefore, f expresses a function, which is defined by f(x) = x? formula whose range is {0, 1, 4}
1
Example 19: Find out the value of f{g (x)} - g {f (x)), if f(x) =1 + 2x and g(x)= Ex .

Solution: Putting g(x) in place of x in the function f (x) =1 + 2x

Flg0o) :1+2g<x):1+z~[%xj:1+x

1
Thus, putting f(x) in place of x in the function §(x)=>x

2
)} = %'f(x):%(1+2x):%+x
Flal-slf) = Ao ~[(3x)5 Ans.

Example 20: If function f: R — R is defined in the following way

3x-1,if x>3

flx)= x*-2,if 2<x<3  then find out the value of f(2),f@),f(-1) and £ (-3)
2x+3,if x<-2

Solution: Since set (-2, 3) has 2 intervals, therefore here f(x) = x2 - 2
f2) = (2-2=2

Since set (1, ) has 4 intervals, therefore f{x) =3x -1
f4) =34-1=11

Since set (-2, 3) has - 1 intervals, therefore f(x) = x2 - 2

Since (- oo, - 2) has - 3 intervals, therefore f(x) =2x + 3

f(-3) =2(-3)+3=-3. Ans.
Example 21: Find out the range of function \/m .
Solution: Assume f(x)=,/(x—2) (4—-x)
Where x > 4, then f(x) = \/(negativm = assumed value
Where x <2, then f(x) = \/(negativm = assumed value

Therefore, f(x)isreal for 2<x<4

Therefore, range of function /(x—2)(4-x) is 2<x<4. Ans.

12 LOVELY PROFESSIONAL UNIVERSITY
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Example 22:If f: x — x + 3 and domain = {x:-2< x < 2, x}, then find out its function (f) and range. Note

Solution: Range of f= {x:-2<x<2, x}={-2,-1,0,1, 2}

Each element of domain f by f function is connected, therefore
Element -2 by function f is connected -2 + 3 =1

Element -1 by function f is connected -1 + 3 = 2

Element 0 by function f is connected 0 + 3 =3

Element 1 by function f is connected 1 + 3 = 4

Element 2 by function f is connected 2 + 3 =5

Therefore the range of function = {1, 2, 3, 4, 5}

And function (f) = {(-2, 1), (-1, 2), (0, 3), (1, 4), (2, 5)}.

Questionnaire 1.1

1. Prove that f(x)+f(%j:0 i f(x):x2 _xiz

n

2. Find out the value of f(b)+f[%] if f(b)= [Ans.: 1]

1+n
3. If flx) = log x, then find out the value of f{(1) [Ans.: 0]

4. Find out the domain and range of function f(x)= 1f = . If the function is single? [Ans.:R]
x

)

5. Find out the value of b if f(x)= x f 1 e )
)

6. Prove thatx = f{y), if ¥ =f(x)= i j

7. Prove that fx) ‘f(-x) = 1if f(x)= ii ;g

8. Provethatf(x+y+z)=f(x) f(y) f(2), if {x)=¢"
9. Find out the values of f(-1)and f(%] if f(x)=x"+ xiz [Ans.: 2, (xiz+ xzj ]

10. If flx) = x7 - 6x% - 247 + 12x° + x* - 7x* + 6x% + x - 3, then find out the value of f(6) [Ans.:30]

11. Which of the following functions are not defined for the value of x?

1 1 x4
(@) (b) 55 © 52
(@ tan x © V= 0

LOVELY PROFESSIONAL UNIVERSITY 13



Mathematics for Economists

14

Note

12. If f{x) =3x*+ 2 and g(x) = 2x + 5, then find out the value following:
@  (f+g) O) (F+8)(-2) (b) (f-8) ©G) (f-g) (1)

© (f9 Gj (fe) (M) d) (Q(z), [Q (-1)

13. If A={a b, ¢, -1}, then explain if following relations are function of A in A. Describe the

reason also:
(a) R1 = {(_1/ C)/ (C' b)' (a/ b)/ (_1’ _1)}
) R,={(@b), (b0, (1), (-1,0)}

2x+5,x>9
14. If f R — R, where f(x) =" =1, x€(-9,9) then find out the value of f(3), f(12), f(~15) and
x—4,x<-9
A}

x2—x,x22

15. If g: R — R, where g(x) = { find out the value of g (5), g (0) and g (-2) in 3,

x-2,x<2 '
where 3<x<-1 [Ans.: 20, -2, -4]

—6x —3,where — 1 <x <0, then
16. If fx) = 3x-3, where 0<x<1

(a) Find out the domain of function f.

1

(b) Find out the value of f(-2), f (*

3 )£ s, 1)

(¢) Solve the equation 2f(x)+3=0

Ans.: (a) D={x:-3<x<1} (b) 3,-3/2,-3,3 (g x=-1/4&1/2

1.12 Graph of Functions

If y = f(x), is the function of x, then assigning x, x,,.....,.x ,..... etc. to x, value of the function will become
fx), fx)sens f(X)senene OF (Yyy Yy vveisYpeennnn) Tespectively. If as per the symbolic geometry, putting x
on x-axis and y or f(x) on y-axis, marking the points as {x,, f(x,)}, {x, f(x,)}, ....... Ax, fx)) etc, a
smooth curve is drawn, then the same curve will be call Graph of Functions.

For sketching the drawing of function y = f(x), for the selected value of x, find out the value of y or f(x)
and draw a table

x -3 -2 -1 0 1 2 3
y=f) | f(3) | f(2) | D) | fO) | fO) | £2) | fO)

Now marking points {-3, f (-3)}, {-2, f(-2)}, {-1, f(-1)}, {0, f(O)}, {1, fF (D)}, {2, f (@)}, {3, f(3)}, etc.ona
square paper, draw a smooth curve. This will be called Graph of Functions.
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Note

Yl"

Example 1: Draw a sketch of function y = 4x + 2.

Solution : Assigning different value to x and determining values of y, following table will be drawn

x -2 -1 0 1 2 3 -

N | =

y —6 -2 +2 6 10 14 0

Y’V

Now taking 1 box =1 on x-axis and 2 boxes = 1 on y-axis, mark-up the points. Join them together.
This is the final drawing. This is a simple line.

Example 2: Draw a sketch of function y = x.

Solution: Table for y = x

X —4 -3 -2 -1 0 1 2 3 4 5

Y —4 -3 -2 -1 0 1 2 3 4 5

LOVELY PROFESSIONAL UNIVERSITY 15
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Note

YA
6l
5~ (5,5)
41 4, 4)
31 3,3)
2 22
a2y
X" (1, -1) 9_11 2 3 4 5 6 ¥
(-2.-2) )
(-3, -3) -3
(-4, -4) 4
-5
-6
v
e
Example 3: Draw a sketch of y = | x]|.
herey =x, ifandy = -x, ifx <0
Table for y = | x|
x 4 3| =2 -1 0] 1 2 3| 4
y 4 3 2 1 0 1 2 3| 4

16

(-4, 4)

(-2,2)

< | | | | |

X -6 -5 -4 -3 -2 -

10
1k

()% =
e 4
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Example 4: Draw a sketch of function y = % if x#0.

Solution: This function is called Signum function, which can be expressed as under

Table for function y = —

1,if x>0
f(x)=40,if x=0
-1,if x<0

x
x| 4| 3|2 ]|-1]1|2]3
y | -1 |-1|-1]-1]1|1]1
Drawing of this table has been reverse figure.
Ya
4 —
3 -
oL
10—e—e—e—>
< | | | | | | | | 'S
x -4 -3 -2-10] 1 2 3 4 X
<«——e—o——O- -]
--2
- -3
- -4

YV v

Example 5: Draw a sketch of y? = x3.

Solution: Here if x is a negative, then value of y is imaginary. Therefore, we will take only positive

value of x.

Table for y? = x3

y | 0| +1 | +28

5.2

LOVELY PROFESSIONAL UNIVERSITY
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Note Drawing of this table has been reverse figure.
Y a
(3,5.2)
(2,2.8)
WALEY
< | | | | | | | | | | >
X' @) | (1, _1) X
(2,-2.8)
- (3,-5.2)

Example 6: Draw a sketch of y = x2 - 4x + 5.

Solution: First of all create the following table

X —4 -3 -2 -1 0 1 2 3 4 5 8

y 37 26 17 10 5 2 1 2 5 10 37

Here we see that as much as the value of x increases, the value of y also increases and marking
X —0, Y =0 when X = —©, ¥ =+, we will find the following smooth curve.

®,37)

(-3, 26)

(-2,17)

(-1, 10)

©.5),

x> 87 6-5-4-32-10-12 3 456 7 8 x
-4

-8
-12

-16
-18

Y
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Example 7: Draw a sketch of xy = 4. Note

4
Solution: Here ¥ = 7 therefore if x -0,y > and if x >0,y =0

Table for xy = 4

X —00 —4 -3 -2 -1 0 1 2 3 4 o0
X 0 -1 —é -2 -4 0 4 2 é 1 0
3 3
x2-1
Example 8: Draw sketch of function y = 1"
x —_—
. . . . (x-1) (x+1)
Solution: Here function x =1 is not defined. Besides for each value ¥ = 1 (x+1), (x=1)
is defined.
2
-1
Table for function Yy = e
x-1
1 3 -1 -2 -3 -4

LOVELY PROFESSIONAL UNIVERSITY 19
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Note Drawing has been shown in the following figure

Example 9: Draw sketch of function y = e

Solution: Assigning different value to x, and getting value of y, following table is prepared

1
Table for function V¥ = 1+

x| 2| 1| -

N | =
—_
N | W
N

WIN
—_
NN

111
3 | 2

Drawing has been shown in the following figure

Y'v
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Example 10: Draw a sketch for curve x2 - y*>=9. Note

Solution: Following is the given curve x? - y> = 9 or (x2/9) - (y2/9) which is a hyperbola of
(/@) - (y*/b?) =1

Ylk
QB P
< 3] R
X! A’ 'o ”"’ 3 A X
e 3
R B S
yv'Y
Comparing them
@ =9and b?>=9
= @2 =+3andb=+3
) =q=3
And =b=3

Now OA on x-axis = OA’ =3 and
OB on y-axis=0B"=3

Taking distances into consideration an square PQRS is drawn.

1.13 Use of Linear Functions in Economics

There are many uses of linear functions and simple lines in economics. The price of commodity in
the market, is determined by demand and supply. If demand and supply function is given, then at
the equilibrium level, we can determine such a level of price and quantity, where both the seller and
customer would be satisfied.

Assume that demand function is g =16 - 4p ...(3)
And supply functionis g =-8 + 4p ... (ii)
Where g shows the quantity of commodity and p is meant for price.

Now we will try to derive such a value of g and p, which would satisfy both the equations (i) and (ii).
For this both the equations need to be solved. In the state of equilibrium demand and supply

16-4p = -8 +4p

Or 8p =24
24
Or p= §:3

Putting value of p in equation g =16 - (4 x3) =16 -12=4

This way equilibrium price = 3 and quantity of demand and supply would be 4.
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Note We can also show these equations into the following figure

Graph

O 2 4 6 8 X

In the figure on x-axis quantity of commodity and on y-axis price of commodity is shown. DD and
SS express demand function and SS supply function respectively. Both of them intersect each other
on point E. therefore, equilibrium will also be obtained on point E. at this point y-axis will show
equilibrium price and x-axis will show the quantity of demand and supply.

Therefore, equilibrium price = 3 and quantity of commodity = 4.
Functions used in the economics

(@) Parabola

(b) Hyperbola

(¢) Logarithmic Function

(d) Exponential Function

(@) Parabola - This is used heavily in economics. If y is dependent on x and its exponents, theny is
called quardratic function. This can be expressed in the following manner:

y = a+bx+cx? (i)
Similarly If x is dependent on y and its exponents, then x is called quadratic function of y. Thiscan be
mathematically expressed in the following manner:

x = a+bx+cy? .. (i)
Both (i) and (ii) shows the general result of parabola. Here it is pertinent that in the equation (i) of
parabola x is not the factor of y and (ii) it is same in both x? or 1.

Here it is noteworthy that the center of above equations will not be on main point as shown in the

figure.
Graph
Ya
M P
L
X o X
Q
£
Ry v

If equation of parabola is > = 4ax, then the center of the equation will be on main point and parabola
curve will be as per the figure. Similarly, if the equation of parabola is x?=4by then parabola curve
will be as per the figure.
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O is called the Vertix of parabola in the above figures. For Parabola a simple line parallel to OY axis, Note
is placed on top opposite to the other side of the curve, which is called Directrix. Similarly, for curve
x% = 4by on the vertrix b is placed parallel to directrx OX.

Graph | Graph
Ya YA
P y'=4bx
M y'=4ax
< il > < P\\ F ,
X’ ON_F X: X X o 1 X
Q

M | Directrix
Y’ v Y'v

The simple line which goes from Vertrix and is parallel to Directrix, is called the axis of the parabola.
The axis divides the parabola in two equal parts. On the axis from top at the distance of a or b on the
opposite side of the directrix placed point is called focus. The special property of the parabola is that
focus of any point and directrix are placed equally on it.

(b) Hyperbola - Similar to parabola, hyperbola is also very much used in the economics. This
function can be expressed mathematically in the following manner:

Pl
— == 1 where g, b are constants
a- b
2 2
x Y
Or Z =7
a? b?
2 2 2
y x°—a
then PP
b? @
b2
yZ = afz (xz az)

If we follow the following facts, then

(i) Where x==%a,y=0

(ii) x> |a|, assumed thata=b=3then y=+/(x* - 9)

(iii) If x <2, then y’s value would be imaginary, but for the other value of x, following values of y
can be obtained

Value of x value of y
+2or -2 Oor0
+3 or -3 + /5 or _\/g
+4 or -4 + 412 or /12
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Note

Graph

93 4

If main point (0, 0) is the center of hyperbola, then hyperbola curve would be of following way

If center-point is (I, k), then the equation of hyperbola would be of different type

(-1 -k _,

a

2 b2
Generally, hyperbola function is expressed as xy = a, whereas a > 0.

() Logarithmic Function - When y is a function of log x, but not x, then that function is called
logarithmic function. The general equation for a logarithmic function is under:

y=oa+ B log x. Here if a = 0 and B =1, then the equation will be y = log x.

Assuming that logarithmic equationis y =5 + 5 log, ;x (here we have assumed o =5, B = 5) then

y=-5+5x0=-5 (x=1)
y=-5+5x1=0 (x =10)
y=-5+5x2=5 (x =100)
y=-5+5x3=10 (x =1000)

The curve for this would be as per Figure

It is noteworthy that the value of x in this equation can not be 0 or negative because it has no logs.
Most of the times e is taken as base for log.

The general equation for binary-logarithmic function is as under

logy = o+ B log x

Or log y = o log xP
logy -xf = a
y Graph
Or log Nl a
Yy _ .
xﬁ e Y4

y=c*xP = AxP
y=o+plogyx

Where A = ¢* '%
The special features of this function is as under s
A
(i) Ifp=lor Y= S orYy= A, then it will become o v ;(

orthogonal hyperbola
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(ii) If B <1 then y will increase at the rate of increase in x.

(iii) If 0 <P <1, then y decreases at the rate of increase in x.

(iv) If B <1, then y decreases when x increases.

Note

Here it is pertinent to mention that positive exponent is production function and negative
exponents are used in demand analysis. The special feature of this function is that exponent
describes constant elasticity.

(d) Exponential function - These are also very much important in economics. In this function y is
an exponential function of x instead of just a function. This can be expressed as

y=logx, y=ey=et

If our exponential function is y = b, whereas b >, 1 then its curve will be as shown in the figure

Graph
Ya
2 y=b
7
o
— >
O X-axis

X

Assume exponential function x = ABY, then this equation can be expressed in logarithmic for

as under:

Assume

log x =

ylog B =

1
log B

y

log A +ylog B

log x - log A

_ logx log A
logB log B

§ and — 084
log B

=a then

a + B log x, which is our logarithmic function.

Example 1: Assume that demand and supply are a simple line. If at the different prices, quantity of
demand and price is shows as under, then determine the demand and supply equation.

Price (P) | Demand (D) Supply (S)
2 40 50
5 20 60

Solution: Marking various points in the table above, we can give it a linear shape

Demand (D) Supply (S)
(40, 2) (50, 2)
(20, 5) (60, 5)

LOVELY PROFESSIONAL UNIVERSITY
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Note

Assume x = quantity and y = price, then equation of line joining (40, 2) and (20, 5) is

Yo~

y, = (v —x
vy xz—xl( 1)
Putting v,, y,, x;, and x, in to the equation
5-2
-2 = -40
¥=2= 5 4"
3
Or y-2= _—20(3(740)
Or -20(y-2) = 3 (x-40)
Or -20y +40 = 3x
Or 3x = 160-20y
Or ‘= %7§y=53.3376.66y

If x = D in place of demand and y = p in place of price, the demand equation will be
D =5333-6.66p

Similarly supply line passed through (50, 2) and (60, 5) points, and equation for joining line for these
points will be

y-2= 650_725 (x=5)
Or y-2 = i(36—50)
10
Or 10y - 20 = 3x -150
3x = 130 - 10y
x =13 +3.33y

If x = S in place of Supply quantity, and y = p in place of price, then supply equation will be
S =13+3.33p
Example 2: Find out the focus and directrix of following parabola

(i) y%=16x (i) x*=20y

Solution: (i) comparing y? = 16x

Thus, directrix is placed at the distance of - 4 at the opposite side from Top viz x = - 4 and focus is
situated opposite to the directrix at (4, 0)

ii) comparing x2 = 4by to x% = -20
p g Yy Yy
b=5

thus, directrix is placed at the distance of +5 at the opposite side of the curve from Top viz y =5 and
focus is situated at (0, 5).

Self Assessment

2. Multiple Choice Questions:
(i) Iff:x — y has been defined, then what would you call non-empty set x of this function (f)?
(@) Domain (b) range

() variable (d) constant
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(ii) If variable number y is depended on variable number x, then what would you call y = f(x)? Note
(@) Multi-variable function (b)  Single variable function
(c)  Explicit function (d) Implicit Function

(iii) Function expressed in the form of fraction, in which numerators and denominators are of
algebraic function of exponential value, is called

(a) algebraic function (b) Odd function

(c) rational function (d) undefined Function

1.14 Summary

® The rate of change in the value of other number and questions related to rate of such change
and analysis and study of functions is referred to as Differential Calculus.

® Changing quantities are referred to as variables. Quantities for which values keep on changing
viz which can be given indefinite numerical values are Variables.

® Numbers for which value is unchangeable under any process of mathematics, are constants.
® The principle of functions is mutually based on the related quantities.

® If function f: X — Y is defined, then non-empty set X is called domain of this mapping or
function (f) and non-element set (Y) would be its range or codomain.

® [fvariable y is only dependent on variable x, then y = f(x) is called functions of single variable.
Similarly y = f(q), s = f (f), v = f{t) etc. are functions of single variable.

® [f variable u is dependent on variable x and y, then u = f(x, y) is called functions of many
variable.

® Function with different exponential value of x variable, in which factors are certain is called
algebraic function.

® Function expressed in the form of fraction, in which numerators and denominators are of
algebraic function of exponential value, is called rational function.

® There are many uses of linear functions and simple lines in economics. The price of commodity
in the market, is determined by demand and supply. If demand and supply function is given,
then at the equilibrium level, we can determine such a level of price and quantity, where both
the seller and customer would be satisfied.

® The simple line which goes from Vertrix and is parallel to Directrix, is called the axis of the
parabola.

1.15 Keywords

® Domain: Affected area.

® Range: Series, limits of variation.

1.16 Review Questions

1. Express the following functions with graph:
(@) y=flx)y=5-3x; forrangex=-2tox=5
(b) y=flx)y=2x*-5x+1; forrangex=-5tox=7

(©) y:f(x):%forrangex=1tox=9
x
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6.

Determine the demand and supply function with the help of following table

Price (P) Demand (D) Supply (S)

1 100 50
2 50 75
3 0 100

Determine price and quantity with respect to equilibrium of demand and supply function of
any market from the following:

(i) D=15-3p;S=-10+2p

(il) D=12-2p;S=-20-4p

(ili) D=50-4p;S=2+10p-p?

The demand and supply function of any commodity is as under
(i) D=100-10p S=-12+9p

Find out the vertex, focus and directrixs of parabola
(i) y=x2+3x-2 [Hints: —Y :(x 5

(i) (x-27=4y-16

L is Labour and K is capital in the production function y=5,5 K3. If in short term capital is
constant and K=100, then draw the production function. Determine labour product(Y/L)and
draw its curve.

Answers: Self Assessment

. (i) variable, (ii) constant (iii) related, (iv) radius, (v) rational

SONCY (i) (b) (i) ().

1.17 Further Readings

N

Books Mathematics for Economics - Council for Economic Education.

28

Essential Mathematics for Economics - Nutt Sedester, Peter Hawmond, Prentice
Hall Publication.

Mathematics for Economist - Mehta and Madnani, Sultan Chand and Sons.
Mathematics for Economist - Carl P Simone, Lawrence Bloom.
Mathematics for Economist — Simone and Bloom, Viva Publication.
Mathematics for Economist - Malcom, Nicolas, U C London.
Mathematical Economy - Michael Harrison, Patrik Walderon.
Mathematics for Economist - Yamane, Prentice Hall Publication.

Mathematics for Economics and Finance - Martin Norman.
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Unit 2: Limits and Continuity Note

CONTENTS

Objectives

Introduction

2.1  Limit of a Function

2.2 Right Hand and Left Hand Limits

2.3 Working Rules for Finding Right Hand Limit and Left Hand Limit
24  Existence of Limit

2.5  Distinction Between Limit and Value of a Function f(x) on x =a
2.6 Value and Limit of a Function

2.7  Theorems on Limits

2.8  Method of Finding the Limit of any Function

29  Geometrical Definition

210 Continuity of a Function at any point

211 Geometrical Meaning of Continuity

212 Method to Finding Continuity of a Function at any Point

213 Continuity of a Function in an Interval

2.14 Theorem on Continuous Functions

215 Summary

216 Keywords

217 Review Questions

218 Further Readings

Objectives

After reading this unit, students will be able to :

e Easily Solve the Problems Related to Limit of Function.

e Easily Solve the Inter-related Problems of Limit and Value at x = a of Function f(x).
e Understand the Theorem of Limits and Related Questions.

o Know the Method of Finding the Limit of any Function.

e Know the Geometrical Definition.

e Know the Method to Finding Continuity of a Function at any Point and Solve the Related
Problems.

e Understand the Theorem on Continuous Functions and Related Problems.

Introduction

1. Explain the following geometrical series

1
—+ —+—+1t0 infini
STty to infinite.
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Note

Total of 1 term = .5
Total of 2 terms = .75
Total of 3 terms = .875

Total of 4 terms = 9375

Total of 5 terms = 96875
Total of 6 terms = 984375
Total of 7 terms = .9921875
Total of 8 terms = 99609375
Total of 9 terms = 998046875

Total of 10 terms = .9990234375

From the above it is apparent that as long as the term grows, total of the sequence moves
towards 1, although the total could not be equal to 1.

Thus taking into account the sufficient number of terms, we can reduce the difference of total
and 1 as much as we want.

Assume that in a circle with the given radius, a polygon is drawn. It is clear from the geometry
that:

(@) The area of polygon can never exceed from the area of circle, even
if the polygon has more number of arms.

(b) By increasing the number of arms indefinitely, we can reduce the
difference of area between circle and polygon as much as we want.

In calculus the fact can be expressed that the limit of area of polygon
drawn under a circle, where the number of arms of polygon increases
increasingly (viz moves towards indefinite), is the area of circle.

}llgi area of polygon =area of circle

Limit of a sequence.

. . 1
Consider on the sequence 1, for which s = —] where s expresses the
n

1
sequence of n” term. We see that as the value of n grows the value of — goes down. In fact,
n
1
selecting n sufficiently greater we can scale down — as much as we want. Here if n > 10,000
n
1 . 1 S e
then — <0.0001 and if n > 10 then — <10 Thus we see that as the minclines towards infinite
n n
1 .
— tends to zero (0). We see that limit of sequence {s } is 0 and this is taken as lims, -
n

0

L2 forwhich 5= hat as th
53745 or which s, = = . We see that as the n grows s,

inclines closer to 1. In other words in fact, selecting n sufficiently greater we can scale down
the statistical difference between s and 1 viz. |s - 1| as much as we want. For this sequence.

Now we will consider 0

lims, -1

n—>o0
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Generally for any sequences,, s,, s,, 5,,......, choosing n sufficiently greater, if we can reduce the Note
difference |s -A| of s, and any number A as much as we want, A will be called the sequence

of {s } and this can be expressed as

lims, - 4

n =
n—»ow

Now the sequence is 1% 22, 3% 4%, ...... ...

And considering on this we see that as the value of n grows, accordingly s grows. Taking n
sufficiently greater we can maximize s, as much as we want. Here n>100, s >10° if n > 10"
Infact S here can be made greater that any greatest number. This can be expressed as S, — o
if n — oo is expressed.

4. Before defining the limits of function, it will be better to consider the following example.
Some functions are undefined for special value of x, such as .

x°— .0 .. .
at x =1is — viz indeterminate.

It is clear that the value of

0.9)~1
If x = 0.9 then the value of function ( 0 9)_ 1 =1.9,
0.99) - 1
If x = 0.99 then the value of function # =1.99,
0.99 -1
0.999)* -1
If x = 0.999 then the value of function % =1.999,
0.9999y—1
If x = 0.9999 then the value of function etc. % =1.9999 and so on.
0.9999 -1
X 0.9 0.99 0.999 0.9999 -—
flx) 1.9 1.99 1.999 1.9999 —

X2 -
Thus we see that as the value of x goes closer to 1, the value of function tends toward 2.

. . (1.1 -1
Now if x = 1.1 then value of the function = q1-1 =21
1.01)%* -1
if x =1.01 then value of the function = % =2.01,
1.01-1
_ ) (001 -1
if x =1.001 then value of the function = o1 - 2.001,
1.0001)* -1
if x =1.0001 then value of the function = % =2.0001
1.0001 -1
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X 11 1.01 1.001 1.0001 -

fx) 21 2.01 2.001 2.0001

X2 -
Here we see that as the value of x decreases and goes down to 1, the value of function reaches

to 2.
Thus, whether the value of x decreases down to 1 from a little more than 1 + ¢ (where e is smallest
independent positive number) or increases to 1 from a little less than 1 + ¢, the value of the function

2

X
tends to a certain value 2. This certain value 2 is called limit of the function atx — 1. This can

x—1

¥ -1

lim =
be expressed as under T~ =2

2.1 Limit of a Function

Assume y = f (x) is a function and h,, K, ...... I, . is a set of positive numbers, which value is
continually decreasing viz

hy>hy>hy>.>h > >0 (1)

And which, choosing n sufficiently greater, can be made smaller as desired. In this state, as the h
goes down, the value of function decreases

fla+hy), fla+hy, ., fla+h,) -2
If a number tends to A then this number is call right hand limit of function f{x) at x = a or this number
A is called the right hand limit of function f{x), when x tends to a. This can be expressed as:

lim f(x) =A=fa+0)

x—a+0

Here we have considered only those values of x, which is greater that a. (in the figure only a at the
right side)

| e

#%%lllllllllll==
0]
+h, t

a

Now we will consider those values of x, which is smaller (viz in the figure only at the left side of a.)
As h, goes down, the value of function f(a - h,), fla - h,)......fla - I ),...... tends to B. This number B is
called the left hand limit of function f(x), when x = a.

This is expressed as 1M f(¥) =B =fa-0)

x—a-0

If A = B viz lim f(x) = lim f(x)

x—>a+0 x—>a-0
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Then A is called limit of f{x) atx =a Note

Sethy, Iyyececs By is a sequence, for which limit is 0. Similarly second makes sequence (2). Here is
it to be specially noted that for limit to exist, like sequence (1) f(a + ) every type of sequence should
tend to A. viz the statistical difference of f(a - 1) - A, choosing h,_sufficient smaller, can be reduced

as desired. Assigninga+h {ora-h}=xor | x-a | =h we can define the limit as under

Definition - At x = g, limit of function f(x) is any number (assume A, which has the property that for
each value of x for which |x - a| viz x - a is numerical value) sufficiently smaller (but not zero), | f(x)
- A| viz the numerical value of f(x)-A is smaller as desired.

Limit can also be defined with the following

Second definition of limit

When x — a (when x tends to a), the limit of function f(x) is any number (Assume A), which has the
property that for any independent positive smallest number g, a second number d greatest than 0 can
be obtained, for which |f(x) - A|< ¢ for every values of x,

0<|x-a]<8d.

=7|

Notes If at x = g, L is the limit (L) of f(x), then this can be expressed as

lltrilztf(x) =Lor Imf(x) =,

x—a

2.2  Right Hand and Left Hand Limits

2.2.1 Right Hand Limit

When the limit of function is obtained from the right hand of the independent variable, then it is
called Right Hand Limit (R.H.L.) and applying positive (+) sign for the right side, this can be
expressed as under

Right Hand Limit = f(a + 0) = lim f(x) =1,

2.2.2 Left Hand Limit Y4
When the limit of function is obtained from the left hand of the "‘/\
independent variable, then it is called Left Hand Limit (L.H.L.) TN
and applying negative (-) sign for the left side, this can be expressed T * !
as under 1
ly l
imit = ~-0y= 1 =
Left Hand Limit = f(a - 0) m fx)=1, l R
0] a X

2.3  Working Rules for Finding Right Hand Limit and Left Hand Limit

(i) To obtain the limit of right and left hand, replace x variable with (x + 1) ad (x - 1) respectively
in the function

(ii) Thus, obtained function x, should be replaced with point (assume a)

(iii) Now at i — 0 determine the limit of function [viz function obtained by (ii) to be put in the
above, put i = 0].
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Example 1: At x =2, find out the

Discriptive Examples

right hand and left hand limit of function f(x) =

2+x "
Solution:
Right Hand Limit Left Hand Limit
_ 1 _ 1
L faeth) =5 i) L foe=h) =5 w—n
1l PR W S 1l 2-h) = S
' ferhy =5 e m T aen : fe-M =5 e ny = a-n
m. lmf@+h) - limo— m. M goop) = limo—
1 1
Or fe+o) =5 Or fl2-0) = .

Example 2: At x =0, find out the right hand and left hand limit of function f(x) = x cos (lj .
x

Solution:
Right Hand Limit Left Hand Limit
1 1
L flx+h) =(x+h) S 7 L flx=h) =(x-h)cos”
1 1
1I. f(0+h) = hcos m II. f(0-h) =-hcos [* Ej
lim lim 1 lim lim 1
1L oo f(O+h) =350 hcos n 1L nso f0=h) =355 (-h) cos h
lim lim 1 lim lim 1
= oo hx 355 cos h = oo (-h) 355 cos h
= 0 [finite value in between =-0 [finite value in between
-lorl ] -lorl
Or f0+0) =0 Or f(0-0) =0
24  Existence of Limit

If at x = a both the limits of right and left hand of any function f(x) exist and are equal, then at x =g,

there is existence of limit of function f(x) viz lim f(x) = lim f(x) =1 (Assumed)

Here 1 is called limit of the function and this is expressed as under chlir}l fx) =1.
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Note

2.5 Distinction Between Limit and Value of a Function f(x) onx=a
lim f(x) =1 fia)

1. Limit of the function is a number, towards A number which is obtained putting
which function trends to respective when x = a in function f{x)
the value of independent variable x tends to a.

2. To know h limit, we get to study the values of To find out the value at x =4, we get
to f(x) in the small neighborhood of x = a and find out the value of f(x) at only x=a
conclude

3. At x = g, there can be existence of limit f function At x = a there can not be the value

of function
2.6  Value and Limit of a Function

For the any value a of variable x, value and marginal value of function f{x) should be different is not
necessary. There are some kinds of function for which at x = g, value and marginal value of f(x) are

equal viz f(a) = }Clgclt f(x).

2.7 Theorems on Limits
?
Did uknow?  If f{x) and ¢(x) are two function and then 1M f(¥) =4 1lim 4v) = p
then, 0 M) £ ) = BmfO) £ lim gy =A 2B
() 0 fk A=k M fx) = kA
i) T ) 000} = M fv). M g(x) = AB

Which has the property that limit of function f(x) is any number (A assumed)

lim f(x) 4
() lim % = limo(x) g lif B=0.
(v) lmf(x) = lim g5 4 g

2.8

Method of Finding the Limit of any Function

Although to find out the limit, we should find out the limits of right and left hand, but the intermediate

level, we can often find out the limit directly.

Ify=f(x)= () , then to find out the limit, there would be following four types:
b4

(*)

Type I: where x — a: if ¢(a) =0, ¥ (a) =0, f(a) =

in the following way

o|lo
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(1) Solving the function and assuming x # a , remove the common factors of numerator and
denominator and

(ii) Then find out the value assigning a in place of x in the balance factors. This will be the limit
of function t x — a.

Type 2: Assigning x = a + h to solve the limit of f{x) at x — a, here h is an indication of positive or
negative increment. Find out the limit of f(a+h). Where 1 — 0 viz putting /1 = 0 in f(a+h), get the value
of function. This will be the limit of function at x — a, because when

X=a+handx —>athenh-0

Self Assessment

1. Fill in the blanks:

(i) If any number tends to A, then at x = a this number A of function f{x) is called

(ii) If the limit of function is obtained from the value of left hand of independent variable, then
itis called.....................

(iii) If at x = a both the limits of right and left hand of any function f(x) exist and are equal, then at
x=a,thereis .............oeeinn of limit of function f(x).

(iv) For the any value a of variable x, value and ............... value of function f(x) should be
different is not necessary.

(v) Although to find out the limit, we should find out the limits of right and left hand, but the
....................... level, we can often find out the limit directly.

EXAMPLES WITH SOLUTION

Sometimes it is not easy to divide with common factors. In this state applying the (ii) method, limit
can be determined easily. Following examples make it clear. If it is not possible to divide the
numerator and denominator with a common factor which is not zero, then after expansion in series
or transformation, it can be possible.

3 3
. X —a
Example 1: Find out the value of 11_1){} R
3 3 2 2
. X —a . (x—a)(x"+a +ax)
s one lim = lim
Solution: RN Hm (x—a)
= lm (x?+ a2 +ax), [ x=a]
= a?+a?+a?=3a2 Ans.

1 1+x)—
Example 2: Find out the value of lim og. ( 5 xX) -« .

x>0 X
2 3
. log, (1+x)-x {x—-#—..}—x
Solution: 1}3} T = lim 2 ?
x>0 X
X 2[ 1 x }
R X -=+=-
_£1£I(} x2 N l}iﬁ} 2
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] |: 1 x :‘ Note
= lim|——+——-..
x>0 2
1 1
= —-——40-... = —= 3
’ 5 Ans
o
x3 _ b3
Task  Find the value of lirr; ) [Ans.: 307
X —> x -—
. [x*—2ax+a®)
Example 3: Find out the value of lim x—a
(¥ —2ax+a?) (x —a)?
Solution: lim| ———— = lim~——=
xX—a x —_— u x—>a x —_ a
=1XiE} (x-a)=a-a=0. Ans.
. x"-3x+2
Example 4: Find out the value of lxl_Ig P tx_6 °
x*—3x+2 L (x=2)(x-1) . (x-1)
fone li — lim = lim ..
Solutlon. XIE)I; x2 +x-6 Y52 (X*Z) (x+3) x1~>2 (x+3) [ x £ 2]
2-1 1
21375 Ans.

Type 3: Limit of Irrational Function

If y = f(x) and f(x) is an irrational function, then to find out the limit of f(x) first of all, the function
should be made rational and then applying 1 method, find out the limit

3MM+x-1

Example 5: Find out the value of lxll’)l’ol :

1
PL+x-1 (1+x)°-1

Solution: lim ~———— = lim
x>0 X x—0 x
1 1(1_1]
_ Tt-x+2 3' P o—1
im 3 2!
x—0 X
i(-3)
2l 1 1
—111rnl+3 3 F v w=7+t0=—, Ans.
150 3 21 3 3
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(1+ x)l/Z _ (1_ x)l/Z 1

Example 6: Prove that lim
x=0 X

1 1/2_1_ 1/2 _ —
Sotution: lim (0T Jlrr ol
x> x

X x—=0

. 1+x—-yl-x 1+x+1-x
1

- lim x

0 x Jl+x+1-x

lim T+x)-(1-x) lim 2x
T ooy (JTHx+f1-x) T =0 x(fT+x+1-x)

lim 2 -2
T o0 lex+1-x 1+1 -1 Ans.

Type 4: To know the limit of function when x — co.

1
In this condition, first of all putting x = 7 change the form of limit from x — « to Z — 0. Then

applying method 3, find out the limit

. i X ¥3x7
Example 7: Find out the value of 1M 522+ 2x+1°

o0
Solution: It is clear that if x = o is put, then numerator and denominator would become o

therefore dividing both numerator and denominator with x?

9+ 3 + 7
9’ +3x+7 x x> _9+0+0
lim o ——— = M0 "2 1T 5,010
wom 5yt 4+ 2x + 1 5+Z24+ +U+
x  x°
=5 whereas x — ©
37 2 1
Since x — o therefore, —, —5, =, — will tend to zero and function will tend to —
x x° b5x «x 5
9P +3x+7 9
Therefore, 1im 52 +2r+1 " 5° Ans.
. x"—a” _ m-1
Example 8: Prove that Llfgﬁ =ma  where m is a rational number.
Solution:
. m _ aﬂl
First method: Left Hand = l}{fu‘ Y —a
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Note

Ca+x" P at L ra

) (x_a) (xm—l +xm
= lim
x—>a (x_a)

= lim (" X" a7 @ 448" (when x % a)

x—a

m—1 m—-1

=g"'+a" "+ +a"" = "' = Left Hand.

m m

X —a

Second Method: !}E} P (if x =a + h whereas x —>a, h — 0)

m
_(at+h)"—a" a" (1 + ,j —a"

=1 = 1.
"N (@+h)—a - lim ’
2
a” {1+m(h)+m(m—l)(h) +....—1}
- . a 2 a
lim
h—>0 h
amh{m+wg+,_“;
= 1 a 2 a
lim
h—0 h
- lim a" {ﬂ+wﬁz+...},(h¢0)
h—>0 a 2! a
m m m-1
=a X;IWW = Left Hand.

|

Notes  To determine the limit of algebraic function, this is used in the form of major formula.

Example 9: Find out the value of }(1_1}(}(1 + %) .

Solution: lim [1 + g)

. 1\
Upper limit lim (1 + ;j —.

. ( p x/p)P
fim [1+§j =ef, or J?Ew L1+mj = Ans.

[ log x)
Example 10: Find out the value of il k 1-x)-

x—1

Solution: x =1 + /i, where h is smallest
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h——+——
If limlogx_lmlog(1+h) 1 2 3
=1 l—x 5 _ h0 _
h h
2
= lim - 1_*+h*_ J (wWhenh=0)=-1 Ans
h—0 3 . .
. ex - -X
Example 11: Find out the value of lim
x=0 X
e —e? . 1|( S ( 2 )
Solution: 1)1{;[(} . = l}_I)I('Jl x|:k1+x+2!+3!+....J—L1—X+2!—3!+....
3
= lim— 2(x+x—+ )
x>0 x L 31
. (. 2 )
= £1£%{2L1+3!+""J [ x#0]
=2 Ans.
A |
Example 12: Find out the value of lim
x—0 X
1 [1+x+x2+x3 oo] 1
. e p— . T eees -
Solution: IXIE(} L " lim 2t 3!
x—0 X
[ ¥ X ] [ x X’ ]
X+t 0 x| 1+ -+ +
_ 21 31 _ 21 31
~ lim ~ lim
x—0 X x—0 X
2
= lim 1+£+x—+....oo]
xa 21 3!
= (whenx#0)=1. Ans.
L 1+2+3+...+x
Example 13: Find out the value of 15{3#
. 1+24+3+.+x . ox(x+1)
Solution: lim —————— = lim———
e x 5w Oy
x? (1 + 1) 141
= lim ———— = lim X
x> 2x xow® 2
_ L { Iimle}
2 x>0 x
. 1
Therefore, the desired value is = > Ans.
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a® -b* . a*=b"
=log, —. or find out the value of lxlf(}

S e

Example 14: Prove that lxlil(}

X X

Solution: It is clear that when x = 0 then numerator and denominator become 0. Therefore

expanding a* and b* with the help of exponential theory

ax KX ex log,a _ ex log, b
Lefthand = lim = lim
x—=0 X x—=0 X
2 2
{1+xlogf a+(xmg"u)+...}—{l+xloge b+(xmg“b)+...1
=1 2! 2!

xWO&aY—UO&bV1+m}

£i£r(} {Iogz a-log, b+ T

a
log, a—log, b=log, [5) = Right hand
Example 15: Function f(x) is defined as under

1, when x>0
-1, when x<0

0, when x=0

f) =

Show that Lim f(x) is not in existence

X0

Solution: here f(0 + 1) =1.

So that Right hand limit=f(0 +0) = 1M fx) = Hm (1)=1

and f(0-h) =-1

Therefore Left hand limit = {0 -0) = 1M Ax)= lim 1)=_1,

x—>0-0

lim (x) # lim (x)

x—>0+0 x—>0-0

im 45} is not in existence

x>0

|x-2

is not in existence.

Example 16: Show that lxlgzl

Solution: Where x>2,| x-2 | =(x-2)

i lim [x=2] lim *= 2
RHL. = x—}g{}of(x)= x>2+0 x —2 = x>240 x — 2 =

| Cx2 o —(x-2)
LHL.= xl—{?}o (x) = xl—yZI}O x—-2 = xl—er}O x—-2 =-
R.H.L. # LH.L.

. |x=2] . .
Therefore, lim % is not in existence
X

-2 x —
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2

, x#1 .
Example 17: Function f(x) for which f (x) = {3; i _q show that lxlfll flx)=1.
Solution: Jm ey = m fa+my=1m @ +n2=1
and A, fy = B g1 -ny = @ -m2=1

lim (x) = lim x)=1

x—>1+0 x—>1-0

Therefore, lim fyy=1.

x—1

Example 18: Function f(x) is defined as under.

X, when 0< x < %
— 1
f®)= o, when x = >

1-x, when%<x$1
lim

Find out the value of I3 f(x)

1 .
Solution: RHL.=f (E +O) = lim f(x)

x—>1/2+0

h—0

lirnf(1+hj = lim{lflfh} = lim{lfh
2 L 2 h 2

f@—OJ = lim f(x) = }I%f(%—h]

LHL. = im
(3-1)-3
=lim|--h|==
h—>0\ 2 2
RH.L.=LH.L
. 1
Therefore XI_I)I]I/IZ flx)= >

Find out the value of following:

1 lim (7x2 - 5x +1) 2 lim -1
x—>0 . . X0 ex
li eY/z — li x3 -1
m .
3 XILI(‘)[ x 4 ol x -1
limx2—4 I e -1-x
5 2 x —2 ' 6 ,\ILI(} xz
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11.

13.

15.

17.

19.

20.

21.

22.

23.

11.

16.

2

A 2 _ 2 3 li
IXIE(}X where y° =ax +bx” +cx”. 8 M-
i fA00 lim X =
Ta . 10. M2,
lim - lim X' -8
x—>1 x2 -1 12. x>0 x =2
lim L lim ¥ o1
x>a x _az ’ 14. x—>1 x -1
. x*—5x+6 . 3x*+2x-5
lim ———. 16. L
=2 x° —6x+8 oo x" 4+5x +1
. ( 1)x lm—
fim(1-—) . 18 50 Avx-1
If f(x) = | x|, then show that M £x)=0.
x—-1]| .
Iffix)= ", 7 - thenshow that lim fAy) s not in existence
Function f(x) is defined as under:
X if 0<x<1
2, if x=0
ftx) =
2-x, ifx>1
Show that M fx)=1.
e -
Prove that lim ———=1.
et 11
i lim ——
Find out the value of I}~
Answers
1
1 2.0 3. > 4.3 5. 4
1
) 7.a 8.1 9.1 10. 242
3 12. 4 13 §a‘ 14 15 1
> . -5 .n -
1 m
3 17. = 18. 2 23. —
e n
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2.9 Geometrical Definition

Continuity and Discontinuity: If drawing a graph of any function f{(x), the curve which we obtain.
And it is in such a way that it does not break on any point x = 4, then the function is called continuous
on that point.

v
v
v

(@) (i1) (iii)

Contrary to this if at any point x = 4, the graph of function f(x) breaks, then at point x = g, function f{x)
will be called discontinuous. Looking at the graphs of the functions it is understood if in figure (i) of
f(x) at x = a, any height k is a jump that if we are moving from left hand to right hand of the graphs,
then x = a is a break and we have to lift the pencil from one side of x =a to another side. The curve of
function (iii) at x = a is break. Function (ii) is not break at x = a viz the curve is in such a way that it
does not break. Therefore, at x = a, function f{x) is continuous.

Example 1: If we draw the graph of function y = x?, then this is a parabola as shown in the shape. On
the graph of such functions if we from right to left or from left to right, then we will not observe any
break and if we draw pencil on this graph from one side to another side, then in between we will not
be required to lift the pencil. This is a continuous function.

Y4
T
y
4 i b
X' Ole—x —» X
Y'v

Example 2: If we draw the graph of , then we will find two parabola and one point (1,1) as shown in
the figure. Here we move from right to left or left to right, then at x =1 there is a break in sequence.
And if we start moving from one side of x =1 to another side, then at x =1 we have to lift the pencil.
This function is discontinuous.

1 .
—x? if x <1
2 2
y=1L if x=1
1, .
1+=—x°, ifx>1 1|
2
We see that if at any point the function is discontinuous then at : ; ; :
the point there is a sudden jump in the value of function, whereas 9 1 1 9
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at the change of value of x, the value of function changes gradually. Thus, if at any point x = g, Note
function is continuous then the value of | f(x)-f(a) |, can be scaled down at the small neighborhood of
a choosing the smallest value of x.

210 Continuity of a Function at any point

Cauchy’s definition: A function f{x) is called continuous at x = a. If for one chosen arbitrary positive
number €, which is the smallest one, but not a zero, we can obtain a positive number & based on € that
|f(x) - fla)| <e, for every values of x, for which0 < |x-a| <&

Viz at any point x of interval (a-6 a+3), the positive difference of function f(x) and f(a) is smaller to
arbitrarily defined positive number e, then at x = a, function f(x) is called continuous.

Alternate definition: Function f(x) is called continuous at x = a if there is existence of }CIE} and that

is equal to the value of function at x = a.

=7|

Notes  f(x) = fla) viz limit of [f(x) where x — a] = [Value of function, where x = a]

Therefore, if f{a+0) = f(a - 0), then f(x) at x = a is called continuous otherwise it is discontinuous.
Function f(x) is called continuous on point x = g, if the function satisfies three conditions:

1. If at x = g, function f(x) is defined viz there is a certain value of function at x =a

lim

x—a

2. When the value of x tends to a, and f(x) inclines towards any limit viz there is existence of

fx)
3. M fy) = fla)

211 Geometrical Meaning of Continuity

Assume QR is the graph of function f(x). In this graph
consider on point P[a,f(a)]. If € is any arbitrarily taken
positive number, then lines y = f(a) -¢, y = f(a) + & will
be parallel to x-axis and down and up to P.

1
1
|
]
e« -

If each points of the graph of function f(x) is between the
two lines x = a - 8, x = a + § is also available in between fla)

S e L L S S S S e

y=a—¢g=atg, then function f(x) at x = a is continuous.

4

For example: (i) Constant function f(x) = ¢, for eachreal A ---1---------
value of x is continuous.

(ii) function f(x) = sin x and f(x) = cos x, for each real 0

=

]
1
1
1
1
1
value of x is continuous. / :
E x=a G

212 Method to Finding Continuity of a Function at any Point

lim

From the definition of limit it is clear that existence of ! f(x) can happen only

when left hand limit of f{x) = right hand limit of f(x) viz
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M S = I f)
Viz fla-0)=fla+0)

Therefore, to show the continuity of function f(x) at point x = a, we should show that at this point
left hand limit of f{x) = right hand limit of f(x) = value of function viz

A fw = 2 fw) =fla)

x—>a x—>a

Or fta-0) = fla+0) = f(a)
For Right Hand Limit in f{x), put x = a + h, where i — 0 where x — a

For Left Hand Limit in f(x), put x = a - h, where h — 0 where x — a

213 Continuity of a Function in an Interval

A function f(x) is called continuous in an open interval (a,b) if it is continuous for every values of x
in this interval (a,b)

Function f(x) is called continuous in any closed interval, if

(i) Itis continuous for each value of x for whicha <x <b
i) L7 f0=f@)

(i) 1M, Ax) = fb).

Viz function is continuous in open interval (a,b) and at x =a from right side and at x = b from left hand
side is continuous.

Discontinuity in an interval: Function f(x) is called discontinuous in any interval if it is discontinuous
at any or many points of interval.

214 Theorem on Continuous Functions

(i) If both f(x) and g(x) at any point x=a is continuous, then f(x) £ g(x) also will be continuous on
X =a.

(ii) If both f(x) and g(x) at any point x=a is continuous, then f(x) g(x) also will be continuous on
x=a.

(iii) If f{x) at any point x = a is continuous and k is a certain real number, then kf(x) also will be
continuous on x = a.

x
(iv) If f{ix) and g(x) at any point x=a is continuous and g(a) # 0, then o(x) also will be continuous

onx=da.

(v) If f{x) at x=a is continuous and f{a) # 0 then f(x) also will be continuous on x = a.

(vi) If f(x) at x=a is continuous then at x=a f(x) is also continuous.

Example 1: Express that function f(x) = x>+ 1 is continuous on x = 2.

Solution: m x)y=5=1(2) Therefore, function x = 2 is continuous

x—>2
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Note

Y
Example 2: At x = 2 function f(x) = x_2 is discontinuous. Prove. !
Solution: (i) f(2) is not defined (denominator is 0) E

0 !

(ii) IXIE} f(x) has no existence (is equal = o) B E2 X
leaving x = 2, at every point, function is continuous. Therefore at x = 2 E
function is discontinuous. !
2 —

Example 3: Explain that at x =2 function f(x) = ° """ is discontinuous.

Y
Solution: (i) f(2) is not defined (numerator and denominator are zero) 4l

(if) lim f(x)=4 r
x—2
Therefore function x= 2 is discontinuous / |
2 1 1 1
. L x4 7 0 9 X
Discontinuity in example 3 can be escaped, because further f(x) = ~ 5
defining the function at f(2) = 4
The graph of and g(x) = x+2 are same, whereas first one has hole.
Discontinuity in example 2 can not be ignored, because there is no existence of limit.
Y ifx=0
Example 4: If function f(x) = x is continuous on main point.
1, if x=0
Solution: f(x) is continuous on x = a because f{0) =1 (given)
. sinx
And lim == =1=£(0)
in 2
s x,whenx;e 0
Example 5: Explain that function f(x) = x is discontinuous on main point.
1, when x=0

Solution: f(x) is discontinuous on x = a because f{0) =1

lim i sin 2x
And x—0 f(x) = xlir[} X
. 2sinx
= !gr(} ~cosx=21cos00=2
Or £0)# 11 fx).
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2,x<0
Example 1: Draw the graph of f(x) = {x x20° Prove that function is discontinuous on main
point.
Y

Solution: It is easy to draw the graph of f(x). It is shown in the -
figure. It is clear that at point x = 0 there is a jump in the graph. [
Now we will verify the limits of right and left hand side. Lo
For x>0 A
x>0 fix) =x -2 0oL 2 X

fee+h) = (e +h) l

fO+1) =(0+h) I

lim f0 +1) = I

f0+0)=0 (0)
Left Hand Limit at main point (for x<0)
x<0 flx)=2

flx-h) =2

fl0-h) =2

im0 -n) =2

f(0-0) =2 ..(ii)

Thus from (i) and (ii) f(0+0)=f(0-0)

Therefore at x=0, function f(x) is discontinuous.

Example 2: If f(x) = |x -1 | + | x + 2 | where x is any real number, then prove that function f(x) is
continuousonx=1and x =2.

Solution:
Right Hand Limitat x =1
foy=lx-1]+]|x+2]
flx+h)y=|x+h-1]+ |x+h+2]
fA+h)y=|1+h-1|+|1+h+2]
M = FR LI+ 340 ]
|[0]+]3+0]=3

Left Hand Limitatx =1

fA-h)y=1]1-h-1]|+|1-h+2|
fA-h)y=1]1-h|+|3-h|
Hm - =tm [ jn | +13-n1]
=|0|+[3-0]=3
LH.L =R.H.L.
Therefore x = 1 is continuous

Right Hand Limit at x = -2
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f)=lx-1]+[x+2]|
f=2+h) = |-2+h-1]+|-2+h+2]
=[h-3|+]|h]
}gl(}f(-Zth): ;gl(} [1h=3]+[h]]

=[-3|+]0]=3
Left Hand Limit at x = -2
f)=lx-1]+[x+2]|
f(=2-h)y=1]-2-h-1|+|-2-h+2]

=|-3-h|+]|-h]|
=|3+h |+ |h|
lim f(-2-h)=lim [ | 3+h| +| h|]
h—0 h—0
=3
LH.S. =R.H.S.

Therefore x = 1 is continuous

1
Example 3: Show that at x =1, function f(x) = , is discontinuous.
x—a

Solution: LHL. = 1M g = 1im g,_p)

. 1 . 1
Iim——F _ lim—=-
h—0 (ﬂ*h)*l)l h—0 7h

RHL. = MM gx)=lm ;47

x—>a+0 h—>0

. 1 .1
= lim ———=Ilim - _
h—0 (a+h)_a lz—)Oh
LHL.# RHL.

Therefore at x = a function is discontinuous.

Example 4: Express that at x =0 f(x) = | x| is continuous.

Solution: Here fl0)=10]=0

LHL = M gy = im go_p)

x—>0"

= lim|0-h| = %iil%(h)=0

h—0

RH.L. = 1M fy)=lim 404 p)

x—0" h—0
= i [0+t = Jim gy =0
LHL.= RHL. =f0)

Therefore at x = 0 function is continuous

Pifxz1,
2,if x=1.

Example 5: Express that at x =1 f(x) = { is discontinuous.

Solution: Given that (1) =2
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Note . . . 2
i, f) = S B < fim (LR =1

. . _ . _ 2
Or Jim, £60) = Himy (1=h) = Jim (1= =1

lim f(x) = 12A1)

x—=>1

Thus function is discontinuous at x = 1.

x" -16
—,x#4
Example 6: For which value of k function f(x) =7 x -4 is continuous at x = 4.
k, x=4
Solution: Since at x = 4, value of function f(x) is k
fi4) =k
x=4 RHL. = lim f(x) = limf(4+h)
(4+h)-16 . 16 +h +8h-16
= Im—— = Jim——
=0 4+h-4 h—0
. h(h+38 .
= }}E}% = }’1£13(h+8), h20
=8
LHL. = lm f(x) = lim f(4-h)
. (4-hy-16 . 16+h*-8h-16
= lim = lim
h-0 4-—-h-4 h—0 —h

= lim (=71 +8) j .0

8
Given that at x # 4 function is continuous

LH.L.= RHL. = f(4)

8§=8=k
Therefore, k=8. Ans.
2
x* - 25
Tusk  For which value of k function f(x) { x -5 ’ is continuous at x =5
k, x=5
Ans.: k=10
Ix] x#0
Example 7: Examine the continuity of function f(x) at point (0,0) when f(x) = ! . ’ .
1, x=0.
Solution: Here f0)y=1
LHL.= lim f(x) = lim f(0-h)
[0-Hh| . h
— — lim— _ 1
-0 0—-h >0 — |
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RHL.= lm f(x) = lim f(x) Note
fim ! 0= h
S0 0+4h T lzlgh =1
RHL. »LHL.

Thus at x=0 function is discontinuous
Therefore, LHL = RHL = f{1)
Therefore at x =1 function is continuous.
3ax+b,if x>1
Example8:Ifatx=1f(x)=) 11 , if x=1 isacontinuousfunction, then find outthe value of a

5ax -2b,if x<1
and b.

Solution: Since the given function f(x) at x =1 is continuous. Therefore

) = Ay

= Jim f(2) = A1)
= lim f(1+h) =11

]Ei_r)r(}3a(1+h)+b =11

3a+b=11 (i)
Therefore le{l}o f®) =11
. ,11133 5a(1-h)-2b = 19
= 5a-2b=11 ...(ii)
Solving the equations (i) and (ii)
a=3,b=5. Ans.
Example 9: Function f(x) at an interval [0,1] is defined as under:
0, ifx=0
1 x, if0<x< 1
2 2
1 1
X)=J—, if =_
fx) 5 if x=2
2 -x, if 1 <x<l1
3 2
1, if x =1

Find out the points where function is discontinuous.

Solution: (i) at x = 0 continuity f(0) =0

RHL.= lm f(x) = limf(0+h)

x—>0+0

hm:1 —(0+h)

h=>0|2

21O

Therefore function is discontinuous at x =0
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Note
1 1
(i) At x = 3 continuity f [E] =

N | =

. 5 1
LHL.= lm f(x) = limf (E - h)

. 1 1
RHL.=  lim f(x) = lim f (5 * ’“)
. [2 (1 (1 1
- }llgé{g—(E’Lh)} = }}E&(gih) "6
LHL. #RHL.

Thus, function is discontinuous at x = —

2
(iii) At x =1, continuity f(1) =1

LHL.= lim f(x) = lim f(x)
_ ;11%{3—(1—}1)}:—%#(1) Ans.

Thus function is discontinuous at x = a.

Example 10: Examine the continuity of function f(x) at x = 0,1 when

f@)=1x|+|x-1]or

1-2x, ifx<0
1, if0<x<1

()=
4 2x -1, ifx=>1
Solution: (1) Continuity at x =0
f0)=1
RHL = lim f(x) = lim f(0+]) = lim (1)=1
LHL.= lm f(x) = lim f(0-h)
- £1£15(1+2h):1
LH.L. = f(0)=RH.L.

Thus  LHL=£0)=RHL

Therefore function is continuous at x =0
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(ii) Continuity at x =1 Note
fi)=@x1-1)=1,
LHL = Jim, () = fim f1-1) < Jimy()=1.

RH.L= lim f(x)=lim f(1+h)= lim {2 (1+h) -1}
= lim {1+ 27} =1
LHL.=f(1)=RH.L.

Therefore function is continuous at x = 1.

Example 11: Show that the function f(x), Vx € R which is defined as under

e1/x

0
)={1+e" is discontinuous at x = 0.
0, x=0

’

Solution: At x =0, given that

f0)=0 (i)
RHL atx=0
el/(x+h)
flx+h)= 1+ /@0
PRVACERD)
fO+h) =7 o
) el//x
}}% fO+h) = }gr% ool -~ },lirg T
1 _ 1 . -1/h
Therefore fo+0)=57°-% [~ lim e < ...(ii)
/5=
LHLatx=0 flx-h)y= 17 e
e/ (01 el /h
fO=h) =7 0w =7 n
-1/h
}[131) fO—-h)= }E}%W
0
Therefore f0-0)=70" 0 ...(iif)

From (ii) and (iii) RHL # LHL

Therefore the given function is discontinuous at x = 0.
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Note

Example 12: A function f(x) is defined as under

x,x<l1
2-x,1<x<2

flx) =

x——x>x>2.
2

If f{x) is continuous at x =1 and x = 2?

Solution: first of all we will examine x =1
Therefore at x=1, f[x) =2 -xtof(1)=2-1=1
RHL at x =1, thus for x >1 flx) =2 - x

Now fa+0)=lim f(L+n)=lim2-(1+h)
=lim1-h =1
h—0

LHL at x =1, thus f(x) = x
fa-0) = jim fA=h=jim-h=1

Therefore, at x =1 from (i), (ii) and (iii) (1) = f(1+0) = f{1-0)
Therefore at x =1 f{x) is continuous

againx =2 fof(x)=2-x, f(2)=2-2=0

1
RHL at x = 2, thus for x>2 x—Exz

f2+0)=lim f(2+h)

lim(2+h)—%(2+h)2

h—0

lim—lhz—h:O;
2

h—0

LHL at x =2, thus for x< 2, flx) =2 - x

f2-0)= lim f2=I)=lim2-(2-h) =g

Therefore from (iv), (v), (vi) f(2) = f2+0)=f2-0)=0.

Thus at x =2 f(x) is continuous.

Questionnaire 2.2

Find out the point of discontinuity, if any from the following functions and draw the graph:

-1,x<0
1 flo= {+1,x>0.
2. flx)y=|x-1].

3. fw=lx|+|x-1].
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Show that following functions are continuous at the points given against them: Note

4. Function atx=1,3 f(x) =x?-7x + 3.

—— x#-2
5. flx)=1¥+2
0,x=-2

x —4, whereas x 25
6. Ifflx) = 15y — 24 whereas x <5 - then show thatat x =5, f(x) is continuous function

x—-1,x<2

is continuous at every points. Draw the
2x-3,x>2 yp

7. Prove that function f(x) where f (x) = {

diagram of the function.
Examine the continuity of following functions

x*-4 x*—a
, x#2 , X#a
8. fixy=1%"2 9. fly="1 X4
4, x=2 2a, xX=a
X2, x#1 x, x>0
10. f(x)= 2’ =1 11.f(x)= x2,x<0'
x-3
1, x#0 |x_3|/ x#3
12. flx)= ¥ 13. f(x) =
flx) 3 x=0 flx) 0 x=3
1
{—xz,xso L x#0
14. f(x)= 2 15. f(x) =
f() x,x>0 f() 0’ x=0
e, x#0 1 x %0
16. f)=10, x-0 17. f(x) = {1+¢'/*
0, x=0
1
cos—, x#0 1
7 —, 0
18. f(x)={ x 19. fry = {F % 7
L x=0 0, x=0
.1
sm;, x#0 5x—4, 0<x<lI
2. fo= 0, x=0 2Lf3)= 4 —3x, 1<x<2
x+2, —-1<x<3
2. fay=1>  *73
8—x, x>3

0,if 0<x<1

23. Atx=1and x =2, find out the continuity of function f(x) = | *,if 1<x<2
3

X if2<x<3
4
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Note 24.

25.

9.
13.
17.
21.
24.

Find out the continuity of function f(x) at x =0, 1, 2 when

-2, ifx<0

5x -4, if 0<x<1
flx) = 4x* —3x, if 1<x<2

3x +4, if x>2.

If flx) = x* + 1 where x # 1 and f(x) = 3 where x =1, then find out that at point x =1 whether the
function is continuous or discontinuous.

Answers
0, 2. None 3. None 8. Continuous
Continuous 10. Discontinuous, 11. Continuous 12. Discontinuous

x =3, Discontinuous 14. X = 0, Continuous 15. Discontinuous 16. Discontinuous
X =0, Continuous 18. Discontinuous 19. Discontinuous 20. Discontinuous
Continuous 22. Continuous 23. Yes

Continuous, x = 1, 2 and Discontinuous at x = 025. Discontinuous

Self Assessment

2. Multiple Choice Questions:

(i)

(iii)

2.15

PR
The value of lim
x—a X—a
(a) 3a? (b) 3a (c) 3b? (d) 306
lim [1 + 1] =
X—>0 x
1
@ (b) e (© - (d) o
lxiir(} P loge....
b 1 a a
@ - (b) © 3 )~
If both f(x) and g(x) are continuous at any point x= g, then at x=a what would be f(x) * g(x)
(@) Continuous (b) Discontinuous (c) Relevant (d) Irrelevant
im< Lo
et +1
1
(@) 2 (b) 2e @1 @
Summary

56

When the limit of function is obtained from the right hand of the independent variable, then
itis called Right Hand Limit (R.H.L.) and applying positive (+) sign for the right side, this can
be expressed as under
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Right Hand Limit = fla+0) Note

e  When the limit of function is obtained from the left hand of the independent variable, then it
is called Left Hand Limit (LH.L.) and applying negative (-) sign for the left side, this can be
expressed as under

Left Hand Limit = f{a - 0)

_ lim f(x) =,

x—>a

e To obtain the limit of right and left hand, replace x variable with (x+h) ad (x-h) respectively
in the function.

e Thus, obtained function x, should be replaced with point (assume a).

e Now at &1 - 0 determine the limit of function [viz function obtained by (ii) to be put in the
above, put h = 0].

e Ifatx =aboth the limits of right and left hand of any function f(x) exist and are equal, then at
x = g, there is existence of limit of function f(x) viz lim f(x) = lim f(x) =1 (Assumed).

e Here [ is called limit of the function and this is expressed as lim f(x) =1.

x—a

e  We should find out the limits of right and left hand, but the intermediate level, we can often
find out the limit directly.

e Ifitis not possible to divide the numerator and denominator with a common factor which is
not zero, then after expansion in series or transformation, it can be possible.

e Ifdrawing a graph of any function f(x), the curve which we obtain. And itis in such a way that
it does not break on any point x = 4, then the function is called continuous on that point.

e A function f(x) is called continuous in an open interval (a,b) if it is continuous for every values
of x in this interval (a,b).

e  Function f{x) is called continuous in any closed interval, if

(i) Itis continuous for each value of x for whicha <x <b
i L7 fw=f@)

(i) 1M Ax) = fb).

216 Keywords

®  Sequence: Serial

®  Continually: Continuously

217 Review Questions

(x* - 2ax +a)

1. Find out the value of 1}3} —a J Ans.:-a
a‘-b*

2. Prove that lim =
x—>0 X

a
=log — =1lo
og,_.b g,
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3

X
3. Find out the value of 1}5‘ -1

, x#0

K| =

4. Examine the continuity of function f(x) =
x = 0but.

@

5. Show thatatx =0, f(x) = | x| is continuous

Answers: Self Assessment

1. (i) Right Hand Limit, (ii) Left Hand Limit, (iii) Existence,

(iv) Marginal, (v) Intermediate
2. (0@ (i) (b), (iif) (c)
(iv) (), (v) (9

2.18 Further Readings

N

Ans.:3

Ans.: Discontinuous

Books Essential Mathematics for Economics - Nutt Sedester, Peter Hawmond, Prentice

Hall Publication.

Mathematics for Economics - Council for Economic Education.

Mathematics for Economist — Simone and Bloom, Viva Publication.

Mathematics for Economist - Mehta and Madnani, Sultan Chand and Sons.

Mathematics for Economics - Malcom, Nicolas, U C London.

Mathematics for Economics - Carl P Simone, Lawrence Bloom.

Mathematical Economics - Michael Harrison, Patrick Walderan.

Mathematics for Economist - Yamane, Prentice Hall India.

Mathematics for Economics and Finance - Martin Norman.
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Unit 3: Differentiation Note
CONTENTS
Objectives
Introduction

3.1 Differential Coefficient

3.2 Definition

3.3 Differential Coefficient of a Constant

3.4 Differential Coefficient of the Production of a Constant and a Function

3.5  Differential Coefficient of x" with Respect to x

3.6 Differential Coefficient of Sum and Subtract of two Functions

3.7  Differential Coefficient of Function e* with Respect to x when e is Exponential

3.8 Differential Coefficient of Function a* with Respect to x when a is a Non-variable

3.9  Differential Coefficient of Function log, x with Respect to x, when base is Exponential

3.10 Differential Coefficient of Function log, x with Respect tox, when base of Logarithm is a
Non-variable

3.11 Differential Coefficient of the Quotient of Two Functions
312 Summary

3.13 Keywords

3.14 Review Questions

3.15 Further Readings

Objectives
After reading this unit, students will be able to :

o (Calculate Differential Coefficient.
e (Calculate Differential Coefficient of a Constant.
e Calculate Differential Coefficient of x” with Respect to x.

e Calculate Differential Coefficient of Sum, Subtract, Multiplication and Division of two Functions.

Introduction

Assume y=x
Where x =2, hence y =4, wherex =3,y =9

When x increases from 2 to 3, y also increases from 4 to 9. Any increase in the constant function is
referred as Increment, which is indicated dx (delta x).

In the above example & =3-2=1landdy=9-4=5
If x, 1 changes to .8, wx=08-1=-0.2
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—T]

Notes It must be noted that x does not mean § x x e.g. this & and x are not the multiplication
but a symbol. This is a single unit.
3.1 Differential Coefficient

Assume y = x?, is a function of x. Assume the prime value of x = 3.

The table below shows how the ratio of increment dx in x and 8y in y changes. Here increment as 4,

3,2, 1 etc. in the prime value of x has been considered.

dx x(x +8x) y(y + 8y) 8y Y
ox

4 7 49 40 10

3 6 36 27 9
2 5 25 16 8
1 4 16 7 7
0.1 31 9.61 .61 6.1
0.01 3.01 9.0601 .0601 6.01
0.001 3.001 9.006001 006001 6.001
0.0001 3.0001 9.0006001 .00060001 6.0001
h 3+h 6 + 6l + h2 6h + h2 6+h

The table makes it clear that:

1. Wherever the decreasing value of dx approaches to zero, 8y also decreases and reaches to

ZERO.

2. But, the ratio of these values, instead of moving to ZERO approaches to particular value,
which in this example is 6.

5
Therefore, we may conclude that whenever 8x and as a result 3y decreases 4 moves to value 6, in

other words

7 dx
mY
dx—0 Ox
y=x

y+dy = (x+dx)
y+dy-y = (x+38x)2-x2
Sy = x2+ 2ux, 8x + (5x)* - x2
8y = 2x.8x + (dx)?

dy

or 2x + dx
lim Sy = lim (2x+3x)
Sx—0\ dx dx—0

dy

x = 2x
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Note
Thus, Shrno (lj is a differential coefficient or derivative of y with respect to x. To avoid any doubt
X —>

with respect to independent variables, the differential coefficient or derivative with respect to x is
. im Y -4 N , o . .
writtenas im —= = ——(y)—=_ This way the process of knowing the limit is known as differentiation
ax—08x  dx T dx

or in other words method of calculating the differential coefficient of any product is referred as
Differentiation.

?
d 5
Did u know? e = lim >
dx  8x—0dx
. YW Sy .o .
Students must understand the difference of Imm very carefully. is a division, for which
dx  8x—00dx dx

d
Numerator and denominator can be separated from each other, but Lk is not a division, but only a

dx

&
symbol to show the limiting value of % . 8y can not be separated from &x. It would be incorrect to

d
read it as 3y upon dx. ?Z is read as [3-6x of i) and as have been told earlier this means a(y ) or

differential coefficient of y with respect to x.

3.2 Definition

If f(x) is the function of x and the same function of x + 3x is f(x + &x), then limiting value is

fm 00— /()

sm o , for the differential coefficient f(x) with respect to x. Generally differential

dy df (x)
dx’ dx

differential coefficient is referred as differentiating the function.

d
coefficient is symbolized with vy, e f(x), fix), DA(x), f', etc. The method of calculating

Thus, we can see that there are four steps for calculating differential coefficient

First step changing x into x + 3x and determining f(x + 5x)
Second step determining difference of f{x + 6x) - f(x)
. N [+ ®) - f(x)
Third step dividing difference by 8x and determining o
Fourth step when 8x approaches towards ZERO then determining the limiting value of ratio

here onwards incremental value 3x of x would be replaced with I, so that students should not get

fx+h)-f(x)
h

confused with & and x. Thus, if f{x) is the product of x, then I%im is the differential

-0

coefficient of f(x). It needs to be remembered that above expression is considered as the product of
hi.e. his variable and x is constant.
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Note 3.3 Differential Coefficient of a Constant

Assume that c is a constant. Thus, here f(x) = ¢ now for every value of x, no change can happen in the
constant value.

Therefore,
flx+h) =c
by = tim IS yeme
dx =0 h -0 h
ic =0
dx

Thus, differential coefficient of a constant value is ZERO.

3.4 Differential Coefficient of the Production of a Constant and
a Function

Assume that a is a constant value and f(x) is the determined product, then

d . af(x+h)—af(x)
laf(x)) = lim LT

i 1: {af(ﬂh)—f(x)}

h—0 h
- alim DS o L
L {af () = a0}
if y = au
dy _ du
dx  dx

l)

Did u know?  Differential coefficient of Constant and multiplication of any product is equal
to differential coefficient of product and multiplication of constant value.

3.5 Differential Coefficient of x" with Respect to x

Assume f(x) = x2, then f(x + h) = (x + h)"

Thus, Differential Coefficient of x" with respect to x . (x")

d g . (x+h)"=x"
dx (x ) }tli%

lim (x+h/x)"-1

, x" ascertained
h—0 h
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Now, since i - 0, we can assume T is smaller to a unit. Therefore, expanding every value of n

(1 +h/x)" by using Binomial Theorem

n _ 2
R T L k) L
dx h—0 h X 12 2
n _ 2
= limx— n.ﬁ+n(n 1) hz .....
h—0 h X 1.2 «x
= limx"{2+n(n712)h ..... }
h—0 X 1.2x

ix” =nx"
dx
d
The special result of this is, T 1

Example 1: %(9967) = 9.%{(3;): 9.7x" "1 = 63x°
E le 2: i(—6x2):—6ix2:—62x2’1 =-12x
xample 2: -~ = .

1/2- 1 _
VeSS S Y

_ d x,]/z) 1
2 2

af13)_4d 1
Example 3: E( \/;j dx

2
d -
Tusk  Determine the value of ——(5x”)

dx

[Ans.: 30x°]

Self Assessment
1. Fill in the blanks:

(i) The method for determining the differential coefficient of any function is referred as

(ii) Differential coefficient of Constant and multiplication of any product is equal to
............................ of product and multiplication of constant value.

dy _ du
(111) dx ........ dx
(iv) % =x" =nx.......
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3.6 Differential Coefficient of Sum and Subtract of two Functions

Assume that f(x)=fi £ fo(x)

flx+h) = filx+h)*fo(x+h)
d e+l fr (x+ )} = { /() * ()}
E{f(x)} = lm ! p !
i A=AV ES () - ()
N h
_ f1(X+h) L) 4 i L2001~ fo(x)
II*)D h—0 h
d

Ef() 7f1( )+—f2(x)

Thus, Differential coefficient of addition or subtraction of any two product would be equal to
addition or subtraction of differential coefficient of them

Assume that — f(x)= fi(x)* fo(x) £ f5(x) £t £y (%)

Then o f(0) = () ()t (1)

=7|

Notes  Differential Coefficient of Sum and Subtract of two or more than two functions would
be equal to Sum and Subtract of differential coefficient of their separated value.

if y=u+v,andy=u—- v

dy du dv dy _du _dv

J——— 7+7 3 —_—
then Ir de ge the same way —~ dr dr dx

in expanded expression, if y = u + v + w +.... Then a2 + b?

dl:@idlidﬂi ........
dx dx dx dx

EXAMPLES WITH SOLUTION

d
Example 1: Determine value of Ir (5x7 +2x) .

d 7 d 7 d d, 5 d
i —(5x" +2x) = —(5x")+—2x=5— +2—
Illustration dx( X x) dx( x") ix X ix (x") i (x)

=57x0+2=35x°+2. Ans.
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d Note
Example 2: Determine value of E(x5 -4x®+8x-7).
d s 3 d 5 d 3, d d
i — (x> —4x° +8x-7 =— X" +— (—4x7)+— 8x) +— (-7
Iustration i (x X x=7) i X dx( x7) dx( x) dx( )
d, s d 3 d d
=— ")+ (4)—x"+8 —(x) + —(-7
) () 0+ T)
=5x* —4x3x? +8x1-0
=5x*~12x* +8. Ans.

Now we can determine differential coefficient of some function by using derivative limiting value.
But we will notice afterwards that with the knowledge of standard form of differential coefficient,
we can save time from evaluation

IX> +mx+n

Example 3: Determine the differential coefficient of product{ }with respect to x.

Jx
d |Ix* +mx+n d -
Illustration i {\/;} = E{ZXS/Z Y2 Ly 1/2}
= li %2+ mixl/2 + nix_l/2
dx dx dx
=1 Exl/2 + mlxl/z_1 +n-(—1 jx"l/z_l
2 2
3o, ap 1 5
=—Ix"/"+=mx ——nx
2 2 2 Ans.
g
. d 7 .
Task  Determine the value of Em +5x) [Ans.: 14x° +5]

2
Example 4: Determine the differential coefficient of product 1+ x+ [x} +(

b BHEHE

. i(1)+i(x)+i ﬁ +i i +i ﬁ +
Ilustration = dx dx dx|{ 21 ) dx | 3!) dx| 4!

x3

respect to x.

]
o
+
[uny
+

|
+
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Note

Determine the differential coefficient of following product with respect to x.

11.

13.

15.

16.

323, x75,%°

X2 713 3512
3x1/3, 5217 91/
2
X+=
x

ax® +bx +c

1
—Nx++/
S Nx+a

y=ax + (ax)* + (ax)’ +

If y=x"+2x"+7 then determine the value of

If y="Cy+"Cyx+"Cox” +

1 45 5 7
1 45 5,7
24Jx 3 2 2
-2 -6 -3
23 2.7 Lia
6° 2
2
1-=
x2

2

X X

x3

=04+1+—+—+—+....

1 2!

3!

Questionnaire 3.1

10.

12.

14.

, then determine the value of % .

3 X
3x2, 6x7%,

(ax)™ + (2b)"

v+ 2]

2CRE]
y=a+—+|—| +|—| +
x \x X

dy
i onx =0

X

Answers

2 6x,—18x*‘,§x43

3
1 -9
3 - 1 -7 =
2x2, T2

4 27 Todx’ 2

-5
6. 14;(3,Ex2,—l2
2 X

8. mxm—l
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Unit 3: Differentiation

9. 2ax+b 10. "yt Note
1
11. m 12. ammxm—l _ nbnx—n—l
2 a 2a
13. g+ 2ax+3ax* +...... 14, ——F——F5
X X
d
15. d%zo 16. Mg, +21, X+

3.7  Differential Coefficient of Function ¢* with Respect to x when e is Exponential

Here flx)=¢*

Then flx+h)=e"",

d
Therefore, differential coefficient of ¥ with respect to x is — e’

d ex+lz _ex
Further —e¢ = lim
dx h—0 h

x _h x x/ h

.. ee —e .oe (e -1

= lim =lim ( )
h—0 h h—0 h

2 3
ex[1+ h +h +h+....—1J
1 2t 3!

= lim
h—0 h

( 1 h K ]
I+—+—+—+...
_ 1 2t 3!
~ lime'h

h—0 h

= lime* (1+/
e (1+1)

= ex(l-k 0) =e"
1!

(€)=¢"

4
dx

3.8 Differential Coefficient of Function a* with Respect to x when a is a
Non-variable

Here  f(x)=a"

Then  f(x+h)=a""
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Note

Therefore, differential coefficient of a* with respect to x is

again

JR— ax
dx
) x+h _ ax ) axah _ ax
lim =lim
h—0 h—0 h
x/ h
.oa(at -1
lim ( )
h—0 h

ux{l

lim

| hlog, a h? (log, a)*

+ +....—1}
1! 21

h—0

h

lim

1!

2 2
a{hloge a+h (102%8{1) +}

h—0

h

[ 2
v, 108, a+h(lozg'€a) +}

a
1!
lim =
h—0 h
) X Flog X!
lim a +h (A convergent class)
X0 1!

a {loiﬂ + a}z a*log,a

i a* =a*log,a
dx Be

3.9 Differential Coefficient of Function log, x with Respect to x, when
base is Exponential

Here  f(x)=log,x

Then  f(x+h)=log, (x+h)

Further

again

LOVELY PROFESSIONAL UNIVERSITY

lim log, (x +h)—log, x

h—0

h

lim log,(1+h /x)-log,x

h—0

h

lim log,x +log,(1+h /x)-log,x

h—0

h

[Formula is log, (mn) = log, m +log, n]



Unit 3: Differentiation

_ limlog"(1+h/x)
h—0 h

h_ KR K
= lim X 2x% 3x%  axt
h—0 h

2 3 4
Formulaislog,(1+x)=x——+—-—+
2 3 4

1 h, 0on
x 2x% 3x° 4xt 7

Note

=7

Notes

log, x can also be indicated as Inx

3.10 Differential Coefficient of Function log x with Respect to x, when

Here

base of Logarithm is a Non-variable

fix) = log,x=(log,x)log,e by formula

log,elog, x

i10 —ilo elog,x=1o eilo X
dx gu = dx ga ge ga dx ge 4

logae-1
x

d 1
—Ilog,x=—log,e
dx x

LOVELY PROFESSIONAL UNIVERSITY
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Note EXAMPLES WITH SOLUTION

Example 1: Determine the differential coefficient of 6x% +2¢* .

d ; d d, ..
Solution: - (6951/3 +2¢") = — (6x1/3) +—(2¢")
dx dx dx

d 1/3 d x
6.— +2—
L2 ()

= 6%36’2/3 +2¢° =2x73/2 4 26" Ans.

Example 2: Determine the differential coefficient of 6 logx — Jx=7.

d d d d
Solution: —(6logx—+/x —=7)=6-—Ilogx —— (x/?)——
dx dx dx

=)

x 2 x 2

:6.1—19c’1/2—0:§—1x’1/2 Ans.

Example 3: Determine the differential coefficient of product 5\/x +7log,x — 11log,x with respect
to x.

Solution: 1(5\/;*‘710&95 —1llog,x) 21(57‘1/2) ‘*‘1(7108@3‘) —1(11 log, x)
dx dx dx dx

d 1, d d
=5—x'“+7—Ilog,x—11-—log, x
dx dx 8 dx e
:éx’l/2 +Z,11 logue'1 Ans.
2 x x

Questionnaire 3.2

Determine the differential coefficient of following product with respect to x.

1
x x —+7e"
1. ¢ +log,x+! 2. o

logx +x —x%e*

3. 3 4. 5logyx+3

5. 3log,x+x7/*+3 6. x(1+x?)+a"

7. & 4at+1 8. logax+logex2
9. logyox 10.  7x 7 +log, x
11. vl 12. a+2a%e" +a’e™

X

13. %/1+310gax+3(logax)2 +(log, x)° 14.  log,x+a*+3

1
15. — +log,x
a
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Answers Note
1. ¢ +1+lxlogel 2. f%+7ex
X 2x
3. L . 4. Elog10 e
x x
3.3 1
5. ;+Ex 6. 1+3x% +a*log,a
. 1 2
7. ¢ +a‘log,a 8. —log,a+—
x x
9. 1 log, e 10. —235’9/7+110g2 e
x x
11 ¥ 42 12. PRTER
1 1 .
13. —log,e 14. —+a'log,a
X 2x

. 1
15. -a ‘log,a+—log,e
X

3.11 Differential Coefficient of the Quotient of Two Functions

h
Oy ——
SHlx+h)  filx)
4 p) = im 28N HE)
dx h—0 h

i A S f() (e +h)
TS0 () fo(x)

Adding and subtracting the product f;(x) f,(x) in fraction

LA G +R) = L) = AUHE+R) - f(0))

- lim
0 (x4 ) fo(x)
filx+ )= fi(x) e+ )= fo()
) - Ai)
I { B } ”‘{ n }
o0 A&+ 1) (@)

) i) AW f ()
(L)
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Note Viz differential coefficient of division of two functions

Denr. (Diff. coett. of Numr.)-Numr. (Diff. coeff. of Denr.)

Square of Denominator

l?
: If y—E
. v
Did u know? du do
U — U
ﬂ: dx  dx
dx v?

EXAMPLES WITH SOLUTION

X

d
Example 1: Calculate the value of :72 if y= % .

x et —x ,
Solution: %Y _ " dx dyt_xet-etl_ef(x-1)

dx XZ x2 2

d (sin x )

Example 2: Calculate the value of .
dx \log,x

Solution:

d ( sinx logex'i(sinx)—sinx~i(10gex)
. dx dx
x

log. x (log, x)’

(Iogc,x)'cosx—(sinx)'1
- x

(log, x)*

xlog, xcos x—sinx

x(log, x)*

Example 3: Determine the differential coefficient of product with respect to x.

e

d { X" } logexdix” —x" dilogex
Solution: - = X X
dx |log,x (log, x)?
logearmc”’l'1 -1 n
_ x _nx_log, x—x"-1
(log, x)? (log, x)?

B X" (nlog,x 1)
(log, x)*
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y X Note

d
. — = 1- : =
Example 4: Prove that X i y(d-y) if y 5

x
Solution: given that ¥ = <15

(x+ 5)~i(x)—X'i(x +5)

dy - dx dx _(x+5)1-x1
dx (x +5) (x +5)?
x+5-x 5 :>xd7y: 5x
(x+5)7 (x+5)7°  dx (x+5) ~(1)
X X X 5 5x
- y1-x)= 1- = =
And = y(1=») x+5[ x+5j x+5(x+5) (x+5)2
(2)
Therefore from (1) and (2)
dy
xdx - 3/(1—]/)

Questionnaire 3.3

Determine the differential coefficient of the following with respect to x.

n

1 X
L T 2 log, x
A 4 L
o2yl ’ 2 +x?
5 e* p e*
T 1447 ' 1+e"
3 (a
7. If f (x):% , then evaluate f (Ej
a2
x—4 dy dy
8. If ¥ =7, then evaluate the value of .~ on x = 4. Can we find the value of —~ on x = 0?
24x dx dx
5x% +6x +7
9. If y=x27x , then find the value of e
2x°+3x+4 dx
at dy
10. If y =—,, then find the value of —~
X dx
Determine the differential coefficient of following product with respect to x
1n. @) Ja+x (i) ¥ +e”
. ii
Ja—x ef—e*
1 xe* -1 . x
- 0 . (i) o
1
13.

(x+a) (x+Db) (x+c¢)
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Note Answers
n-1 n-1
1 554 nx"""log,x —x
1. x 2. (log, 2)2 3.
2xe? e*(1-x)>

4. (& +2%)? 5. (1+22)? 6.

11 3(x? +4x +1)
7 19 9. (2x2 + 2x + 4)? 10.

e o
11. (i) S —Jx)? (ii) [ —e ]

oo 1 N

12. (4) € +x7 (if) (1-x2)/2

3x% +2(a+b+c)x + (ab+bc + ca)
13. (x+a) (X + b (x +c)?
Self Assessment
2. Multiple Choice Questions:

d d
(1) E{f(x)}za fl)£....
d d d
(@) Efz (b) Efl (c) Ef(x)
. . d (1
(i) What will be the value of 7[*) ?
d(x)\Vx
3 3 3
(a) %x 2 (b) —%x 2 (© —%xz

(iii) What will be differential coefficient of 3x° with respect to x?
(a) 6x7 (b) 3x2 (c) 9x?

(IV) %(Ex) =
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Unit 3: Differentiation

3.12 Summary

.0
lim % is known as Derivative for the differential coefficient of i function with respect to x.

i 8x—0 Ox
To avoid any doubt with respect to independent variables, the differential coefficient or
. d
derivative lim =4 with respect to x is written as —-(¥) Orl. This way the process of
0 x dx dx
knowing the limit is known as differentiation or in other words method of calculating the
differential coefficient of any product is referred as Differentiation.
® If f{x) is the function of x and the same function of x + &x is f{x + dx), then limiting value is
o Fr 80— () o .
m , for the differential coefficient f(x) with respect to x.
dx—0 Ox
d d d
el — + -
° dx{f(x)} dxfl(x) dxf2(x)
® Differential coefficient of Constant and multiplication of any product is equal to differential
coefficient of product and multiplication of constant value.
d X X
—(e")=e
o ()
° Eﬂx =a'log,a ie. differential coefficient of division of two function
3.13 Keywords
®  Differential coefficient: Differentiation
®  Growth: Increment
3.14 Review Questions
d 2
1. Find the value of E(*@C ) [Ans.: = -12x]
d -6
2. Find the value of E(Sx +2x) [Ans.: = 30x° + 2]
i ey
3. Prove that ——a" =a"log.a
dx
, . , . 6 1
4. Find the differential coefficient of 6logx —Jx-7 [Ans.: = f—Ex 2]
x
5. Ify=——, th hat x40 = y(1-y)
. y x+5,tenprovetat ix Y Y
Answers: Self Assessment
1. (i) Differentiation (i) Multiplication  (iii) a (iv) n-1 (v) 63x°
2. (i) a (ii) (b) (iii) (o) (iv) (@) v) (@
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Note 3.15 Further Readings
Books Mathematics for Economics - Council for Economic Education.

Mathematical Economy - Michael Harrison, Patrick Walderan.
Mathematics for Economist — Simone and Bloom, Viva Publication.
Mathematics for Economist - Mehta and Madnani, Sultan Chand and Sons.
Mathematics for Economist - Malcom, Nicolas, U C London.

Mathematics for Economist - Carl P Simone, Lawrence Bloom.

Essential Mathematics for Economics - Nutt Sedester, Peter Hawmond, Prentice
Hall Publication.

Mathematics for Economist - Yamane, Prentice Hall Publication.

Mathematics for Economics and Finance - Martin Norman.
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Unit 4: Logarithmic Differentiation Note
CONTENTS
Objectives
Introduction

41 Logarithmic Differentiation
42  Sum of Infinite Tables

43  Implicit Function

44  Parametric Function

45 Summary

46 Keywords

4.7  Review Questions

4.8  Further Readings

Objectives

After reading this unit, students will be able to :
e Find Logarithmic Differentiation.
e Find Sum of Infinite Tables.

e Calculate Implicit Function.

Introduction

If you need to differentiate such functions in which exponent is also a function of that variable and
a function that needs to be differentiated is the product or division of many functions, then we first
need to find logarithm of those functions and then differentiate it. This process is known as logarithmic
differentiation.

41 Logarithmic Differentiation

Let a function of x be equal to y. Then either take log of both the sides such that the exponent is the
product or sum form, etc.

d
Now differentiate both sides wrt x and find A

dx
Remember that to to differentiate the function of y wrt x, function is difrentiated wrt y and multiplied
o 9y
with e

A\

Caution log (a + b) # log a + log b

COSX COSsX

Therefore if then y = x* + (sinx)“*** then logy # log x* + log(sinx)
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Note In such questions, differentiation of every element needs to be find separately and then only combined
differentiation can be found out.

|

Notes  Some useful formulae

(i) log(m.n) =logm+logn
(ii) log[ﬂj =logm—logn
n

(iif) log(m)" =nlogm.

EXAMPLES WITH SOLUTION

Example 1: Find the differentiation of ¢* Jog,x.tan x with respect to x.
Solution: Let y =¢*.log, tanx
By taking log of both sides

logy =loge® +log(log, x) +logtanx
By differentiating both sides

ldy 1 . 1 (1 )
55 T () log, x (E) i tan x(sec %)
1 1 cosx 1
=1+ - t———
e X SINX cos”x
-1+ 1 . 1
xlog,x sinxcosx
=1+ +2cosec 2x
xlog, x
d_y = y{l + + 2 cosec Zx}
dx xlog, x
Therefore ay =e"log, xtanx| 1+ + 2cosec 2x |. Ans.
dx xlog, x
. sin"Ly dy
Example 2: Find the value of y =x PR

Solution: 1 — poin '

By taking log on both sides,
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sinlx _ . -1 Note
logy =logx =sin" x.logx

By differentiating wrt x

1dy = sin! x.l+logx. !
Y dx x 1-+2
dy 1 . 4 1
4y _ y|—.sin” x +———==.logx
dx I:x V1-x2
therefore & _ i Lt L jogx Ans
iy " e gx | .

Example 3: Find the differentiation of 10" with respect to x, where x is a constant.
Solution: If y=10"
By taking log of both sides

logy = log10*
logy = xlog10
logy = «x
By differentiating both sides
1dy
yde ~ 1
Yy _
dx
By putting y = 10°
d
= - 10 Ans.
dx
E le 4: Find differentiation of L t
xample 4: Find differentiation o wrt x.
P (x+a)(x+b)(x+0)
Solution: Let = !
olution: Let us assume ¥ cra) (b))
By taking log of both sides
lo !
logy = 8y a)x+b)(x+0)
Or logy = logl-log(x+a)—log(x+b)—log(x—c)
By differentiating both sides
1dy 0— 11 1
ydx = x+a x+b x+c
dy { 1.1 1 }
Or dx = Yxta xtb xtc
dy 1 [1 1 1 }
- = + + . Ans.
or dx (x+a)(x+b)(x+c) x+a x+b x+c ne
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Note

80

d
Example 5: If (sin y)* =a. then find the value of % .

Solution: (siny)* =a.
By taking log of both sides
log(siny)*
Or xlogsiny
By differentiating both sides wrt x

.cosy ay

X.— —
siny dx

+logsiny

xcoty;l—y
x

dy
dx

d
Example 6: If (cos x)” = (sin y)* then find the value of =

Solution: (cosx)? = (siny)*
By taking log of both sides
ylogcosx = xlogsiny

By differentiating both sides wrt x

nyfsmx +logcos xd—y
cosx dx
dy

—-ytanx +logcosx——
dx

d—y(log cosx —xcoty)
dx

ay

dx

loga

loga

—logsiny

_logsiny
xcoty .

dx

dy

X .cosy.d—+logsiny.1
x

siny

dy

xcotyd—
x

+logsiny

(logsiny +ytanx)

logsiny + ytanx
logcosx —xcoty

Example 7: Findd—y of log (xy)=x%+y? wrtx
: x g Xy y :

d
log(xy)

logx +logy

x2 +y2

x2 +y2
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Solution: By differentiating both sides wrt x
—+——= _ = =7
¥ ydx " 2x +2y ™
dy(1
—y[——zy] = 2x—l
dx\y x
dy(1-2y° 2
dyl1-2y" ) 2" -1
dx\ vy Ty
dy  yx-1)

dx x(1- 2y2)

Questionnaire 4.1

Short Answer questions:

Find the differentiation of following functions wrt x:

1. > 2 xsinx
3. (logx)* 4 (1+x)
5 (x-1)(x—2)(x-3) 6. ——
\/1+x2
1-x
7o 11« 8. X' +a" +x"
NAEX x*
9. (1+x2)3/2 10. e
2
x“+x+1 x—a)x-="b
1. (75— 12. ( X )
xt—x+1 x-—c

13. (xlogx)loglogx

1-x
1+x

d
then prove that (1- xz)%+ y=0

14.

—

fy=
d
15. If y= 10103( then find —Z

d

16. If y=

LOVELY PROFESSIONAL UNIVERSITY
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Note

11.

13.

16.

4.2

Answers
sinx
X 1 1
[x*(1+1ogx)] 2. [sinx(cosxlogx + ; )]
1 *(logl XX
(logx)*(log ogx+logx) 4., (1+x) {1+x+log(1+x)}
1
(-2)(=3)+ (- 1)(x-3)+x-D(x=2) 6. T, 27
1 X X a-1
(14202 (1-x) 12 8. x"log,x+a"log,a+ax
2+3x—4x% -32° ,
2 f(T+x)(1+x2)72 10 e™x*(1+1log, x)
ax+l[ 1-22 (x—a)(x=b)| 1 1 1
2 4,2 12. J . -b) 2x-—
T —x+1\x"+x°+1 x=c x—a x-b) 2(x-c)
(xlogx)(loglogx—1) 15. 10%10*(loge 10)*

(x+1)*Jx-1[ 2 L1 3 }

- 1
(x+4)P%e¢" |x+1 2(x-1) x+4

Sum of Infinite Tables

X...00 d
Example 1: If y=x*  then prove that ¥ -

Solution: x

So that

82

Y

dx_l-ylogx'

...00
X

y=x

By taking log logy =ylogx

— 1Y because x¥

1 dy d dy
——= = y.—1 +logx—
) dx y T ogx ngdx
- y.l+logxd—y
y dx
(l—longd—y - ¥
y dx X
d 2
xd—z = Pnygx' Hence Proved.
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Note

Example 2: If y = \/sin x + \/sin x +

\/sin X + ....eo, then prove that ;- ~

dy _ cosx
2y-1-

Solution: Given that ¥ = \/ sinx + \/ sinx ++/sinx +....0

= y

2

By differentiating both sides wrt x

dx

X+....

N
Example 3: If y = e

00

x+e*t

Solution: Given that y =¢*"*
= y= ex +y
By taking log of both sides,

logy

By differentiating both sides wrt x
1dy
y dx

)
)

dy
dx

4y
dx

dy
dx

X...

Example 4: If y = "

.00

, then prove that

X....00

a y
Here y=a* .

Solution: =a

LOVELY PROFESSIONAL UNIVERSITY

Y _
then prove that ;-

Jfsinx+y

sinx +vy

CosX +——
X

Cosx

cos x
2y -1

Hence Proved

dy _ y
l—y'

log{e™™V}

(x+y)loge

x+y, [ loge=1]

1+d_y
dx

y_ d
1-y Hence Prove

y* logy
x(1-ylogx.logy)"

dx
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Note By taking log of both sides,
logy =x"loga
By again taking log of both sides

log(logy) =ylogx +log(loga)
By differentiating wrt x

Iogyydx = y;+E(logx)+0
loo ¥ dy . 1-ylogxlogy\dy vy
ylogy dx ylogy dx x
dy y*logy

dx m' Hence Proved

Self Assessment

1. Fill in the blanks:

(i) Suchfunctions which are differentiated by taking logarithm are knownas............................
Differentiation.

Questionnaire 4.2

Short Answer Questions:

d
1. If y=+x++x+x+..00 then prove that (Zy—l)dfzﬂ.

d
2. If y= \/tanx +/tanx +Vtanx +..0 then prove that (2y-1) % =sec’x

Jx..0 2
X

e dy y
= =2
3. Ify x then prove that ¥ i “2—ylogx

L (sinx)..o0 d 2 cotx
sin) then prove that Y__J

= (sinx)' = oo (i)
4. If y=(sinx) dx  1-ylog(sinx)

5. 1f y=ylogr+logr s ylogr = then prove that L-— L _
. Y g g gX+.. p v

1 h b dy _ 2xy?
-1 then prove that dx 71+y2
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4.3 Implicit Function Note

If any such equation exists between x and y such that cannot be solved for y instantaneously then y
is said to be the implicit function of x. In contrast if value of y can be found out in terms of x then y
is said to be explicit function of x.

l?

Did u know? Differentiation of implicit function : To dy/dx find of implicit function,
differentiate each element of the equation wrt x then by bringing the
value of dy/dx to find one side, find its value.

EXAMPLES WITH SOLUTION

Example 1: If ax? + 2hxy + by* =0, find the value of dy/dx.

Solution: Given that : ax” + 2hxy +by* =0

By differentiating wrt x

d, d d, ,
— 2h— b— =0
0 () + 2 () + b ()

Or 2ax+2h(x-@+y~1j+2by.dl:0
dx dx
2+ 0y) Y = D(axan
Y qx - (ax + hy)
dy  (ax+hy
or dx [hx+byj Ans.

Example 2: If ax* +2hxy +by* +2gx +2fy + ¢ = 0, then find the value of dy/dx.

Solution: Given that ax? + 2hxy + by* +2gx + 2 fy +¢ =0

By differentiating wrt x

d o d d d d d
- 2 b — 2¢ ——(x)+2f ——(y)+—(c) =0
1) 2 () b () + 28 (042 1)+ =—(0)

Or a(2x)+2h[x§y+yj+b(2yzyj+2g-l+2f-g—y+0:O
X

X X

2(hx+by + f) Z—y
x

—2(ax+hy +g)

dy _ (ax+hy+g)
Or Fe (x+by + ) Ans.

LOVELY PROFESSIONAL UNIVERSITY 85
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Note

2

dl = y
Example 3: If y =x¥ prove that X

1-ylogx *
Solution: Given that y = x¥, by taking log y = ylogx
By differentiating wrt x

1dy d dy
ydx " ya(logx)-klogxa
= y~1+logx~d—y
x dx
1 dy
L togx | _ ¥
o [Ltogx)it . x
d 2
Therefore 3L = 4

dx ~ 1-ylogx

Example 4: If siny=xsin(a+y), th that 22 =91 (@*3)
xample 4: If siny=xsin(a+y), then prove tha i sina "

sin
Solution: Given that siny=xsin(a+y),or x= Wzy)

By differentiating wrt x

. d . . d .
sm(a+y)-d—smy —smy'asm(u+y)
X

1= 5
{sin(a+y)}
Or sin“(a+y) =sin(a+y) cosy—=—siny-cos (a+y)—
dx dx
Or sin?(a+ y) ={sin(a+ y)cosy —siny cos(u+y)}jl—y
x
.2 . dy
Or sin“(a+y)=sin(a+y-y) —=
dx
Or sin ad—y =sin®(a+y)
dx

dl _ sinz(a +v)

Therefore dx Hence Proved.

sin a

1
Example 5: If x¥ =¢™Y then prove that dy _ sz .
dx (1+logx)
Solution: Given that x¥ =¢"¥, by taking log of both sides
ylog,x=(x-y)loge or ylog,x=x-y

x
Or y(1+log x)=x or y—m

dy (1+logx)~1—x(1/x):

log x

e (1+1log x)2

LOVELY PROFESSIONAL UNIVERSITY
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Unit 4: Logarithmic Differentiation

[P

Task  Find differentiation of x*"*wrt x.

Ans.: [sinx(cos xlog x +

Note

sinx

)]
X

dy
Find the value of ——

11.

13.

14.

15.

dx
xy=c 2. ¥y’ =d?
3x2+y? =5 4. 5x% +5y% ~11x -9y -12=0
2y
n n_ n 6, —+—==1
+y'=a 2 b2
y? = 4dax 8. X34y =g?
+ ﬂ -y Y x b
If &7y’ =(x+y)"*" then prove — === 10. x'+y*=a
Y =xY 12, x"+y¥ =1
dy _ |1-y%)
2 2y _ A =
If y\/(l—x )+x\/(1—y ) =1 then prove dx 1-x%)
dy 1—]/2
2 2 -~ =N <
If V1-—2x2 + ’1—]/ =a(x—y) then prove that i 12
d]/ -2
If x\J1+y +y~1+x =0, then prove that E =—(1+x)
Answers
¥ —
1. N 2. Y
-3x ~ (10x -11)
S 4. 10y-9
X n-1 _b2x
5 —|— 6. 2
y “y
2a —y!/3
4 Y
7. 8. L7
—xy " +ytlogy y(y—xlog x)
10. xy !+ 1 log x 1. x(x -y logx)
x*[1+logx]
R ——
y’(1+log y)

Questionnaire 4.3
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88

44  Parametric Function

Sometimes x and y are given in the form of function of a third variable. This third element is known
as Parameter and this type of equation is known as parametric function. In this way we can find the

d

dx

without elimination of parameter.

Example 1: If x = f;(t) and y = f,(t) where t is independent variable and a and y are dependent
variables.

dy _dy dt _dy Jdx
dx dx dx dt/ dt

Therefore differentiation of y wrt x is the multiple of differentiation of x and y wrt to the parameter.

EXAMPLES WITH SOLUTION

d
Example 1: If x=at® and y = 2at, find the value of ?y .
x
Solution: Here x =at’
Differentiating wrt parameter
dx_ 2at
dt
And y =2at
Differentiating both wrt ¢
dy
T 2a
dy
dy ot
. dx
dt
_ 2 1 A
T 2at t >
0 e dy
Example 2: If x =g cos® and y=bsin® find value of e
Solution: Here,
ax =—asin® or 4y =b cos6
de de
dy dy /dx bcos© b
=/ —= =——cot6
dx do/ &0 —asin®  a Ans.
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Questionnaire 4.4

Find dy of the following:
dx

1. x=asecO, y=>btand 2. x=cost,y=sint

3. x=log t,y:e'+cost

3at 3at?
4. If x= , Y= then prove that

1077 14P P

dy_t2-F) o 1

a:m (i) find I when t:E

Answers
b
1. —cosec 0 2. -—cott 3. t(e'—sint) 4. (i) -3/2

Self Assessment

2. Multiple Choice Questions:

(i) If there exists an equation between x and y such that cannot be solved for y instantaneously
then y will be said to be what function of x?

(@)  Implicit (b)  Explicit
(¢)  Equal (d) group
(ii) If y can be calculated in terms of x, then y will be said to be what funtion of x?
(@)  Implicit (b)  Explicit
(¢0  Equal (d) group
(iii) What will be the value of xy = ¢
- X
@ ®
© - @ <.

45 Summary

® Ifyouneed to differentiate such functions in which exponent is also a function of that variable
and a function that needs to be differentiated is the product or division of many functions,
then we first need to find logarithm of those functions and then differentiate it.

® If any such equation exists between x and y such that cannot be solved for y instantaneously
then y is said to be the implicit function of x. In contrast if value of i can be found out in terms
of x then y is said to be explicit function of x.

log (m'n) = log m+log n
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90

log m—log n

log [ﬂj

log (m)" = nlogm

® Sometimes x and y are given in the form of function of a third variable. This third element is
known as Parameter and this type of equation is known as parametric function. In this way

d
we can find the uTz without elimination of parameter.

46 Keywords

® Function: Work

® Infinite: Which does not have an end

4.7 Review Questions

sin”! 4y xSy 1siIflir
1. If y=x"" x then find R (Ans.: x 12

log x )

log siny +y tanx

ey
2. If (cos x)! =(siny)* find - (Ans.: log cosx —x coty

y x 4y —7y2
3. If y=xY, Prove that dx 1-ylogx
_ —bsing find b
4. If x=acos® and y=>bsinb find I (Ans.: —Z cot0 )

a

Answers: Self Assessment

1. (i) Logarithmic (i) log n (ili n (iv) log(m, n) (v) 12
2. (i) (@) (ii) (b) (i) (9)

4.8  Further Readings

N

Books Mathematics for Economics- Council for Economic Education.

Mathematical Economics-Michael Harrison, Patrick Waldren.
Mathematics for Economics- Malcom, Nicholas, U.P. London
Mathematics for Economics-Carl P. Simon, Lawrence Bloom.
Mathematics for Economist- Mehta and Madnani-Sultan Chand and Sons.

Essential Mathematics for Economics-Nut Sedester, Peter Hamand, Prentice Hall
Publication.

Mathematics for Economist-Simon and Bloom-Viva Publications.
Mathematics for Economist-Yamane-Prentice Hall India.

Mathematics for Economics and Finance-Martin Norman.
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Unit 5: Second and Higher Order Differentiation

CONTENTS

Objectives

Introduction

5.1  Successive Differentiation
52  Summary

53  Keywords

54  Review Questions

5.5  Further Readings

Objectives

After reading this unit, students will be able to :

e Find out Successive Differentiation.
Introduction
dy
If y is the product of x then i would also be the product of x. The differential coefficient of this
would be the second differential coefficient and then this will be referred as third differential

coefficient.

5.1 Successive Differentiation

d
If y is the product of x then % would also be the differential coefficient of y with respect to x, which

d(d d
further can be differentiated. The i d%ij differential coefficient of ?Z would be referred to as

second differential coefficient. Thus, second differential coefficient of y, would be referred to as

. . . . . dy d’y d
third differential coefficient. Thus, the different coefficient can be shown as E,dj’ﬁ’w .
X dx

Prime producty =f(x) | Simple Indication | Other Indication
. - dy
First coefficient — f(x), Dy, y1
dx
d d?
Second coefficient i (—yj:—z f'(x), D%y, y2
dx \dx) dx
Third coeffici d dzy d2y D3
t - e =5 " 4 7
rd coefficien dx | 32 I 1" (x), D%, y3
h coefficient d(dy) dy (), D
nthcoefficien el el "(x), DY, Yn
dx( dx" 1) dx" / "y
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Note

. y 6
Thus, if y =x7, then E_%C

2
Y _Y 7:6)=42°

dx?  dx
And @—1(4299) =210x*
dx®  dx

EXAMPLES WITH SOLUTION

Example 1: If f(x)=ax® +bx* + cx® + dx”* + ex+ f, then find out the value of f"'"(x) .
Solution: given then
fix) = ax® +bx* +ox® +dx® vex + f
f'(x) = Sax* + 4bx® + 3cx? + 2dx +e+0
F'(x) = 20ax® +12bx” +6cx +2d +0
F(x) = 60ax” +24bx +6¢ =0
f""(x)=120ax + 24b

dZ
Example 2: If y = A sin mx + B cos mx, then prove that 7;2/ +m?y =0,

Solution: given then y = A sin mx + B cos mx

dy
dx

A cos mxi (mx) + B(—sinmx)~i(mx)
dx dx

Am cos mx — Bm sin mx

Further evaluating with respect to x
. d d
— = Am (- sin mx). — (mx) — Bm cos mx. — (mx)
dx dx

= - Am? sin mx - Bm? cos mx
= - m? (A sin mx + B cos mx) = - m%y
2

d
Therefore, —g +m?y =0.
dx

Example 3: If y =sin(sinx), then prove that y, +y,tan x + ycos’x = 0.

Solution: given that
y = sin (sin x)
y; = [cos (sin x)] - cos x
On Differentiation Y, = [cos(sinx)] (~sinx)+cosx:[-sin(sinx)]cos x

—sinx cos(sin x) — cos? x sin (sin x)

LOVELY PROFESSIONAL UNIVERSITY
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= —sinx cos (sinx) — ycos2 X, [ y =sin(sinx)] Note
= —sinx~L—ycos2 X, [From (1)]
cosx

Therefore, y, +y, tanx+ycos’x=0.

ax _: dzy dy 2 2 =
Example 4: If y = ¢ sin bx, , then prove that o Zad— +(@ +b7)y=0.
x x

Solution: given that y = ¢™ sin bx (1)

Evaluating with respect to x

dy e’”‘i(sinbx) + sinbx.i(e”x)
dx dx dx
= ¢"cos bx.i(bx)+sinbx.e”x.i(ux)
dx dx
= be™ cosbx+ ae™ sin bx
= be™ cos bx +ay, [From equation (1)] -(2)
Further evaluating with respect to x
2
7y _ b{e‘” .i(cos bx) +cos bx.i(e"x)} +a 4y
dx* dx dx dx

=D e’”.(—sinhx).i(bx)+cosbx.e’”.i(ax) +a@
dx dx dx

dy

= b[-be™ sinbx+ae™ cosbx]|+a—=
dx

= —b%e™ sinbx + a(be™ cosbx) + ai
dy

= ~by+ a(%fayj+ u% = 211%7(112 +b%)y,

= —b’y+ a(%fayj+ u% = 211%7(112 +b%)y,

from equation (1) and (2)

2
Therefore, d—z - 2ad—y+ (a2 + bz)y =0
dx dx
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Note Self Assessment

1. Fill in the blanks:

d(d

(i). ﬂ(fz] is the ........... differential coefficient of y.
d(d%y

(i). 4y PR pas——

oo d d’y

(111), Ir ( .......... ) = de

Questionnaire 5.1

d3
1. If y=8x" +4x% +3x+11 then find out the value of TZ
x

d3
2. If y=ax®+bx*+cx+d then find out the value of Tz
x

3
3. If y=x?logx, then prove that dy_2
’ d®  x

Determine the second differential coefficient of following product
4. (i) x’logx (i) xlog x

5. sin (cosx)

6. x>

7. tane”

8. Find out the n' differential coefficient of "

dzy

ax?

9. If y=Asinpx+Bcos px, then prove that +py =0

d*y B 2a%xy

10. If x° +y° —3axy =0, then prove that e W

Py dy
11. If y is the product of z and z = ax then prove that oy a 2
x z

12. If y=(sin"x)*, then prove that (1-x?)y, —xy, =2

El
13. If y=e"" %, then prove that (1+x2)y, +(2x—-1)y, =0
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d’y 2 Not
14. If Jx+y+y—x=c, then prove that d—¥=7 ote
X~ ¢
dZy 6012
2 2_ 2 ‘¥, -0
15. If x*+xy+y~ =a", then prove that 2 (x+2y)
11-2logx 13+2logx J42
16. If y=tan ——— —"—+tan s then prove that d%zo
X

1+2logx 1-6logx

d? a’b?

P, _
17. If p* =a*cos® 0 +b*sin? @, then prove that 40 tp= P

18. If y= grsin”! *, then prove that (1-x?)y, —xy, —a’y =0

19. If y=sin(msin'x), then prove that (1-x2)y, —xy, + m*y=0.

52 Summary

= would also be the differential coefficient of y with respect to

® [f yis the product of x then ix

d(d d
x, which further can be differentiated. The Ir (;Zj differential coefficient of cTZ would be

referred to as second differential coefficient.

53 Keywords

®  Successive: In a series

® Miscellaneous: Mixed

54 Review Questions

dy 31 5
1. Find the value of 2 if y= s [Ans.:= 6x-12x7"]

, d'y 6
2. If y=x"log x, then prove that o

ax s dzy dy 2 2
3. If y=e¢"sinbx then prove that d?—zaa+(a +b%)y=0
Answers: Self Assessment

. Ay L dy
1. (i) 2nd (ii) 3 (iii) It
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Note 5.5  Further Readings
Books Mathematical Economy - Mehta and Madnani, Sultan Chand and Sons.

Mathematics for Economist - Mehta and Madnani, Sultan Chand and Sons.
Mathematics for Economist - Malcom, Nicolas, U C London.

Mathematics for Economist - Carl P Simone, Lawrence Bloom.
Mathematics for economics - Council for Economic Education.

Essential Mathematics for Economics - Nutt Sedester, Peter Hawmond, Prentice
Hall Publication.

Mathematics for Economist - Yamane, Prentice Hall Publication.
Mathematics for Economist — Simone and Bloom, Viva Publication.

Mathematics for Economics and Finance - Martin Norman.
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Unit 6: Differentiation : Partial Note

CONTENTS

Objectives

Introduction

6.1 Differentiation of a Function in Respect to Other Function
6.2  Summary

6.3 Keywords

6.4 Review Questions

6.5  Further Readings

Objectives
After reading this unit students will be able to:
® Understand the Method of Differentiation of a Function in Respect to other Function.
Introduction
Differential coefficient of the first function relative to some other function is the ratio of the differential

coefficient of the first function with respect to x to the differential coefficient of the second function
with respect to x.

6.1 Differentiation of a Function in Respect to Other Function

Suppose y; = f1(x) and y, = f,(x)

That is y, and y, are the functions of x, on differentiating both with respect to x

d , dyZ_ ’
%:fl(x) and E—fl(x)

d
Now the differential coffiecient of y, with respect to y, is Til
2
Y
Ay, _ dx _ i)
Notes dy, Ay fi(x)
dx

dy, Differential coefficient of y; with respect to x
Therefore dT/z =

Differential coefficient of v, with respect to x

Ay
Did u know?  Differential coefficient of the first function relative to some other function is

the ratio of the Differential coefficient of the first function with respect to x to
the Differential coefficient of the second function with respect to x.
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Note EXAMPLES WITH SOLUTION

1
Example 1: Find the differential coefficient of tan™'x with respect to sin”lx at x = >

1
d(tan " x) 1+ %2 1—x?
lution : = =
Solution d(sin" x) 1 1+x2
1-x?
1 L 43 NG
1 4 o 243
1+ — 5
4 4

Example 2: Find the differential coefficient of e " * with respect to sin x.

tanx

Solution : Let us suppose y; =¢“"* and y, =sinx

d tan x tanx 2
Here dy, = Ee =e . sec”x
d .
And dyz = ix SINX=COSX
. . d]/l detanx etanx.sec2 X etanx
Therefore: = T =
dy, dsinx cosx cos® x
1 V1+ x2 -1

Example 3: Find the differential coefficient of tan with respect to tanlx .

X

Solution : Suppose v, = tan ™' and y, =tan ' x

Vi+x2 -1
X

On putting, x=tan0

aV1+x% -1 4 V1+tan?6-1

= tan =tan
y X tan6
tan-! secO-1 5 1-cosO
= tan 6 sin®
2sin? 1 0

- tan~ 1721

2sin—0cos—0
2 2

-1
= tan’l[tangjzgztan o
2) 2 2
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dx dx X

2
dy, 4 [tanl 1”‘1

i tan”! x B 1
Todx| 2 2(1+x%)

1
1+x2

dy, d -1
72 T (¢ —
And dx dx (tan""x)

dy;  ditan'(V1-x* -1} /x

Note

Ans.

dy, d (tan_1 X)
_ 1
2(1+x%) 1
= 1 -
1+x2
[Py
. : : - . 1
Task  Find the differential coefficient of tan~!y with respect to sin”'x at X = 3

(Ans. :

3
5 )

VR

p—
1N

=R

Example 4: Find the differential coefficient of tan™!

2 2
xz) and yzzsin’l( xzj

Solution: Suppose ¥, = tan™’ [1

—
+
=

On putting x =tan0

_ 2tan9 1 1
=tan}| ————— |=tan"' (tan20)=20=2tan "' x
Y (1—tan29j ( )
dy, 1 2
= =2, =
Then dx 1+x2 1+x2

Y, =sin™' (m] =sin (sin20) =20 =2tan ' x

Also 1+tan®0
dy, 1 2
—_ = 2 =

Then dx 1+x%> 1422

dy,  d[tan”'{2x /(1-2%)]]

dy, ~ d[sin{2x /(1+x%)}]
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Note

i[tan-l (2x / (1-x%))]
dx

isin_1 {2x /(1 + xz)}
dx

2 1+x2
X =

1. Ans.
1+x2 2 ns

Example 5: Find the differential coefficient of function f (x)=sin™! (2x~/1 - xz) with respect to
. -1
sin"x -

Solution : Suppose

v, = sin ! 2xy1-x?

x = sin6

Yy, = sin~! (2sin 04/1 —sin? 0) = sin ' (2sin 6 cos 0)
Yy, = sin ™" (sin 20)
y, = 20=2sin"'x

dyy 2
dx 1-x2

Yo = sinx

. dy, 1
Again I = 12
2
dsin™'(2x4/1—x? _ 42
Then ( . ,\4 ) = \/1 =2 . Ans.
dsin™ x 1
1-x2

X 1-y

dy
. 6 6 _ 3(.3_.3 =
Example 6: If |/1-x°+,/1-y°=a’(x’ - y°) then prove that dx 2 \1-2"

Solution: Suppose x° =sin®, > =sin¢, then v1-x° +1-y° =4’ (x> - )

Or \/1—sin29+\/l—sin2¢ = 4% (sin0 - sin ¢)

cosB+cosh = a°(sind-sin¢)
2cose+¢cose_¢ = a3.2cosﬂsir1u
2 2 2 2
-9

= cot? = a3

= 0-¢ = 2cot™ta®

= sinx® —sin'y® = 2cot 143
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On differentiating with respect to x Note
= 1 3 1 .3y2@ =0
J1-x° \/1—y6 dx
dy 22 [1-y°
= dx = yz 1—x6. Ans.
Example 7: If ¥ =~ then find the value of 2 and ‘Y at x=0
xample 7: If Y 1+x+x2+x3't en find the value o dx an Watx— .
Sl - — ;
olution: Y= 1ixra244®
= (1+x+x2+2%)7"
d
aTZ = —(1+x+x%+x%)2(1+2x+3x%)
At x =0
dy
de -1
d’y _ 2, 3\-3 2
o 21+ x+x"+x7)7(1+2x+3x7)
~(1+x+x*+x°)2(2+6%)
dy
At x=0 It =0. Ans.

Example 8: If y = x cos(a+y), then prove that dx

Solution:

=

On differentiating with respect to x

dy cos*(a+
y=7( Y and at x=0,d—y=cosa.
cos a dx

siny =x cos(a+y)

_ siny
cos (a+y)
|- cos (a+1Yy) cos y%—siny~{—sin(u+ y)}%
cos?(a+y)
. . dy
{cos(a+y).cosy+sin(a+ y).smy}d—
1= L
cos®(a+y)
cos (a+y—y)d—y
1 = dx
cos? (a+v)
cosa dy
1= Iy

cos® (a+y) dx

dy cos® (a+y)
dx cos a
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Note Again when x =0

Then siny=0 = y =nn

2
d cos” (a+nm)
At, x=0 gy _ =
dx cosa
dy cos?a
— - = =cosa
dx cosa

Example 9: If y = (sin"'x) + (cos'x)?, then prove that

d’y _dy
1-x%)—5-x—2L=4
) e ™
Solution : y = (sin'x)* + (cos ' x)?
dy 2(sin'x —cos " x)

E B \/l—x2
= Vl—xzdl
dx

On differentiating with respect to x,

d? 1 dy 1 1
1—x2mg+2(—2x).‘bc=2{ + }

21 —x

1

2(sin™ x — cos ™ x)

dy dy
1-2)2Y _ %Y
( x)dx2 xdx =9. 2

\/1—x2 \/1—3‘2

dy dy
1-22)—L —xL =
A=20e  ~4

Self Assessment
1. Multiple Choice Questions:

(i) What will be the differential coefficient of ax” with respect to x7?
(@) a (b) x (© « (d) a
(i) What will be the differential coefficient of log x with respect to tan x?
2 2 X X
sin"x ) 087X

@) X ®) X ©) cos? x (d) sin” x

1
(iii) Differential coefficient of tan™x with respect to sinx at x = — will be
2

5
0% % 0% wig
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. . Note
Questionnaire 6.1

Find the Differential coefficients of the following:

1. x®with respect to x?

2. e*with respect to [y

3. xsin'x with respect to sin”x .

. g 1-x
4. sin 1[mj with respect to \[x

sinx

5. (log sinx)™™* with respect to sin x
6. log (x? +2x+1) with respect to (x* +2x).

1 1
-1 . ==
7. sec 1 with respect to /1,2 at ¥= >

Answers
5
1. EXS
2. 2Jx et
3. x+ \/ﬁ-sin‘1 X
1 -2
T 1+x

5. (log sin x)s"* . [log (log sin x + 1 log sin x)]

1
X2 +2x+1

7. 4

6.2 Summary

® Supposey; = fi(x) and y, = f,(x) ie.y, and y, are the two functions of x. On differentiating
both with respect to x.

B _ i) D2

6.3 Keywords

® Partial: Unfair, divided
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Note 6.4 Review Questions
. . . .. I 1+ x2 -1 .
1. Find the differential coefficient of tan™ —————— with respect to tan™ x [Ans.: E]
x
2 6
2. If V1-2° +1-y° =4’ (x® —y°) then prove that dy_x /1—7y .
dx yz 1-x°
Answers: Self Assessment
(i) a (i) b (ifi) ¢
6.5  Further Readings
Books Mathematics for Economics - Malcom, Nicolas, U.C.London.

Mathematics for Economics - Karl P. Simon, Laurence Bloom.

Mathematics for Economics - Council for Economic Education.
Mathematics for Economist - Mehta and Madnani - Sultan Chand and Sons.
Mathematics for Economist - Yamane - Prentice Hall India.

Mathematics for Economics and Finance - Martin Norman.

Mathematics for Economics - Simon and Bloom - Viva Publlications.
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Unit 7: Homogeneous Function and Euler’s Theorem Note

CONTENTS

Objectives

Introduction

7.1  Homogeneous Function: Definition

7.2 Euler’s Theorem

7.3 Cobb-Douglas Production Function

74  The Constant Elasticity Substitution (C.E.S.) Production Function
7.5  Summary

7.6  Keywords

7.7  Review Questions

7.8  Further Readings

Objectives

After reading this unit students will be able to :

o Know the Definition of Homogeneous Function.

e Understand Euler’s Theorem.

e Understand Cobb-Douglas Production Function.

e The CE.S. (Constant Elasticity Substitution) Production Function.

Introduction

Maximum use of special production is referred to as Homogeneous.

Euler’s Theorem describes when the every means of production are increased in a proportion, as a
result production will increase in the same ratio.

Euler’s Theorem has an important place in economic area especially in marketing area. Production
is made in conjugation with many means.

Cobb-Douglas Production Function also keeps an important place in economic area. In today’s era
economists are using Cobb-Douglas Production Function in various economical areas.

71 Homogeneous Function: Definition

Maximum use of special production is referred to as Homogeneous function.

Fore.g. f(x, y) = x2 - ?

If x — tx and y — ty is put in the above production where ¢ is positive constant, then
flbx, ty) = () - (y)* = £ (2 - )

2fxy)

2 2

If production is f (x, y) = x* -y
fiex, ty) = £ (x,y)

fley) = x"-y"
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Note Then f (tx, ty) = t" f (x, y)
Another example of homogeneous function
flx, y) = x>+ xy - 3y? then
fay) = 20+ 32y +

And fitx, ty) = P flx, y)
Production can be written as fltx, ty) = t"f(x, y)
i5
Notes The above production is n category of f (x, y). In economics majorly production of
Zero Category is used.

x. Y

Example 1: floyz) = -+ >

Then, f(tx, ty, tz) = o +t—y XY =f(x,y,2)=t"f(x,y,2)
tz tz z z
2oy 2

Example 2: fx,yz) = _*FT -+ —

yz xz Xy

t2X2 t2y2 tZZZ

fltx ty, 12) tzyz xz tzxy

Pf(xy, 2)

Example 3: If g quantity, p price and y is income, then demand function is as under

Y
qg = f(p,¥) === where k is constant value, then

kp

ty _y
ﬂmqo_‘@=gﬂfmw

q = fle.y)=fip ty)
Therefore, when price (p) and income (y) changes in same ratio, then there would be no change in
demand (g).

7.2  Euler's Theorem

Euler’s Theorem states that all factors of production are increased in a given proportion resulting
output will also increase in the same proportion each factor of production (input) is paid the value
of its marginal product, and the total output is just exhausted. If every means of production is
credited equal to its marginal productivity and total production is liquidated completely. In
mathematical formula Euler’s Theorem can be indicated. If production, P = f (L, K) is Linear
Homogeneous Function:

P
P = L—+K—— inother words P =LMP, + KMP;
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Where P = Total Production, L = Unit of labor means, K = Unit of capital, or Note

MP, = Marginal productivity of Labor and 2—112 = or MP, = Marginal productivity of Capital

Assumptions
The theorem is based on following important assumptions:

1. The Law of Constant Returns of Scale is functional. This is possible only when production is
linear homogeneous and is of a degree.

2. Market is fully competitive
3. When it considers the division of means of production

4. For the given period, techniques are constant

7.2.1 Diagrammatical Presentation of Euler’s Theorem

Keeping all the above assumptions into consideration, Euler’s Theorem can be shown in Figure.
Assume that production is P = f{L, K) then both the factors L and K affect total production P. First, We
will see the effect of L factor over P where K is constant. Thereafter we will see the effect of K factor
over P where L is constant

AY

Total Output

o Units of labour Q X
Figure 7.1

In Figure 7.1, X-axis contains the unit factor of L and Y-axis shows Total Production. TP is Total
Production. At point M total production will be maximum. Assume at N point of total production
curve TP, TI touching line is drawn. From N-point vertical line is drawn on X-axis, which meets at
Q-point on X-axis.

Now, Slope on N-point 2—112 =tan0

_NG_NG
RG 0Q
oP NG _
Now La = OQ@ZNG (i)

LOVELY PROFESSIONAL UNIVERSITY
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Note

l 7 h P = L@_'.K@
Euler’s Theorem = L K
oP oP
K— = P-L—=0QN-NG=QG ii
Or K oL Q Q ...(if)
Where P = Total duction level P = L*8P+K*ap
ere P = Total production leve = "L K
Or ON = NG+ QG

Thus, total production QN is divisible in NG and OG. Where NG and QG are L factor is means and K
factor is paid the value respectively. This way if marginal productivity of every factors of any firm
is paid the value of its marginal product, then total production will be exhausted.

7.2.2 Mathematical Solution of Euler’s Theorem

With the help of homogeneous production Euler’s Theorem establishes a special relation in the
principle of marginal productivity. If u = f{x, y) h a homogeneous production of h degree, then
theory will be shown as =xf,, + xf,,

0 _at 0 O (x,y)
5 RHS) = p flx,y)+t i (L.H.S))

hef (x, ) -0
= W1 f(x,y)
Where L.H.S. means Left Hand side and R.H.S. means Right, then L.H.S. = R.H.S.
fy * Yy, = B f(xy)
Now if t =1, then t may be any number
Xforyf, = i y)

h is the degree of equation. If now we consider linear homogeneous function, then h =1

then xf, + yfy = flx, y)
ou  ou
or X—+y— =u
ox oy
or if we consider second equation
Ry O
o dy oz T2

Generalizing for more than two constants

ou ou ou

— 4 Y—+—+.. =
x&x y@y 0z u (x, y, 2)

Where k is degree of equation f (x, y, z) = 3x + 2y - 4z

Is a linear homogeneous function
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Then as per prime Note
xfx+yfy+zfZ =1xGBx+2y-4z)
fo = 3,fy=2,fz=—4
Therefore, left side would be as under
LHS. = 3x+2y-4z=RHS.

7.2.3 Importance of Euler's Theorem

Euler’s Theorem has an important place in economic area especially in marketing area. Production
is made in conjugation with many means. Now the question arises how all factors of production
should be distributed in proportion to the total productivity so that total production is exhausted. In
addition to that this helps in resolving short-term problems of production - like distribution of all
factors of production and distribution of total production into all factors etc. with the help of this
theory firm can ascertain how factors should be used. Factors of production should be utilized to the
level where its price is equal to its marginal productivity. This way it also helps in determining the
price factors of production.

Self Assessment

1. Fill in the blanks:

1. Maximum use of special production in economics is referred to as ........................

20 Theorem establishes a special relation in the principle of marginal productivity.

3. Euler’s Theorem has an important place in .................... area.

4. is made in conjugation with many means.

5. If production is made in ................. with many means, it describes how all factors of

production should be distributed in proportion to the total productivity so that total production
is exhausted

7.3  Cobb-Douglas Production Function

Cobb-Douglas Production Function is used widely in economic area. This production function was
developed by C W Cobb and D H Douglas. They studied various industries of the world to devise
this function. This way, it is used as a Universal Law for production.

l?

Did u know? Cobb-Douglas Production Function is indicated as

P = AL*KP y
Where P = Production, L = Labor, K = Capital u = Disturbance Terms and A is a constant value.

o and B are positive parameters. With these 00 >0, >0, L>0and o+ =1.
Some economists show this production function with u
P = ALK (a>0,B>0)
If atp =1
In Cobb-Douglas Production Function, there are two factors of production viz. P = f (L, K)
If both the sides are multiplied by A (Lemda) then AP = f (AL, LK)
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Note

Then f(AL, AK) = A(AL)* (AK)Pu

= WP AL*KPy

Lo+PpP (-. P=AL*KPu)
If o + B =1, then production would be under the constant result.
If o + B > 1, then increase in production will happen

If o + B <1, then decrease in production will happen

7.3.1 Characteristics of Cobb Douglas Production Function

1. If factor of production is increased by some constant value i.e. A, then productivity will also
grow by A. Cobb Douglas Production Function P = L°KP u is if Labor L and Capital K is
increased by A.

pt = A (M)* (AK)P u

= WP AL* KBy
= MAL® KPy (if a+ B =1)
= AP
Y A
M
( R
B,
300
v B, \
5 p —— 200
% B,
(=
100
O Al AZ A3 X
Factor - L
Figure 7.2

This way productivity will increase in the ratio o increase in factors. This can be seen in Figure 7.2.
X-axis shows L (Labor) and Y-axis shows K (Capital). To produce 100 units OA, units of factor L and
OB, units of factor K is taken. If the productivity is taken to 200 units, similarly L and K would also
required to be doubled. Here OA, is just double of OA, units. Similarly OB, is also twice of OB,. In
a similar fashion for production of 300 units, triple unit of A and B would be required as can be seen
in the figure 7.2.

This can be understood in other way. OM is the expansion path of production where P, Q and R meet
the balance point. These balance point will be on equal distance viz OP = PQ = QR, which described
that production will increase in the ratio of factors increased.
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2. Production function is homogeneous and of a degree: Note

If Production function is homogeneous and of a degree, it means that production will come
under constant formula.

Production function = P = AL* KPy
Taking log of two sides log P = log A + a.log L + B log K + log u
Partially differentiating with respect to L and K separately

1P a :
Pl T 1 ..(i)
10P B .
And PoK " L )
Writing (i) and (ii) further
oP
L— =
oL oP ...(iii)
oP
K— =
= BP (iv)
Adding equation (iii) and (iv)
LoP P
——+K—=Poa+PB=Plo+
op K5 =Pa+PB=Pa+p)
3. If Production function is homogeneous and of a degree, then elasticity of substitution will

always be equal to unit. If production function is P = AL*K® u, where o. + B = 1 we know that
elasticity of substitution
= o = Change in ration of factor’s quantity/ % change in price ratio of factor

_A(K/L)/(K/L) _a(K/L)/K/L
*= 3P /B)/P /P OR/R

Where K/L = ratio of factor quantity
R =P, P, = Price ratio of factor

oK
We know that rate of marginal substitute technique = A
K MP, _ P _
oL =~ MP¢ P

In oth d R = op/eL
n other words = DK
Our production function P = AL*LPy

Differentiating with respect to L and K separately

opP
L - BAL“KPy
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Note Therefore
oP
L = ALKy
R B/ ALKy a K
" oP/OK  BAI°KPu L B
_9f K
= 3L
oR = a/po(K/L)
oK/L)/K/L _oK/L)/K/L
Therefore, o= a(PL /PK)/PL /PK 6R/R
_ OK/L)/K/L _ ,
S W =1 It's prOVed
(K/L)ya/b
4. For production capital and labour are important requirements - If capital becomes Zero,
production will get into Zero
Production function = P = ALBKPy
L=0
Assume P=ABKPu=0
K=0
Assume P=AL*-0O u=0

Thus, for production both the factors are essential.

5. If Production function P = AL* KBy is homogeneous and of a degree, then o and B reflects the
position of labour and capital in the production.

Production function is P = AL* KPy

Differentiating with respect to L and K separately

1 or 1
= = Sz
oL L
1 g1
PeK ~ K
o = L oR MXMarginal product of labour

PoaL " product

Wage of labour
Product
K 0P _ Capital

And = ———— xMarginal product of capital
P P 0K  Product gihalp P

Labour share of total production

= Share of capital in production.
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6.  Production function displays the elasticity of Labour and Capital. By the characteristics of Note
production function

oP/P o
= 3L/L /L elasticity of labour

K oP
P oK

o°P /P
= m = elasticity of capital

The expansion path of Cobb Douglas Production Function is linear homogeneous and its
passed through main point.
Cobb Douglas Production Function P = AL*KPy
Taking log into both sides
log P=1log A+ alogL +BlogK+logu
Differentiating with respect to L and K separately

1aob_a
PoL L ~(8)
1P _ B .
PoK K ~(B)
Writing both the equation (A) and (B) again
oP o
- Z=p=
MP, oL L
or B
- Z=pt
and MPy oL K
MP, b
MP, = P
Po /L P
BP/K P
ok B
Or BL = B
Or o.KPy = B.LP
Or a.KPy —BLP, =0

Thus, Production Function is linear homogeneous and its passes through main point.
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Note

7.3.2 Economic significance of Cobb Douglas Production Function

Cobb Douglas Production Function has a very importance role in economic area. At present many
economists are using Cobb Douglas Production Function in various economic areas. The use of this
function is day-by-day is increasing especially in various industries and agriculture. This bring
important information for these sectors. This also helps in framing various policies.

With the help of this function, we can also determine the Marginal Productivity and similarly it
helps in determining principle of wages. Production function describes production technique. With
the help of this function we can also determine whether any factor is paid the value with respect to
its equality with the marginal productivity. In a same fashion it helps in agriculture to find the
elasticity of economy. By this function we also display elasticity coefficients. These elasticity
coefficients help us in comparing the international and internal areas.

As has already be described when function is linear and homogeneous and o + B =1, then production
would be under the constant result, when o + B > 1, then increase in production happens, and if o +
B <1, then decrease in production happens. This way this function helps us in studying the rules of
various results. Besides these it also fetches important information related to substitutability of
various factors of production.

In short, this function plays an important role especially in agriculture and industries. This is used
in determining the labour policies, inter-area comparison, substitutability of factors and degree of
homogeneity.

7.3.3 Limitation of Cobb-Douglas Production Functions

Although Cobb Douglas Production Function is used widely in economic areas and its use is
increasing in especially in various industries and agriculture, but some economists criticize this
production function. Among them are Prof K.J. Arrow, H.B. Chenery, B.S. Minhas and R.M. Salow.
Their main criticizes are:

1.  The main demerit of this function is this that it considers only two factors of production i.e.
Capital and Labour, whereas in reality other factors also have important role in production.
In other words, this function does not apply to more than two factors. Besides it can be used
only in construction industries. This way its use becomes narrow.

2. This function works under the constant result of formula. Rule of increase and decrease in
result also apply to production function. But this function does not work under these rules.

3. Function is based on the assumptions that technical knowledge remains constant and no
change in techniques happen in production. But the same can change in production. This way
assumption of constant technique is irrelevant.

4. Cobb-Douglas Production Functions assume that all inputs are homogeneous. In reality all
units of a factors are not homogeneous. For example some people are skilled and others are
not in a labour population.

5. This does not determine any maximum level of production. Prof M. Chand says “Since, this
does not ascertain the maximum level of P (Production), it would be practical and convenient
not to use this function beyond a certain limit for statistical measurement of its values.

6. o and B of the function reflects the proportion of labour and capital in production. This
becomes true only when market has a complete competition. But in case economy has a
incomplete competition or monopoly, then above relation can not be obtained.

7. It takes into account only positive marginal productivity of factors and ignores the negative
marginal productivity. Whereas marginal productivity of any factor can be zero or negative.

8. Last, the function is unable to produce information related to inter-relation of factors.
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74  The Constant Elasticity Substitution (C.E.S.) Production Function Note

In the Cobb-Douglas Production Functions it has already been discussed that elasticity of substitution
is always a unit in it. Here we will discuss a function where elasticity of substitution is not required.
This is known as Constant Elasticity Substitution (C.E.S.) Production Function. This was devised by
two groups of economists. First was K ] Arrow, Chenery and B S Minhas and R M Salow, whereas
second group consists M Brown, De Cani. Although they devised this function in other forms, but
result were same. First group has shown the production function as:

P = y[8C*+(1-8)N ]
(y>0,0<8<1, a>-1)

Where P = Production, C = Capital, N = Labour a = substitution parameter; y = technical efficiency
coefficient or efficiency parameter (this is considered as A of Cobb-Douglas Production Functions in
C. ES. function); 8 = coefficiency of capital intensity (this is considered as a of Cobb-Douglas
Production Functions in C. E.S. function)

1-3 = Labour Intensity Coefficient

v = Degree of Homogeneity

7.4.1 Properties of C.E.S. Production Function

1. If Production Function is linear homogeneous then substitution parameter o would be equal

1

m] whereas production function is P =y(8C™* +(1-8)N~*]"/* provided

to constant (

vy>0,0<0 and oo > -1

Rational: According to definition elasticity of substitution

dlog(N /C) o(N/C)/N/C
©= Jdlogk  OR/R

N P
Here, E = ratio of production factors and R = —C€ = Price Ratio
N

Now production function
P = y[6C*+(1-8)N ]/ (7.1)
Partially differentiating with respect to N

oP

N = v/ alBCT + (1-gNT T ~1x[~a(1- 5N ]

= Bsc +(1-a)N T a(1-s)N ] (7.0)
o

From equation 7.1

P
{} = [6CT*+(1-8) N/
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[6C* +(1-a)N ]

|:Pj|u/v
Or —
Y

{P}(a/v)(v/al)
Or —
Y

[6C* +(1-8)N ] */o!
Putting equation 7.3 into equation 7.2

or

Or N

1+a/v
yz{} =(1-3)N ")
¥

Differentiating equation 7.1 further with respect to C

oP N
= - yo[8C™* + (1-8)N @] /15 C 1
1+a/v
= YU{J 8C Y [from equation (7.3)]
We know that
oP/oC _oN _ .
MTRS = §p /6N~ aC
1+o/v
yz{P} sC ()
Y
R = 1+a/v
yv{} (1-§N- 1+
Y
o B L £ (1+a)
r T 1-d\N
o .- S(N]‘lﬂx
T T 1-8\cC

Taking log of both sides

3 N
log R = log(§j+(1+a)log{6}

= log 8'+(1+a)logG

5 N
Here, § = ——andG=—
- C
Differentiating with respect to G
10R 1+a
RoG G
GaR _
Or RoG o
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Note

oG
9 6R/R =
Or c/RIR=171

3(NC)/N/C 1
oR /R T 1ta

1
Elasticity of substitution =0 Tra that’s it

2. Marginal Product of CES will always be positive, viz more than zero and never is negative.
Rationale: Production function P =v[8C™* +(1-8)N “] /¢

Differentiating with respect to N

ﬁ — a/v 1+a/v —o—1 : P
N -7 “yP (1-8)N [from first characteristics]
Or MP,, = y*/?-p(1-§)P**N -1+
P1+ot/zy
= RlW here R, =y */%(1-3)

If production happens under constant result then v =1

pl+a p l+a
N

NN
1/c
p 1
Or MP,, = R [ﬁj {here, o= (J
MP,; = Positive or MP,, > 0
P = y[8C*+(1-8)N ]/
Differentiating with respect to C
opP
= =y ppt 4 adC !
MP. ac ! p
= y/v.p§P-1+ /v C-(1+ o) [from first characteristics]
P1+0L/U
Or MP. = RQW here, R, =y */“ 08

If production function is working under constant result then v =1

P1+oc p T+a
Therefore MP. = R, o T R, (EJ
1/a
P 1
= R,|— here, o =
2 (C ] { ° 1+ a}

= Positive

Now MP.>0O
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3. Marginal production of production function is always moves downward viz

P P
Peary <0 and ~— <0
oM aC

[PY]

Task  What is the merit of C.E.S. Production function?

7.4.2 Advantages of CES Production Function over Cobb-Douglas
Production Function

1. Compared to Cobb-Douglas Production Function, CES Production Function brings more
general technique. Under CES Production Function, elasticity of substitution is constant and
it is not necessary that this elasticity is equal to a unit.

2. Compared to Cobb-Douglas Production Function, CES Production Function keeps more
important parameters. This way it has a wide area in substitutability and efficiency.

3. Cobb-Douglas Production Function and CES Production Function have a special form. If in
CES function a = 0 then we will get Cobb-Douglas Production Function.

4. Itis easy to find out the parameters under CES Production Function. Besides this function has
removed all the problems and unrealistic assumptions of Cobb-Douglas Production Functions.

7.4.3 Limitation of CES Production Function

Although CES production function has removed all the problems and unrealistic assumptions of
Cobb-Douglas Production Function and is widely used in economics, but yet it is criticized:

1.  Like Cobb-Douglas Production Function, this function also considers only two factors of
production (Labor and Capital). It does not apply to other factors of production. Prof H.
Uzawa says it is difficult to apply this function on 1™ factor of production.

For example: if A = \/E is production function, find out the demand of factor a and b, where

their prices are constant at P, and P,. If demand curve x = B- ap, what is the factor demand in
term s of prices and constants.

Solution: Given production function
x =A~Jab
= Aa/*p/? (i)
Differentiating a and b from equation (i) separately
ox _ 1,y
oa 2

And ox lAu1/2 /2
2

ab
From equation (i) and (ii)

1/2 11/2
MP. = 1Aa77b -x (x:A\/%)
“o2 a 2a

1 Ad/2p?  x

) b 2b
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But we know that Note
MP, P,
MP, = P,
x/2a b,
X / 2b B Ph
b P
Or - ===
a P,
Or b= & anda="b &
Pb Pu

Putting the value of a and b in equation (i)

= B /R

Or a= %a/PH/Pb ...(iii)
x
Thus b=—=Jb/b ..(iv)
A
equation (iii) and (iv) displays the factor demand in form of factor price of a and b
Now, demand curve x=p-ap
PH
Since TC = P, + aF.pb: 2ap,
b
x
= 2p, R /P, [from equation (iii)]

Differentiating with respect to x

o(TC) 2p 2
= ~t=a =—\/(P,p,
ox A \/pb/pa A\/( a b)
2
= — (PP
MC = — (BB
Since MC=p (In case of full competition)
x=B-oap

2
Further = B- a—y (PaPp)

Putting the value of x in equation (i)

2
= ﬁ—az (Papy) = Aa"/?b'/2 = Aa' 2612 [P,/ P,

Or = %(B—%& (Pam))\/m/m =a
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Q
|

= i[ﬁ—% (Pupb)j\/pa/pfa

Thus b = %(B—%& (mm))\/m/m

Equation (v) and (vi) displays the factor demand of 2 and b
Example 1: If production is in form of
Q=AKLP
then (A) Find out the marginal productivity of Capital (K) and Labour (L).
(B) Prove that there is elasticity of capital and labour in production function

Solution: Given production function

Q = AK*LB
(A) Partially differentiating from equation with respect to K and L separately
Q _ a1
K - AoK" 'L
oQ o
& _ p-1
oL ABK"L

...(i)

...(ii)

Function (ii) and (iii) displays marginal productivity of Capital (K) and Labour (L). writing this in

simple form

0Q _a
MPe = 2k Tk
Q_B.
And MP, = - =12
(B) Production Elasticity of Capital
_ KR _K prerp
QoK Q
a-17B
= LAod(“"lLB :(XM% =a
AL AaK* TP

Production Elasticity of Labour

_ £@=£'ABK“L&1
QaL Q

L
—— _ ABK“[P!
AK*IP b

B a -1 _
7AK°‘LB71 AK* L' =8

Q = AK* L)

This way in the given production function a and B shows the production elasticity of capital and

labor.

LOVELY PROFESSIONAL UNIVERSITY



Unit 7: Homogeneous Function and Euler’s Theorem

Self Assessment Note

2. Multiple Choice Quesitons:
6.  Who has been credited to devise the Cobb-Douglas Production Function?

(@) CW Cobb and D H Douglas (b) Cobb and Marshal
(¢) Douglas and Arastu (d) Above all
7. Production function is
(@) P=AIPK“u (b) P=AI"KPu
(© P=1"KP d P=AKPu
8. Marginal production of CES is always -
(a) negative (b) cubic
(c) positive (d) None of them

7.5 Summary

Maximum use of special production is referred to as Homogeneous function.

Euler’s Theorem states that all factors of production are increased in a given proportion
resulting output will also increase in the same proportion each factor of production (input) is
paid the value of its marginal product, and the total output is just exhausted.

® Euler’s Theorem has an important place in economic area especially in marketing area.
Production is made in conjugation with many means.

® Cobb-Douglas Production Function is used widely in economic area. This production function
was developed by C W Cobb and D H Douglas.

® If Production function is homogeneous and of a degree, it means that production will come
under constant formula.

® Cobb Douglas Production Function has a very important role in economic area. At present
many economists are using Cobb Douglas Production Function in various economic areas.

®  Although Cobb Douglas Production Function is used widely in economic areas and its use is
increasing in especially in various industries and agriculture, but some economists criticize
this production function.

® In the Cobb-Douglas Production Functions it has already been discussed that elasticity of
substitution is always a unit in it.

® Compared to Cobb-Douglas Production Function, CES Production Function brings more
general technique.

7.6  Keywords

® Homogeneous: Undifferentiated, similar

®  Theorem: practically which can be proved

7.7 Review Questions

Define homogeneous function with example.
Explain Euler’s Theorem with realistic example.

Write down the mathematical solution of Euler’s Theorem.
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Note Explain Cobb-Douglas Production Function.
Describe the economic importance of Cobb-Douglas Production Function.

Write down the limitation of Cobb-Douglas Production Function.

NS 9

Explain the Constant Elasticity Substitution.

Answers: Self Assessment

1. Homogeneous 2. Euler’s 3. Economic 4. Production

5. Homogeneous 6. (a) 7. (b) 8. (0)

7.8  Further Readings

N

Books Mathematics for Economics - Council for Economic Education.

Mathematics for Economist - Mehta and Madnani, Sultan Chand and Sons.
Mathematics for Economist - Carl P Simone, Lawrence Bloom.

Essential Mathematics for Economics - Nutt Sedester, Peter Hawmond, Prentice
Hall Publication.

Mathematics for Economist - Yamane, Prentice Hall Publication.
Mathematics for Economics and Finance - Martin Norman.
Mathematics for Economist — Simone and Bloom, Viva Publication.
Mathematics for Economist - Malcom, Nicolas, U C London.

Mathematical Economy - Michael Harrison, Patrick Walderan.
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Unit 8: Use of Differentiation in Economics

CONTENTS

Objectives

Introduction

8.1  Use of Differentiation in Economics
8.2  Summary

8.3  Keywords

8.4  Review Questions

8.5  Further Readings

Objectives

After reading this unit students will be able to :
e Understand the usage of Differentiation in Economics.

e Explain Marginal Revenue and Elasticity of Demand.

Introduction

The use of differentiation in economics is growing day-by-day. The presented lesson discusses the
use of differentiation in economics.

8.1 Use of Differentiation in Economics

The use of differentiation in economics is growing day-by-day. Based on the following points use of
differentiation in economics can be cleared-

8.1.1 Elasticity

To calculate elasticity, differentiation is used in economics. If any product y = f(x) is there, then with
y, elasticity of x can be found in the following way:

It Ay/y_ﬁ[d_yJ
E = 297y
¥ A0 Ax /x oy \dx

=7|

Notes  1If demand is g = f(p), then elasticity of demand (E,) can be calculated in the following
manner:

E— Lt Aq/q:g(dyj

d a0 Ap/p  q dx.
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Example 1: If demand is g = 300 -4.p% and price becomes p = 2, calculate the elasticity of demand.

d
Solution: Elasticity of demand (E,) = L’;q , here q=300— 4P2,£ =-8p
q ap

2
P |k (gp)= P
Ea (300-4192] (8P)=300- 22

fp=2th p oo B4 B2 8
p=<then ¢ = 300-@x2) 292 73

8.1.2 Marginal Revenue and Elasticity of demand

We know that Total Revenue (TR) = Price (p) x Quantity (g)
Differentiating with respect to g Or TR=p xgq

d(TR) d
e ek S
= i dq( xq)
dp pdp
- +g—|=p|1++-—
MR = {p qdq} p{ qdq}
1 q dq
Y e, =12
Or MR—P{ +EJ {d pdp}
1
Or MR = AR{“}
Ed

l)

Did u know?  Since elasticity of demand is always negative, therefore, the above relation can
be expressed in the following manner

MR = AR{l - 1}
E,

8.1.3 Finding Marginal Cost from Total Cost and Marginal output from
Total output

Assume Total Cost (C) = f(g), g shows the quantity of total production
d
Then Marginal Cost (MC) = d7q ©)
This way, Total Revenue (R) = f(p,q)
. d
Then Marginal Revenue = —(R)

dq
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Example 2: Assuming Total Cost is C =15+10g - 94 + 4>, then find out the Marginal Cost (MC).

Solution: Total Cost = 15+10g - 9¢* +¢°
Differentiating with respect to g

Mc=@=10—18q+3q2,
dq

Example 3: Assuming Total Revenue is R = 64 - 9¢? then find out the Marginal Revenue (MR) and
taking total Cost, calculate the total time.

Solution: Total Cost= R =6q— 9[12,
Differentiating with respect to g
dR
- —=6-18
MR = 7 q q

In case of equilibrium MR = MC, therefore
6187 =10 184 + 34>

Or 3q2 =14

qzzgorq:i\/4/3,

Self Assessment

1. Fill in the blanks:
1. Use of differentiation ..................... is growing day-by-day.
To calculate elasticity, ...................... is used in economics.

2
3. Revenue =Price x ................
4

8.1.4 Equilibrium in Monopoly: Finding Maximum Profit

With the help of differentiation, find out the equilibrium in Monopoly. We can easily show the
maximum benefit in the following manner:
Equilibrium in Monopoly MR = MC viz
d(R) _ d(C)
dq dq
Total profit 1= R-C

In case of maximum profit, following two conditions are essential-

dn
a 0 (i)
d*n

And ? <0 (negative) ...(ii)

LOVELY PROFESSIONAL UNIVERSITY
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Note Example 4: If demand is p = 20 - 59 and average cost AC = g, then find out the equilibrium of
monopoly and maximum profit.

Solution: (i) Given that demand p = 20 - 5g9
And AC =g

Total Revenue

pxq
(20 - 59) q = 20q - 54>

Differentiating with respect to g

MR = @:20—1011

q
Total cost (C) =ACxg=qxq=¢g°
Differentiating with respect to g
DC
MC = ——=2
q
In equilibrium MR = MC
20-10g = 2q
viz 8gq =20
20
= —=25
or q 3
(i) Total profit (M) =R-C
= 209-5¢" -4
= 20q-64°
d 2
(ii) for maximum profit T~ 0and d—T; <0
then dn_ 20-129=0
dq
or 12q = 20
_ 0.5
or 771273
fr_
dg*

5
Therefore, at g = 3 monopolized profit would be maximum.

dR) L dC).
dq dq

Establish relation between
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Example 5: Given than Demand Q =23 - 4p + p?, where p and q are price and quantity respectively. Note
What would be the elasticity of demand when the value of commodity is (i) ¥ 8 and (ii) ¥ 5.

Solution: Product of Demand given
Q= 25—4;7+p2 {pa _dq}

q p
Partially differentiating with respect to p

@ 4+2
op T

We know that
% change in demanded quality

Elasticity of Demand

% change in price of the commodity

L _%/0_P
i op/p Qop
_ 2
_ B(_4+2p):L2pz
Q 25—-4p+p
Edy oy = 324128 9 _ .
b 25-32+64 57
By = 2090 30
s 25-20+25 360

Thus, when price is ¥ 8, elasticity of demand would be 1.6 and when price is X 5, elasticity of demand
would become a unit.

Example 6: When cross demand Q = 150 - 15p, then find out the elasticity of demand when
p=4

Solution: Product of Demand given Q =150 - 15p,

Differentiating with respect to p

Q

= -15
&
We know that

Elasticity of Demand
pPoQ  -15p
(Ed = Qap ~150-15p
—15x4 —-60 -60

_ - -~ 066
Fip-9 = 150-(154) 150-60 90

Question: Write short notes on (I) Cross elasticity of demand.
Answer
Cross elasticity of demand

Demand product shows that demand of any commodity is the product of price of that commodity.
But demand of any commodity is also related to price of other related commodity. Cross demand
tells that if the price of related commodity changes, in that case demand of that commodity also
changes. Assume, here there are two commodities X and Y. Here because of the price of Y commodity,
demand of X commodity changes, viz

_ % Change in quality of X commodity

¢ % Change in price of Y commodity
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Example 7: If the demand and supply of any fully competitive firm is following

Demand P=30-x
Supply C=x2+6x+7

Then at which level of production maximum profit can be earned and what would be the
corresponding value of Price, Profit and Total Revenue?

Solution: In case of firm earning maximum profit, following condition should essentially be met

with
on
MR = MCviz ——=0
ox
& <0
And o2
Here Total Profit © = Total Revenue (R) = Total Cost (C)
Total Revenue (R) = Price x quantity of the commodity
= P.x=(30—-x)x =30x —x*
MR = R :3(30x—x2) =30-2x
ox Ox
Thus, C= x>+6x+7
MC = oc =2x+6
Ox
In case of equilibrium MR = MC
30-2x = 2x+6
Or —4x = -30+6=-24
24
= —=6
Or X n

The value of x can be found out in other way

T =

Differentiating with respect to x

on
ox

on
For maximum profit P 0 or 24—4x=0 or

2
T
Second condition for maximum profit P 0
x

2

R-c=(30x —x%) —(x* + 6x +7)

30x—x2—x2—6x-7

24x-2x* -7
24 —4x
—Ax=24o0orx=6

Thus, % =4 <0, this way the condition is met with
X
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Putting the value of x = 4 in Demand Note
p=30-x=30-4=26

Total Revenue (R)=30x — x*

Putting x = 6
R=(30x6)—(6x6)=180-36=144

Thus,

a
Il

24x —2x% 7 (x =6)

(24x6)—(2x6x6)-7

= 144-72-7=65.
Example 8: In case of full competition, if the total cost of any firm is C = 0.3x° -3x2 +20x +15, then
find out its supply.
We know that for supply

P> AVC here P = Price, AVC = Average variable cost

TVC TC-TFC
X X

We have that AVC =

Here TVC = Total Variable Cost, TC = Total Cost, TFC = Total Fixed Cost and x = quantity of the
commodity. Thus

(0.3x® —3x? +20x +15) - 15

AVC =
X
(- TFC =15)
= 0.3x%-3x+20
2
Minimizing AVC AAVE) 0 and w >0
ox ox
A 3x2-
Thus, 0(AVC) _ 0(0.3x 3x+20)=0.6x—3=0

ox ox
Or 0.6x =3 thus, x=5
thus, AVC will be minimum at x =5

To calculate minimum AVC, put the value of x =5

AVC = (3x5x5)—(3x5)+20

75-15+20=125

If, P<AVC =12.5, production level will be ZERO

If, P> AVC =125, then, supply level would be positive.
To calculate supply

€ 350352 —6x+20

MC ox

0.9x% —6x+20
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Since in case of equilibrium in full competition

P=MC
Thus  P=0.9x>-6x+20

Or 0.9x2 —6x+20-P=0

Using binomial equation to know the value of X,

6£+3.6P-36

Thus, P >12.5 supply x = 12

And P <12.5, then supply x =0

6+ 36— 4x0.9(20— P)

2x.6
6+,/36-3.6(20—P) 6+ /36-72+3.6P
1.2 - 1.2
6+ /=36 +3.6P
1.2

Example 9: Demand and Cost of any monopoly are P =50- 64, x =60 +144 respectively.

What would be equilibrium level of issue price and profit? Prove the second condition of profit

maximization.
Solution: Demand and cost is following
P =50-6q (i)
x = 60+ 14q ...(ii)
Total Revenue
(R) =pxq
= (50 -6q) g =50q - 64> ...(iii)
Profit
n=R-C

For profit maximization

Differentiating equation (iv) with respect to g

@:36—1211:0
dq
Or 12g =36
36
-2_3
Or q 1

Putting the value of g in equation (i)
Price= p=50-(6x3)=50-18 =32

Putting the value of g in equation (iv)

509 — 6% — 60 — 144

36 - 64° - 60 .(iv)
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Profit= 1=36x3-6x3x3-60 Note
108 - 54 - 60
108 -114=-6

Second condition of profit maximization

2
d—§<0
dg

d’n

Here, —=-12<0
ere i
Example 10: Linear product of any monopoly firm is p =15 - 0.5 and Total costis C = 0.54” +5¢ +10,
then find out the optimum value of issue (q), price (p), gross profit () and Total Revenue.
(@) Under profit maximization
(b) Sales or revenue maximization

Solution: (a) we know that

p=15-0.5¢9 (i)

C=05¢*+57+10 ...(id)

Thus Total Revenue

pq=(15-0.59) q

15 - 0.5¢> ...(iii)

(R)

Total profit
R-C

—
a
=

Il

159 - 0.5¢* - 0.6q> -5 - 10

= 10g-4*-10 ..(iv)
For profit maximization
dn
dT; = 10-29=0
Or 2q =10
Or q= % =5

Putting the value of g in equation (i), (iii) and (iv)

p = 15-(05x5)=15-25

=125

R = 15x5-(0.5x5x5)
= 75-125=625

n= (10x5)—(5x5)-10

50-35=15
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(B) Total Revenue R =15¢—0.5q>

R will become maximum, if

d—R:15q—(0.5><2)q=0
dq

Or 15-4=0
Or g=15
Putting the value of g in equation (i), (ii) and (iv)
n = 15-(0.5x15)
= 15-75=75
R = 15x15-0.5%x15x15
= 225-1125
= 1125
n = (10 x15) - (15x15) - 10
= 150 - 225 -10
= -85.

Example 11: Linear demand of any monopoly is p =12 - 0.4 and Demand C =0.64> + 44 +5 , then
calculate issue (g), price (p) and gross profit (t) under profit maximization method.
Solution: We know that

p=12-04q ...(i)
C = 06g°+4g+5 ..(id)
Total Revenue
R=pxq
= (12-04q)xq
= 12q - 044° ...(iid)
Total Profit
n=R-c

(129 - 0.49%) - (0.64° + 4q + 5)
12 -0.49% —-0.6¢* —4q -5

= 8q—q2—5 ..(iv)
For profit maximization
dn =8-29=0
dq
Or 2q=8
8
=—=4
1 2
.. d*n
For second condition, —=-2<0
Putting the value of g in equation (i) and (iv)
p=12-(04x4)
= 12-1.6=104
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a
I

(8><4)—(4><4)—5 Note

32-16-5

=16-5=11

Example 12: Demand of any monopoly is p =14 -64 and Total costis C =60+20g then calculate

the optimum level of issue (g), price (p), Total Revenue (R) and profit (). Tell us the second
condition of profit maximization.

If monopoly becomes full competition, then what would be value of price (p), issue (g) and profit?

Solution: given values are

P = 140 - 6g (i)
C =60+ 20g -.-(i)
Therefore, Total Revenue
R =Pxgq
= (1409 -6q)q =140q - 64° ...(iii)
Total Profit
n=R-C

140q - 64 — 60— 20q

120 —6g* —60 ...(iv)  For profit maximization

190 - 12 =0
dq
Or 124 =120
120
=—=10
Or q 12

Putting the value of g in equation (i), (iii) and (iv)
P =140 - (6 x 10) =140 - 60 = 80
R = (140 x 10) - (6 x 10 x 10)
= 1400 - 600 = 800
= (120 x 10) - (6 x 10 x 10) - 60
= 1200 - 600 - 60
= 1200 - 660 = 540

Second condition of profit maximization

2
r_ 12<o
dq
If monopoly becomes full competition, then in this condition of equilibrium would be MC = P as in
Full Competition P = MR

Now C=60+20q

Differentiating with respect to g MC = Z—C =20
q
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Therefore, 20 =140 - 6g

Or 6 =140-20=120
g=200rp=20

And n=-60

Profit would be positive.

Example 13: Following is the demand and cost function of two separate markets
P, =80—-5¢g,,P, =180—-294, and C =50+20(g; +q,)

In case of price difference, determine the price, production, marginal revenue and total profit of
production of both the two markets.

Solution: We know that
P, =80 -5q, (1)
P, = 180 - 294, ...(ii)
C=50+20(q, *+q,) ...(iii)

Total revenue of first market
R, = Pyg, = (80 - 5q,) 4,
= 80q, - 54; . (iv)
Total revenue of second market
R, = pyq, = (180 -294,) q,
= 180q, - 294%, (V)
By partially differentiating equation (iv) with respect to q,, equaling it to Zero

OR
MR, = 511 =80-10q, =0 (V)
Or 10g,=80org, =8
Similarly by partially differentiating equation (v), equaling it to Zero
OR
MR, = 522:180—58111 =0 ..(vii)
180 90
Or 584, = 180 =—=—
92 12758 "9

Total Profitm = R, + R, - C
= 804, — 547 + 1804, — 2945 — 50 — 20g, — 20q,

= 60, — 5¢% +160q, — 2943 — 50 ...(viii)
Putting the value of g, and g, in equations (i), (ii), (vi), (vii) and (viii)

Py = 80-5x8=80-40=40

p, = 180—29><Z—(9)=180—90=90
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MR, = 80-10x8=0 Note
MR, = 180—58><%:0
29
T = (6O><8)7(5x8><8)+160><%729><90x90750
29 29x29
= 240_320_,_@_@_50
29 29

N 14400 — 8100
29

= -130

= 130+ @ =-130 + 2171
29 29

s
29
Example 14: Demand and Total Cost of a monopoly in two markets are as under
P, =2-q,
P, =9-6q,
C=q,+q,

In case of price difference in two markets determine the price, production (sale quantity), marginal
revenue and profit of monopoly. Also find out the elasticity of demand for Market A and market
B.

Solution: We know that
P =2-q (i)
P, =9-6q, ...(id)
C=gq,%q, ...(iii)
Total Revenue for Market A R, = Pig, =29, -4qi ...(iv)
Total Revenue for Market B R, = P,g, =99, - 643 (V)

Separately differentiating equation (iv) and (v) separately with respect to g, and g,

R, ‘

MR, = o, =2-2q Q%))
oR

MR, = 5> qzz =9-12¢, . (vii)

Total profit
n= R +R,-C

= g +495 +99, —6q5 — 4 —q,

= g1 47 =8, -1 ...(viii)
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For profit maximization

By separately differentiating equation (viii) with respect to g, and g, equaling it to Zero

on 1
% = 1-2g;=0and q1=§
8 124,=0and g, =2
aq, = °7 g, =V an ‘72—5
Putting the value of ¢, and ¢,
1 3
- 2--=2-15
Py 2 2
P,= 9-6x2=9-4=5
3
2-2 1—1
MR, = 2- XE*
2
MR, = 9-12x =1

Here MR, = MR,, but P, # P,

MR, =P [1 - el] , e, =A heree, = elasticity of market A
1
Now (1)
MR, =P, Ll - E—J , €, =B here e, = elasticity of market B
2

Putting value of MR;, MR,, P, and P,

1= 1.5[11} ande; =3
€

1:5[1—1j and e, _4
ey 5
Thus elasticity of demand in Market A is more than the market, therefore the price of the commodity
in Market A is less that market B.
Example 15: Demand and Total Cost of a monopolistic competitive firm are as under:

P = 36-5¢q

C=g>+6q+5

Determine price, production (q) and profit of the firm. Evaluate the monopolistic capacity of this
firm? Determine its elasticity of demand.

Solution: We know that
P =36-5g ...(i)
C=¢g*>+6g+5 .(ii)
R = Pg=36q - 5¢* ...(iii)
dR
MR = dfq:%—loq .(iv)
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And
n=R-C
= 36g-5¢°-q*-6q-5
= 30g-64>-5
For profit maximization
dn
dg = 30-12¢=0
12q = 30
30 5
= —=—=25
or 1712 2

Putting the value of g in equation (i), (iv) and (v)
P = 36—5xg:36—§:36—12.5:23.5

MR = 36 - 10q

36—10xg=36—25=11

T = 30q-6¢°-5
= 30><§76><§ ><§75
2 2 2
= 75— E -5
2
= 375-5=325
. . . . . P—- MR
Since here P > MR, therefore monopolistic capacity of the firm is = %100

235-11
— X

_ 100
11

_ 1253100 445 60
11

In this condition, firm has the monopolistic capacity to increase the price by 113.6%

Thus, elasticity of demand (e) = P_MR

235 235
T 235-11 125

= 18.
Example 16: If following is the Demand and Cost:

P =100-0.5(q, +4,)
¢ = 5q,
C, = 0.5q,2
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Note Then find out the value of g, 4,, P, tand &,.

Find out the second level condition for both firms in case of profit maximization. Whether increase
in production of a firm will affect the second firm to less productivity?

Solution: We know that
P =100-05 (9, +q,)
C =54
G = 0.5(122

Total revenue of first firm

R, = Pg; =[100-0.5(q; +4,)]q,

Second = 100g; —0.5¢7 —0.5¢,

And total revenue of second firm

=
Il

, = Pg, =[100-0.5(q; +95)19,

= 100q, —0.5¢,4, —0.5¢3

Profit of first firm
m =R -C

= 100g, —0.5¢7 —0.5¢,9, — 54,

95¢; — 0.5q% —-0.59.9,

Profit of second firm
m =R,-G,

= 100g, —0.5¢,4, — 0.53 — 0.543

= 100g, —0.5949, —‘1%

Profit maximization

o
oq - 95-g,-0.5g, =0
Or g, +0.5g9, =9 ...(3)
omy
aq, = 100-0.5g, —2g9, =0
Or 0.59, +2g9, = 100 ...(if)
Multiplying equation (i) by 4
Or 4q, +2q, = 300 ...(iii)
Subtracting equation (iii) from equation (iv)
3.5q; = 280
280
Or q, = ﬁ =80
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Putting the value of g, in equation (i) Note

Or

80 +0.5q, = 95

0.5, = 95-80=15 orq2=£=7.5

Putting the value of g, and g, in demand and profit

P =100 - (g, + q,)
= 100-0.5 (80 + 7.5)
= 100 - 0.5 x 87.5 =100 - 43.75 = 56.25
95 x 80 - (0.5 x 80 x 80) - (0.5 x 7.5 x 80)
= 7600 - 3200 - 300 = 4100
m, =100x75-05x75%x80-75x75
= 75-300 - 56.25 = - 281.25

&
[

Second condition

oM _1<o
oq
2
oy _ 2<0
on;
By reciprocal method (i) and (ii)
q, = 95-0.5q,
100-0.5
and 6, = % =50 -0.25¢,

Since the slope of these curves is negative, therefore in case of increase in productivity of a firm,
productivity of second firm will go down.

Self Assessment

2. State whether the following statements are True or False:

6. With the help of differentiation, level of equilibrium in monopoly is assessed.
d(R) , d(c)
7. T F T
dg dg

8. MR=MC

9. AVC= Tc-1ve
x

10. AVC = TC-TEC
x

8.2  Summary
e Differentiation is used in economics to determine elasticity.

Demand product shows that demand of any commodity is the product of price of that
commodity. But demand of any commodity is also related to price of other related commodity.
Cross demand tells that if the price of related commodity changes, in that case demand of that
commodity also changes.
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8.3 Keywords

Use: Application

Elasticity: Resilience as like spring.

8.4 Review Questions

Explain the method of determining elasticity.
Establish the relation between Marginal Revenue and Elasticity of Demand.

How do we determine marginal cost from total cost and marginal revenue from total revenue?

L

If demand is P =20 - 57 and average cost is AC = g, then brief the equilibrium value of
monopoly and maximum profit.  (Ans.: Equilibrium value = 2.5, maximum profit = 5/3).

Answers: Self Assessment

1. Economics 2. Differentiation 3. Quantity 4. Revenue
5. AR 6. True 7. False 8. True
9. False 10. True

8.5  Further Readings

N

Books Mathematics for Economics - Carl P Simone, Lawrence Bloom.

Mathematics for Economist- Yamane, Prentice Hall India.

Mathematics for Economist-Mehta and Madnani, Sultan Chand and Sons.
Mathematics for Economics and Finance - Martin Norman.

Mathematics for Economics - Council for Economic Education.

Essential Mathematics for Economics- Nutt Sedester, Peter Hawmond, Prentice
Hall Publication.

Mathematics for Economist- Simone and Bloom, Viva Publication.
Mathematics for economics - Malcom, Nicolas, U C London.

Mathematical Economics - Michael Harrison, Patrick Walderan.
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Unit 9: Maxima and Minima: One Variable Note

CONTENTS

Objectives

Introduction

9.1  Concept of Maxima and Minima

9.2  Definition of Maxima and Minima

9.3  Conditions to Finding Maxima and Minima
94  Conditions to Absent of Maxima or Minima
9.5  Steps of Finding Maxima and Minima of the Function y = f(x)
9.6 Summary

9.7 Keywords

9.8 Review Questions

9.9  Further Readings

Objectives

After reading this unit students will be able to :
e Understand the Concept of Maxima and Minima.
e Understand the Definition of Maxima and Minima.
e Know the Condition to Finding Maxima and Minima.

e Determine the Steps of Finding Maxima and Minima of the Function y = f (x).

Introduction

If the height of your house is more than the houses situated in neighborhood (right or left), then the
height of your house will be called maximum and contrary to this if the height is less, then it will be
called Minimum.

91 Concept of Maxima and Minima

One of the main uses of mathematics is to determine the maxima and minima of any function. If any
function grows to a certain value of its independent variable and decreases for the maximum value
of its independent variable, then from its increasing state arriving at the state of decreasing function
receives the maximum value. Similarly when function decreases to some certain point of independent
variable and grows towards the next values, then arriving from the state of decreasing to an increasing
state, the function obtains minimum value. This clearly describes that at its maximum point, the
value of the function is maximum from the value of its immediate and small neighborhood and at
its minimum point, the value of the function is minimum from the value of its immediate and small
neighborhood.

For example: Assume that for each value of x, which is less than 1, function y = x* - 6x* - 2, x viz
(x <1), the value of y increases and for y =1 < x <3, the value of y decreases. Thus, among it, y obtains
a maximum value.
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Assume y = f(x) is a function. Drawing of the function y = Y4
f(x) is given. At this curve four points A, B, C and D are
there, at which touching line is parallel to x-axis.

Now the value of f(x) is maximum at A and C and when A
and C increases, the value of function stops increasing.
Therefore at A and C, the value of function is called
Maximum. Similarly at B and D, the value of function
stops increasing viz increasing further, f(x) starts
increasing. Therefore at B and D, whatever value f(x)
obtains, they are called Minimum.

Maxima
Assume that for A point located at the curve x =a=OL
x=ay=fla)=AL

Now at the left side of point A, from small neighborhood take any point A , for whichx=a-h=OL,,
here h is small. Therefore,

x=a-hbuty=fla-h)=AL <AL
Similarly at the left side of point A, from small neighborhood take any point A,, for which
x=a+h=0L,.
Therefore, at x=a+h y=fla+h)=A,L,<AL
Now since A, L, is smaller than AL, viz A,L, < AL, therefore f(a - h) < f(a) or f(a) > f(a - h)
And since AL, is smaller than AL, viz A,L, < AL, therefore f(a + ) < f(a) or f(a) > fla + h)

Thus, at point A (for which x = a) the value of f(x) viz. at each point on right or left of f(a) A,
corresponding value of f(x) is greater than f(a - ) or f(a + h).

9.2 Definition of Maxima and Minima

Maxima
Assume y = f(x) is any given function, where x = a is any given point.

Assume at the L.H.S. of point x=A, closest point is x = a - /1, and at the R.H.S. of point x=a, closest point
is x = a + h, where h is minimum number.

At point x=a, the value of f(x) = f(a)

At point x = (a - 1), the value of f(x) = fla - h)

And at point x = (a + ), the value of f(x) = fla + h)

At point x = g, the value of function of f(x) is called maximum, if
fla-h) < f(a) > fla+h)

viz at x = a, the value of f(x), on the closest point at left and right, will be maximum fro f(a-h) and

f(a+h)

At x = g, any function f(x) is called maximum where f(a) is greater that all the given values which in
the short neighborhood of each value of x, can accept f(x)

Minima

Assume that x = a = OM for point B at the curve
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Thus, atx =a,y = f(a) = BM Note

Now in small neighborhood at LHS of point B, take a point B, for which x = a - h = OM,, where h is
smallest.

Thus, at x =a-h, y = fla-h) = BM, > BM

Now in small neighborhood at LHS of point B, take a point B, for which x = a + h = OM.,,.
Thus, at x = a + h, y = fla+h) = B,M, > BM

Now since B,M, is greater than BM, viz B M, > BM

Thus, fla-h) > f(a) or f(a) < fla-h)

And since B,M, is greater than BM, viz B,M, > BM

Thus, fla+h) > fla) or fia) < fla+h)

Thus at point B for which x = a, value of f(x) viz the corresponding value of f(x) at the left or right side
of point B, f(a) viz f(a-h) and f(a+h) is smaller

At the point x = g, the function f(x) is called minimum if

fla-h)>f(a) < fla+h)

viz At x=a, the value f(a) of f(x) is smaller than both the value f(a-h) and f(a+h) in its small neighborhood.

The maximum value of any function does not mean that it is the biggest value and similarly
minimum value of does not mean that it’s the smallest value. There can be many maximum and
minimum value of any function and it is possible that a maximum value is smaller than minimum
value. At A, maximum value of function or degree is there, it only means that in the small
neighborhood of this point, its value is maximum and similarly in the small neighborhood of this
point, its value is minimum.

9.3 Conditions for Finding Maxima and Minima

Following are the conditions to find maximum and minimum of function y = f(x) at point x = a:

(i) Necessary condition - the essential condition for both maximum and minimum is as under:

f’(x)=00r% =0

(ii) Sufficient condition - the sufficient condition for both maximum and minimum is as under:
For maximum

2
At x = a, the value of TZ = negative value
X

For minimum

2
At x = g, the value of = di‘z positive value
x

Self Assessment

1. Fill in the blanks:
1.  One of the main uses of mathematics is to determine the maxima and minima of any .............

2. There can be many maximum and ........................ value of any function.
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3. For.......... , at x = a, the value of e negative value.
x
. dy
4.  For minimum at x = g, the value of F =4S e, value.
X

94 Conditions to Absence of Maxima or Minima

At point x = g, the value of function y = f(x) will neither be maximum nor minimum if

d> d?
The value of diszl =0 and value of dix‘?; #0

Properties of Maximum and Minimum value
1. Maximum value comes after minimum value and minimum comes after maximum viz
maximum and minimum comes in a sequence.

2. There will be a certain maximum or minimum value between the two equal values of
function.

3. At point touching lines are parallel to x-axis where the maximum and minimum of function

d
are there. Therefore, at such points value ofl will be 0, solving the equation after putting

dx
dy . . o .
i 0, value of x can be obtained, over which the value of the function is maximum or
minimum.

d
4. At the maximum or minimum point of function the sign of a% changes. At maximum point

it becomes negative from positive and contrary to this it becomes positive from negative.

R

Task  Define the minimum.

9.5 Steps for Finding Maxima and Minima of the Function y = f(x)

d
(i) Calculating % of y = f(x)

d
(ii) Determining various values of x from the equation obtain by assigning ?Z =
(iii) Assume the different values of x are a,, a,, a, etc.
%y
(iv) Obtaining, d*y/dx? finding the value of ? ona, a, a, etc.

2
If for any value of x value of dig is positive, then function for that value of x is minimum and
x

if it is negative, then value would be maximum.
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2 3
(v) If for the value of x, Tg =0, then for that value of x determining Tz . If for the value of x,
x x

3

d
TZ # 0, then for that value of x, value of function would neither be maximum nor minimum.
X

3 4

d
(vi) If for the value of x, Tz =0, then for that value of x determining F . If for the value of x,
X X

4
is negative, TZ then for that value of x, value of function would be maximum and if it
X

positive, then value would be minimum. And if it is also zero, then the same process has to
be repeated.

EXAMPLES WITH SOLUTION

Example 1: Prove that the maximum value is /2 forsinx+cosx.

Solution: Assumey = sin x + cos x

d
Differentiating both the sides with respect to x % = Cos x - sin x
. . o &y :
Further differentiating both the sides with respect to x 52 Csinx-cosx
x
. - dy
For the maximum and minimum value of y, o 0.
Thus,
cosx -sinx =0
Or sin x = cos x
Or tanx=1
o _z
r x=7
T putthevalue LY C i T os ®
=% ut the value e =-sin - cos
1 1

= N = - /2 = negative value

T
Therefore, at, x = 1 the maximum value of y

T n
the maximum value of y = sin 4 teos g

-
5
5
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Note Example 2: Find out the value of x for the maximum and minimum value of function x* - 8x*+ 22x*
- 24x.
Solution: Assume y=x*-8x3+22x2 - 24x

Differentiating both the sides with respect to x
dy
— =4x3_ 2 - j
ix 4x° -24x"+44x -24 ..(1)

For the maximum and minimum value of the function

&l&
[
S}

4x3 -24x2+44x -24=0

Or 4(x3-6x2+11x-6)=0

Or ¥ -6x2+11x-6=0

Or x-1)(x-2)(x-3)=0
x=1,2,3

Differentiating both the sides of equation 1 with respect to x

12x% - 48x + 44

x =1 but the value TZ = 12(1)2-48(1) + 44
x

12 -48 +44

8 = positive value

Thus, the value of function is minimum at x =1

d2
x = 2 but the value d—Z = 12(2)2-48(2) + 44
X

48 -96 + 44
= -4 = negative value

Therefore, the value of function is maximum at x = 2

d2
x =3 but the value d—Z = 12(3)% - 48(3) + 44
X

= 108 - 144 + 44 = 8 = positive value

Therefore, at x = 3, the value of function is 0.
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Example 3: Find out the maximum and minimum value of y =x%-2x>+x +6.

Solution: Assume y = x*-2x*+x+6

dy 3x2-4x+1
gy oo
dzy

Or 7dx2 =6x-4

dy
Now the value of —— =0

dx

1
3x2-4x+1=00r (Bx-1) (x-1) =0, thenx = g orl

At these points, function would be maximum or minimum

1 2
Now x = 7 but the value TZ of 6. 3" 4 =-2 <0 (negative value)
x

3
1
.. Function would be maximum x = 3
d’y .
Or x =1but i 6.1 -4 =2>0 (positive value )
X

Function would be minimum x = 1.

. 1) (1Y 1 1 166
Maximum value = f 3713 -2. 3 +§+6=? and

Minimum value = f{1) =1°-21>+1+ 6 =6.

Example 4: At which value of x, the value of function 2x3 - 9x2 + 12x - 3, x is maximum or minimum?

Solution: Assume that y = 2x* - 9x* + 12x - 3

Differentiating the function with respect to x

d
% =6x2-18x + 12 =6(x2-3x +2)

For the maximum or minimum value of function

dy
dx =0
6(x?2-3x+2)=0 Or x2-3x+2=0
Or x-1)(x-2)=0 x=1,2
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Note Now differentiating (1)
d*y
2 =6(2x-3)
%y o ,
And forx =1 i 6(2.1 - 3) = - 6 which is negative
x

Therefore, at x = 1 function is maximum. This maximum value
=212-912+121-3=2-9+12-3=2

d2
For for x =2 Tg =6 (2.2 - 3) = 6 which is positive
x

Therefore at x = 2 function is maximum, and the minimum value of function is
=223-922+122-3=1.

Example 5: For which value of x, the value of function f(x) = x° - 5x* + 5x® - 1, is maximum or
minimum? Prove that at x = 0, the function is neither maximum nor minimum.

Solution: Assume that y=x° - 5x* +5x* -1
Differentiating both the sides with respect to x
d
L = 5yt 2000+ 152
dx

= 5x2(x2 - 4x +3) =5x2 (x - 1) (x - 3)

For maximum and minimum value of function cTZ =0
5x%2(x-1) (x-3)=0 x=0,1,3
&y 3 2 2
Now el 20x° - 60x* + 30x = 10x(2x= - 6x + 3)

Replacing x =1

dzy
—> =10 (2 -6 +3) = -10 negative
dx
Therefore At x =1, function is maximum
Replacing x =3
dzy
el =10x3(2%x3%-6x3+3)=30(18 - 18 + 3) = 90 positive
X
Therefore At x =3, function is minimum
Replacing x =0
d2

y . . . .
F = 0, function is maximum and can not be said negative
X

3
Now £ 60x2-120x +30
dx
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Replacing with x =0

&y -

—% =0-0+30=30 which is not 0

dx
Therefore At x = 0, function is neither maximum nor minimum
Example 6: Find out the maximum value of function (x - 1) (x - 2) (x - 3).
Solution: Assume thaty = (x -1) (x -2) (x-3) =x*-6x>+11x -6

Differentiating both the sides with respect to x

d
4 =3x2-12x+11
dx

For the maximum or minimum value
dy

dx 0

3x2-12x+11=0

12+ /144 -4x3x11 124243

Or X 5 = 6
1
= x=2iﬁ
1
x=2+ﬁ
1
Or x=2- ___
V3
dzy
Now ?=6x—12
1
x=2+
NG
dzy

1
— =6 (2+$j -12=2./3 positive

dx

At x=2+ 1 , function is minimum
V3
And forx=2 - 1
V3

d? 1
L A 6 (2 - ﬁ] -12=- 2\/5 negative

dx?

2
Therefore at x = 2 - ﬁ , function is maximum
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Note

Now in the given function replacing x =2 - —
g p g NG

Maximum value

X
Example 7: Prove that the maximum value of [;j is (e)"e

1

X
Solution: Assume y= [;j

Taking logarithm of both sides based on ‘e’

1Y) 1
log y =log (;j =xlog T =xlogx‘1=—xlogx

Differentiating with respect to x

1d
-5 =_{x.1+1.logx}

y dx x
dy
o=~ (1+logx)y

For the maximum and minimum value of y

&l&
[
o

-(1+logx)y=0 Or
y#0
Or -logx=1

1
Or log T

log e =

Now —

1
Replacing with x = B

=-ley+0],

logx=-1

]
1
1
<
Bl
+
—
—_
+
—
]
aQ
=
Na¥
&
| I |
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%y
dx?

Thus, in the referred function replacing with x =

Maximum value = [

Note
1

= - ey is negative, therefore for the function x = B is maximum

Q|-

1/e
J = (e)V¢ is proven.

log x
Example 8: Find out the maximum value of % where 0 < x <ec

Solution: Assume that y =

Putting ,

Atx=e

Therefore, at x = +¢, function is maximum and its maximum value is =

log x

_ x.(1/x)—(logx).l 1-logx
3 =

X X2

x*(-1/x) - (1-logx).2x

x4

—x—2x+2xlogx 2logx-3

1-logx
2

x* 3

N =0orl-logx=0 orlogx=1=loge, .. x=¢

_2loge-3 _2-3 1

=——3 is negative
3 3 &3 g

log e

_1
~.

Example 9: If at extremum values of x =-1and x =2 are y = a log x + bx® + x then find out the value

of a and b.

Solution: y = f(x) =alog x + bx* + x

For extremum

d
2),-«
X4

-a-2b+1=0

a
)+4b+1=0

dy 1
= - =g — +2hx+1
dx X
d
)
)
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The value of example (i) and (ii)

1
=-2,b=-—. Ans.
a 9 S
Example 10: Find out the minimum or maximum values of function x + sin 2x, (0 < x < 2m).
Solution: Assume Yy =x+sin2x
dy
——=1+2 2
dx cos 2x
A dy _ ) 1
Replacing wit da =0,1+2cos2x =0orcos2x = - 5
Theref 2= 24T 0<x<2 I
erefore X= 3y [ x<2n] = X= 30
ow I sin 2x
T
(1) whenx=—
3
d? 2n V3
chZ = _4sin 3——4[2 =-23 negative
T
Therefore at x = 3 function is maximum
T
And in the given function replacing with x = 3 maximum value of function
T 2 = \/5 27 + 3\/5
== +sin = +—=—"""—".
3 3 3 2 6
2) where ¥ = =~ th dzy—4'4—“—4—ﬁ—zf iti
(2) where x = 3 then ol sin = = - 5 | =243 positive
21
Therefore, atx = B function is minimum
21
And in the given function replacing with x = B minimum value of function
2 . 4n 2 3 4n-3V3
- n j:l—izin J_ Ans.

3 3 3 2 6
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Self Assessment

2. State whether the following statements are True or False:

5.

2
At x = a for maximum, the value of d% is positive.
x

2
At x = a for minimum, the value of Tz is negative.
x

There will be a certain maximum or minimum value between the two equal values of
function.

At the maximum or minimum point of function the sign of CTZ changes.

9.6 Summary

o If the height of your house is more than the houses situated in neighbourhood (right or left),
then the height of your house will be called maximum and contrary to this if the height is
less, then it will be called Minimum.

e Function decreases to some certain point of independent variable and grows towards the
next values, then arriving from the state of decreasing to an increasing state, the function
obtains minimum value.

e Maximum value comes after minimum value and minimum comes after maximum viz
maximum and minimum comes in a sequence.

%y
e If for any value of x value of 2 is positive, then function for that value of x is minimum and
x
if it is negative, then value would be maximum.
9.7 Keywords
®  Maximum: more value
®  Minimum: less value
9.8 Review Questions
1. Find out the maximum and minimum value of x* - 2x* +x + 6
) 166
[Ans.: Maximum 57 Minimum = 6]

2. Find out the maximum value of function (x - 1) (x - 2) (x - 3). [Ans.: Maximum ﬁ]

1V

3. Prove that the maximum value of (—J is (e)Ve

x
4. At what values of x, function 2x* - 9x2 + 12x - 3, x is maximum or minimum

[Ans.: Maximum = 2, Minimum = 1]
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Note Answers: Self Assessment
1. Function 2. Minima 3. Maxima
4. Positive 5. False 6. True
7. True 8. False
9.9  Further Readings
Books Mathematics for Economics - Carl P Simone, Lawrence Bloom.
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Mathematics for Economics and Finance - Martin Norman.

Essential Mathematics for Economics- Nutt Sedester, Peter Hawmond, Prentice

Hall Publication.

Mathematics for Economist- Yamane, Prentice Hall India.

Mathematics for Economist-Mehta and Madnani, Sultan Chand and Sons.

Mathematics for Economist- Simone and Bloom, Viva Publication.

Mathematics for Economics - Council for Economic Education.
Mathematics for Economics - Malcom, Nicolas, U C London.

Mathematical Economics - Michael Harrison, Patrick Walderan.
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Unit 10: Maxima and Minima: Two Variables and
Constrained Maxima and Minima with Lagrange's Multiplier

CONTENTS

Objectives

Introduction

10.1 Conditions to finding Maxima and Minima

10.2 Constrained Maxima and Minima with Lagrange’s Multiplier
10.3  Slutsky Equation

104 Slutsky Equation in Elasticity Form

10.5 Summary

10.6 Keywords

10.7 Review Questions

10.8 Further Readings

Objectives

After reading this unit, students will be able to :
e Understand the Conditions to finding Maxima and Minima.
e Understand Lagrange's Method.
e Know the Slutsky Equation.
e Understand the Slutsky Equation in Elasticity form.

Introduction

Suppose U = f (xy) is any given function, and (x,, y,) are two given points on which Maxima and
Minima has to be found and e < n are two positive constants then the function at the maxima (x, y,)
will be of the following form-

flx, - ey, - n) <flx,y,) and flx, y,) > flx, + e, y, +n) and Minima f(x, -e, y, - 1) > f(x,, y,) and f(x,, y,)

<flx, + e, y, + x) where f(x,, y,) are the maxima and minima values of the function.

10.1 Conditions to finding Maxima and Minima

(A) Necessary Condition: If u = f(x,y)
Then ou/ox=0u/oy=0
(B) Sufficient Condition:
For maxima, u = f(x, y) if and Necessary Condition fx =0, and fy =0
Pu/ox*< 0and 6%u/oy*>0

u ?u [ u \?
— J or AB>C* or | f. o> Fy

axz'ayiz > oxoy
Y (B) c
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For Minima,

u=flx,y),fx=0and f =0

Then
0%u/0x*> 0and 6*u/oyz >0
Pu (%)
2 — o | ——— 2
sujen < (0 o
or foo <Py
Example 1: Find the Maxima and Minima of u =x® + x> + xy + y* + 4.
. ou ,
Solution: Pl 3x*+2x-y=0
ou
oy =% +2y=0
On solving (1) and (2)
3x2+2x-y=0
-x+2y=0

If x = 2y then putting it in the first equation
3(2y)*+2(2y) -y =0

y(12y +3)=0
1
When y=0or y=-
When y=0
x=2y=0
Wh -
en V=7
1
Then x=2y=—+

2

In this way we have two points (0, 0) and (-1/2, -1/4)to find out Necessary condition. Now we will

find that whether the above values satisfy the condition of maxima or minima or not.

o*u 52 52
P 6x+2,-a—”2‘= s |
Y X0y
For (0, 0) values;

o*u 2

7 = 6(0)+2:2>0,%:2>0
o%u &%u (&% \2
T = 22 ] =(-1)*=1
ox”~ oy Ox oy

In this way (0, 0) value satisfies the minima condition.
u=x’+x*-xy+y*+4=4 (0,0)

-3

will be minima value at (0, 0) basic point.
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For the points (-1/2, -1/4),

o’u 2
= 6(711 v2=-1,7% )
ox 2 oy

Fudu (&)
ox? oy? Lax oy

(-1)2-(-1)=-3<0

Point (-1/2, -1/4) gives the Saddle point.

Results can briefly be written as:

(Maximum) (Minimum)

f.=0, f,=0 f£=0, f,=0
fxx<0’ j_:/]/<0 f;fx>0, fy.‘/>0
fx;;];y - (fxy)Z >0 fxxfyy_ (fxy)Z >0
(Saddle Point) (No Information)
=0, £,=0 =0, f,=0
fofu= (h)?<0 Sofo= o) =0

Example 2: Find the maximum value of # with the help of the given function y = x* + * - 3x - 27y
+24.

Solution: Conditions of first class
f,=3x*-3=0,x2-1=0
fy= 3y?-27=0,4>-9=0

(1,3),(1,-3), (-1, 3),(-1,-3)

Conditions of second class

fue= Ox
f=%
fy=0

In context of (1, 3)
f=9x=9>0
fyy= 9y=27>0

fodyy = (fxy)2 =243-0=243>0
In this way, u is minima at point (1, 3)
In context of (1, - 3)
f=9x=9>0
Jyy =9y =-27<0
ffyy = (fy)?=9(-27) -0 <0
In this way, saddle point (neither minima nor maxima) will be at (1, -3)
In context of point (-1, 3)
fo=9x=-9<0
fy=9%=27>0
fufy- ()2 = (-9) (27) -0 <0
Saddle solution will be get at the point (1, -3)
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In context of (-1, -3)
fou=9x=-9<0, f, =9%=-27<0
f;(xfyy - (fxy)Z = (_9) (_27) -0>0
Value of 1 will be maxima at point (-1, -3)

Maxima and Minima with Constraint: Lagrange’s Multiplier Method: Suppose utility function and
income constraint is givenas - u = flxy) P, x + P y =M

Here u — utility, x, y — things, M — Income, p x and p y — costs of things

Here the consumer wants to maximize his utility, applying Lagrange’s Multiplier on the given
income constraint

v=fx, y) +MM-P . X-P .y)

10.2 Constrained Maxima and Minima with Lagrange’s Multiplier

Same results will also be found from Lagrange’s method as those found from the following method.
On taking gratification function and Budget Line.

V= f(q,9,) + My - P14y~ Po1)

Here V is the function of V, Ag, and g, and X is a Lagrange’s Multiplier. Here our purpose is to
maximize V. Therefore on partial differentiating V with respect to g,, g, and A and equating it to
zero -

v
o, =f,-\p;=0 ..(4)
o
%, =f,-p,=0 ..(5)
oV
5=y—p1%'p2%=0 ...(6)

On taking equations (4) and (5)

f,= Ap,and f, =Ap,
On dividing both

h_ngh_on
o oo
Here same result has been achieved as got from equation A in the first method.

On Total differentiating equation
f114y * f12A44, =py dh = Mdp,
I8y + [l =p, AN = dp,
=p1dqy = pydq, = -dy + qydp; + q,dp,

For Second Order Conditions, Bordered Hession determinant of Second Order should be there.
Therefore

fu fz —m
fa fo P2 |>0 (7)
-p1 P2 O

On expanding equation (7)
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fi1 0f - Pzz) = f120.f51 = PaP2) = Pilfar (-P2) ~ fon (=P )} > 0
Or fuaPs = fiaP Py * faPaPa (f) (17 >0

Or fup? = 2fpipa + o p?> 0
Here same result has been achieved as got from equation in the first method.

—T]

Notes We can say that same results are received from both methods of Utility Maximization.

Example: Discuss mathematically the theory of consumer’s behavior with the help of indifference
curve technique.

Solution: Income of a consumer remains constant and a judgmatic consumer wants to attain maximum
satisfaction from that income. That point at which consumer gets maximum satisfaction is called the
Consumer Balance.

Consumer balance is in the case when, Budget line or Price line touches the indifference curve. In
other words, Consumer is in the condition of balance when slope of Budget line and the slope of
indifference curve are equal. Mathematically if Marginal rate of substitution (slope of indifference
curve) and the value ratio of both things (slope of Budget line) are same then consumer remains in
the balanced condition.

In the indifference curve technique slope of indifference curve is defined in terms of the ratio of
marginal utilities and the slope of Budget line is defined in terms of ratio of prices. That is,

Slope of indifference curve = ratio of marginal utilities
_ My,
MU,
And slope of Budget line = ratio of prices
P
P2

Indifference Curve predication clarifies that similar property is received at every point of the curve.

That is

u=fg," 9,
On total differentiating and equating to zero

du = fdq, + f,dq, =0
(du = 0 means that Marginal satisfaction is always zero) that is there is no difference in the utility.

Or fiday = -fdq,

Or —dﬂ =—£
da f

d
—d—% represents the slope of indifference curve that is called the Marginal rate of Substitution
T

(MRS). Marginal rate of Substitution is that quantity of thing Q, which the consumer remains ready

to sacrifice in order to achieve extra unit of Q,. Negative sign of show that the slope of —d—%
T

indifference curve is downwards.
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Therefore f, and f, in the form of Cardinal is first partial differential or Marginal gratification. That
is

ou
fl = 67 = MUl
T1
h= 2 M,
q,
Mu
And A _ 2o
fo MU,
Therefore MRSqq, = MU, _ Marginal Utility of Q;

MU,  Marginal Utility of Q,
Budget line can be defined by the following equation-

Y= P19t P,
Here y = income, p, = g, -value of thing and p, = g,- value of thing.

On differentiating the above equation

Y A
dy = p,dq; + pyaq,
dy = 0 since the income of consumer remains b
constant, there is no change in it. Therefore % P
_ S E MRS =3*
p1dd; +pydg, = 0 : P,
Or P, = =P, S
= IC
o _d, p &
r dqy — pa B
0  Q, Commodity X
P1 Diagram 10.1: Consumer Balance
Or MRSq,q,= g

That is slope of indifference curve = slope of budget line consumer balance predication can be
represented by the following-

In the diagram 10.1 IC is a Indifference curve and Budget line is given that touches each other at

point E. Tha is slope of both are equal at point E. MRSq,q, = PL will be received at this point where
p

2
consumer will get maximum satisfaction.

Self Assessment

1. Fill in the blanks:
1. Income of a consumer remains ...........ccccceeevevune. .
2. That point at which consumer gets maximum satisfaction is called .............cc.cccccc.c.... Balance.

3. Consumer balance is in the case when, Budget line or Price line touches the ................cccccc.c...
curve.

4.  In the indifference curve technique slope of indifference curve is defined in terms of the ratio
Of o utilities.

5. slope of indifference curve = ratio of marginal utilities ..............c.cccccc.c.... .
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10.3 Slutsky Equation

If there is a change in price of anything then what will be the changes in the consumption of a
consumer? Following effects are produced due to price effect - 1. Income Effect and 2. Substitution
Effect.

If there is a decrease in the price of anything then the real income of a consumer increases. And
contrast to this if there is an increase in the price of anything then the real income of a consumer
decreases. In this way real income of the consumer changes with the price and so the consumption
of a consumer will also change. This type of situation is called Income Effect.

If there is a price increase relative of a thing then the consumer uses more the substituted thing. And
contrast to that if there is a price decrease relative of a thing then the consumer lessens the use of
substituted thing. In this way there is a change in prices and income remains constant, and then
more or less quantity of thing is used. This type of effect is called Substitution Effect.

Slutsky Equation is used to study these types of effects -
Utility Equation

U= fg, - q,)
And Budget Constraint

Y=EP9it P,
By using Lagrang’s Multiplier undetermined equation -

Y= fa18,) + MY = 181 = o)
On differentiating equation with respect to q,, 4, and A and equating to zero,

ov

oq, ~h =0

ov

o0 =f,-Ap,=0 -(8)
oV

o SV PP, =0
Now to calculate the price of consumer, income and substitution effect, differentiating complete
equation -
fr1day + frpdq, = py dh = hdp,
for 4y + frp Ay = py dh = A dp,
=p1dpy - pydq, = -dy + q, dp, + q,dp, .(9)

We use Cramer’s rule to solve this equation. According to this rule if AB = C where A, B and C are
matrix then-

B= A'C Where, A = A
’ [A]
Presenting equation (9) in the matrix form
fu fo - |4 Adp,
fa fo —pa||dda| = | Mp, ...(10)
-p1 P2 0 JLdr —dy + q,dp; + q2dp;
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Using the cramer’s rule

dq, [ fu fiu M B hdpy
dpy | _ | fa fo P2 Adp,
d) -1 P2 O —dy + g,dp; + qydp,
_ D,
Here, A= [|D]|]
Therefore dq, = DyyAdp; + Dy hdp, + |Dl;1|(_dy + q1dpy + 414ps) ~(11)
Dyphdpy + Dyyhdp, + Day (=dy + q1dp, + q2dp5)
q,= D] .(12)
Diahdp; + Doshdp, + Das(=dy + g,dp; + g,4d,
and I = 13MAP1 23MPH |D33|( Y + q1dpy + q24p,) .(13)

dividing both sides of equation (11) by dp, and on considering p, and y constant dy = and dp, =0

0
ail _ anﬂhﬁ
p1 D] D]

.(14)

0

Here, a—ql = price effect since there is a change in g, because of the change in p, as p, and y remains
P1

constant.

o _ Dok Dy

In the same wa = —+p ..(15
y o, ~ 1D "D 1)
dividing both sides of equation (11) by dy and considering p, and p, constant (that is )
oq D
Therefore 67; =" ﬁ ...(16)
0
Here <11 , shows income effect since there is a change in g, because of the change in y as p, and p,

1

remains constant. When there is any change in the price of anything then the satisfaction level of the
consumer also changes. Therefore consumer balance also shifts on the other indifference curve.
Suppose price change is compensated by income change and consumer remains on the same
indifference curve, that is there is no change in his satisfaction, means dU = 0, therefore

U= f(q,,q,)
That means du= fdq,+f,dg,=0

h_p
2 P2

But we know that , therefore

pydqg, +p,dg,=0

Putting this value in the third part of equation (9)
~dy +qydp, + 3, dp, = 0
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Therefore from equation (11) Note
0 DA

[i] (Constant) = =i
o ID]

Rewriting equation (14)

o _ (6%} U Constant g, (%] price = constant ... (17)
o o oy
Price effect Substitution effect income effect

Equation (17) is called Slutsky Equation.

2

Task  Write the Utility Equation

10.4 Slutsky Equation in Elasticity Form

We know that demand of elasticity,

pp= P2 _P. 4
q Ay q dp
Slutsky equation
0 0 0
% = [6;[2] U = Const. =4 [;yl] p = Constant
Multiplying both sides by p,/q,
ﬂ%_&[%j U = Const _m[%] - Comstant
0 o1 = 0 \opy = Cons g, \ gy ) p=Constan
P11
Or p= T~ y My

Here n, = price Elasticity, n, is substitution elasticity and 7, is income elasticity.

Generalization: Predication of the above two things can be expanded for n things. Suppose n
consumer consumes things. In this case his utility function will be-

U=f9,,9; - 4,)
And budget line will be

Y=p1dr TPyt TP,
Or =Y- Z pig; =0
i=1
Where i=1,2..,n
Using the Lagrange’s Multiplier overall Utility function will be -

V= f(vh,v/z,n-,v/ﬂ){y—4_211:1 piql)
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For maximum satisfaction first partial differential should be zero means-

2—; = f, - Ap, = 0 same way 2;/] =f-tp,=0
Or f;=p, and f="hp,
fi b
Th vo=
us f] p]_

l?

Did u know?  Substitution rate of j thing for I goods is goods to their price ratio.

Bordered Hesison Determinant of Second order differentiation of maximum utilization should be
negative.

fm oo S m

fa fo o fa P2
Means fhl ﬁz .. ﬁm _Pn >0

1 P2 0 Pn O

Slutsky equation in generalization will be

oq; oq; ,

6:’: = [6;) u =const. —g [(Z’] p = const.
In Elasticity form - Multiplying Slutsky equation both sides by

p%aﬂ &[%] _qi&(fﬂ%]

Eta - i apl u = const. qi 6y p = const.
Note Nip = Mis ~ Py M1y
y
Here My, = Price elasticity

;s = Substitution elasticity
Ny = Common elasticity

Substitute Goods and Complementary Goods: If two things are substituted then substitution effect
will be negative. In contrast, If two things are complementary then substitution effect will be
positive. That is,

[%] U = const. > 1, Substituted goods

ap

[Z&] U = const. <1, Complementary goods
P1

0
[Zz] U = const. = 0, Independent goods
1
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Normal Goods, Inferior Goods and Giffen Goods
We know that
Price effect = Substitution effect + Income effect

Income effect is negative for general things, that is

o0
8}/ price = constant < 0

Because of the decrease in the prices negative income effect strengthens negative substitution effect.
In contrast, Real income of consumer decreases with increase in price and substitution effect changes
effectively to lessen the quantity g,. That is,

on
< 0, for general goods
am

In contrast if income effect is negative income effect does not strengthens substitution effect then
things will be cheap.

Those things whose income effect is more than substitution effect, that is, price of things drops with
demand are called Giffen Goods.

Giffen goods and Inferior goods, in both situations income effect is negative, so if both things are
equal, answer is no, since for Inferior goods substitution effect is more than income effect. That
means inferior things follow the demand rule, in contrast, Giffen Goods do not follow demand rule.

Example 1: Is the u = x* y* gratified function of two things where x and y are the quantities of
these things. M is the quantity spend on things x and y then prove that demand of things -

_aM M
T @rop, YT @+byp,

Where P _and P and y are the prices of things.
Solution: Given gratifed function is
U= xyyb
Separately partial differentiating with respect to ‘x” and “y’

ou ou

MU = —=ax" " ' ' MU, =—=bx"y" !
oo Y Yoy Y
In the condition of consumer’s maximum satisfaction -
MU, MU,
px B Py
MU
Or MU, P (i)
Mlly Py
And x-pty -p,=M ()]
Putting the value of MU, and MU, in equation (i)
a-1
Wb P 8 _Px
bx"y Py b x p,
Or y= P2y
pya
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Putting the value of y in equation (ii)

, p. b
M= Xpx+ x-Py oraM=(a+b)p_ .x
pyﬂ x
aM and 1 — bM
Or xr= (a+b)px Y (a+b)py

Example 2: If Utility function u = xy and Budget constraint is 2x + y = 6 then find the value of x, y and
Utility.
Solution: Using the Langrange’s Multiplier

z=xy+A2x+y-06)

0z

N =y+2h=0
oz

@ =x+L1=0

0z

£y =2x+y-6=0

Solving all for x, yand A, x=2/3,y=4/3 and A, =-2/3

2(4 8
Then, Maximum Utility u =Xy = 33 = 9

It represents Equi Marginal Utility rule.

Self Assessment

2. Multiple Choice Question:

6. If there is a change in the price of anything then the change in the consumption of a consumer
tells whose effect?

(a) Price (b) Consumption (c) Consumer (d) Thing

7. If there is a decrease in the price of anything then what will be the change in the real income
of a consumer?

(@) Decrease (b) Increase (c) equal (d) None of these

8. What will be the change in the real income of a consumer if the price of goods increases?

(a) Same (b) Increase (c) Decrease (d) None of these
9. E =.... ﬂ
P AP
q d q p
@ ®) o © 3 @

10. Income Effect = Substitution Effect + .......
(@) Income effect (b) Price effect () Consumer Effect (d) All
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10.5

Summary

2
Pu Pu [ %)
% ? ) L@xayj or AB<C or f“'fw<fx}/
C

‘i (B

For Minima,

u=flx,y),x=0 or f =0

Then,
u/ox* >0 and o*u/0yz>0
2
» ’ azu ( 621/[ \ 2
— < <
Pu/ox o kaxﬁy) or AB<C
or foo Sy <Py
® Consumer balance is in the case when, Budget line or Price line touches the indifference
curve. In other words, Consumer is in the condition of balance when slope of Budget line and
the slope of indifference curve are equal.
® In the indifference curve technique slope of indifference curve is defined in terms of the ratio
of marginal utilities and the slope of Budget line is defined in terms of ratio of prices.
® Indifference Curve analysis clarifies that similar properties is received at every point of the
curve.
®  If there is a change in price of anything then what will be the changes in the consumption of
a consumer? This is calculated by Income Effect.
If there is a decrease in the price of anything then the real income of a consumer increases.
If there is a price increase relative of a thing then the consumer uses more the substituted
thing.
®  When there is any change in the price of anything then the satisfaction level of the consumer
also changes. Therefore consumer balance also shifts on the other indifference curve.
If two things are substituted then substitution effect will be positive.
Because of the decrease in the prices negative income effect strengthens negative substitution
effect. In contrast, Real income of consumer decreases with increase in price and substitution
effect changes.
® Those things whose income effect is more than substitution effect, that is, price of things
drops with demand are called Giffen Goods.
® Giffen Goods and Inferior goods, in both situations income effect is negative.
10.6 Keywords
Complementary: Supplementary
Income: Earnings
10.7 Review Questions
Write Cramer’s rule.
2. Explain Slutsky Equation.
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Note 3. Whatis Lagrange’s Method?

Prove for minima

fvx 'fyy <fxy'

5. Find the maxima and minima values of u = x>+ x? - xy + y*> + 4.

Answers: Self Assessment

1. Constant 2. Consumer 3. Indifferent
MU,

4. Marginal MU, 6. (a)

7. (b) 8. (o) 9. (d)

10. (a)

10.8 Further Readings

N

Books Mathematics for Economics and Finance - Martin Norman.

Mathematics for Economics - Simon and Bloom - Viva Publlications.
Mathematics for Economist - Yamane - Prentice Hall India.

Essential Mathematics for Economics - Nut Sedestor, Peter Hamond, Prentice
Hall Publications.

Mathematics for Economics - Malcom, Nicolas, U.C.Londan.
Mathematics for Economics - Karl P. Simon, Laurence Bloom.

Mathematics for Economics - Council for Economic Education.
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Unit 11: Constrained Maxima and Minima Note

CONTENTS

Objectives

Introduction

11.1  Profit Maximization

11.2 Compensated Demand Function
11.3 Summary

114 Keywords

11.5 Review Questions

11.6 Further Readings

Objectives

After reading this unit, students will be able to :
e Understand Profit Maximization.

e Understand Compensated Demand Function.

Introduction

Suppose a Firm purchase two products Q, and Q,of quantity g, and g, at the rates p, and p,, then in
this condition total proceeds will be

R=piq,=pH; (1)
Suppose a firm manufactures two outputs 0, and 0, from an input. In this condition the cost of

two products (x) of firm in the context X will be the function of g, and ¢,, i.e.,
x=h(q, 9, ~(2)
In this condition to maximize the proceeds of a farm, on taking total proceeds and functions
V=pigy =poy + 1l -h(g,9) ol +(3)
Here p is a Lagrange Coefficient. By partially differentiating eq. (1) and putting it equal to zero
oV

=p;-uhy =0
8‘71 1 1
v
o, ~Pa- W, =0 ..(4)
ov

ou =X h(@ua,) =0
On taking equations (1) and (2)

h
B2 rer
P, h

(here, RPT = - A4, The conversion rate of production)
T
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P _ 99,/ 0x
P, oq, / Ox

Equation (5) shows that the conversion rate of production is equal to the price ratio which tells
that the proceeds line touches the product conversion curve.

Therefore =RPT ..(5)

First order conditions can be represented as -

=Ph_P
: h, h,
99, _, 00,
Or H=P ox p&x

Since RPT in the Marginal Product can be represented in the following way

6[11 1 6q2 1

ox  hox h

=7|

Notes For RPT second order derivative, the condition is that Bordered HessionDeterminant
for maximum profit should be positive.

Therefore

—why —ph, -h

—why —phy —h >0 ..(6)
-h, -h, 0
On expanding equation (6)
w(hyy 2 = 20, hy by + hoh %) >0 -(7)
Or hyy hy? = 2h, hyhy + Byl ?) >0 ... (8) (Since pn>0)

This way Firm satisfy equations (5) and (6) then firm will definitely be able to maximize its
proceeds.

11.1 Profit Maximization

Profit 6, and 0, are the function of production quantity g, and q,-

= Pafy + Pl = 1 (949,) (8)
By Partial derivative of equation (8) and placing them equal to zero
on .
— =p,-rh;=0 (i)
aql 1 1
Or oy~ thy=0 (i)
a4,
On taking equations (1) and (2) we get -
A
T
_ oq, _ 04,
Or TSPy PGy ~0)
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According to Second-order conditions Note
-rhy, —rhy,
—thy, —thy, (here, -7hy, <0)

On expanding Determinant

7 (hyyhyy =1y > 0

Since r > 0, second order conditions can be represented as -
hyy> 0hyy hzz'h122>0 --(10)

Both shows that /1,, > 0 . In this condition the Marginal costs of every product increases.
Conditions of equation (10 ) tells that Product Possibility curve roaches back from that point
towards basic point where first order conditions of equation (9) gets satisfied. Firm will be in

the condition of maximum profit.

[P

Task  If profits are 0, and 0,and the quantity of production are 0, and 6, then what is its
function.

11.2 Compensated Demand Function

Compensated demand shows that quantity of thing that a customer purchase within the following
fixed conditions (like Tax, Financial help).

If U= g, q, then expression
Z=prqt Pyt (@) - 4919
On partially differentiating and putting it equal to zero,
oz
aql =p1_7\’q2=0

oz
og, ~P27 =0

oz
w U -1m9,=0

On solving for g, and g, following will be the compensated Demand -

Tp) [T
= \/L Py J,qz—\/L P )

Example 1: Following are the Demand and Supply function

=21 andg=2p-3
q= 5~ p andq=2p-

Find the balanced price and quantity.

Solution: In the balanced condition the demand and supply of thing will be same, i.e.
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5 1 5 1
S p=2p- Z43=2p+—
p=2p-3or 3 PE5Pp

2 2
o 5,45, 5 11
! PR LY
O —2—22
r P=75 =2
Again qg=2p-3
Putting the value of P
2, 215 7
9= "5 =5 ~5=14

Example 2: If the utility function and budget constraint for two things are U = 3x* y’and 2x + 3y =
18 then find the quantities sought of things X and Y.

Solution: Given Utility function is
U = 3x2y?
And Budget Constraint is
2x+3y =18
Or 2x+3y-18=0
Using the Lagrange coefficient, Demand function will be -
V=3x2y2+ ) (2x + 3y - 18) ..(i)

Separate-Separate partial differentiation of utility function will be done in terms of 'x" 'y’ and “\".
After that to maximize utility on putting first derivative equal to zero -

Vv 6x1y2+21=0 i
ox - vy = (i)
ov )
P 6x°y+3L=0 (i)
ov )

Fr 2x+3y-18=0 ...(1v)

On taking equations (ii) and (iii)

-2L  6xy’ 2y
“30 T exty OF 37, O 2x =3y
Or x=3/2)y

On putting the value x of in equation (iv)
2x(3/2)y+3y-18=0
Or 6y=180or y=18/6=3
Again putting the value of y in equation (4)
2x+(3x3)-18=0
Or 2x=9o0r x=9/2=45
Therefore the quantities sought of things x and y will be 4.5 and 3.
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Example 3: Find the Firm’s expansion paths expressed in terms of its total expenditure on its inputs Note
in the given production function is P=12 log L + 30 log K and the input prices are P, =2and P, =5.

Solution: Here main purpose of Manufacturer is to maximize his production (P) whereas his
conditions are following -

TC=2L+5K (1)
By using the Lagrange coefficient
Z=12logL+30logK+y(TC-2L-5K) .(2)

By Separate-Separate partial differentiation of Z with respect to K and A

z_- 26 = ]
oL - =0 ..(i)
@z _0 5L=0 i
oK~k TorT (i)
Z oty K=
o C-2L-5K=0 (D)
On taking equations (i) and (ii)
12 2h 0 =5
e
On splitting both
12/L 2
30/K = 5
2/L 2
Or 5/K 5
o 2_2
' L K
Or L=K

On putting the value of L in equation (1)
TC=2K+5K=7K

C . TC
Or K=7,mthesamewayL=7

N 12 6 42
2L TC/7 TC

(A) The parameter v of this function is influenced by the scale of operation and technical changes.
Both of these influence the rate of return of the parameter but they cannot be differentiated
themselves.

(B) Here we assume that replacement rate is influenced by technical changes and the ratio of
instruments do not affect it but with behavioural studies it has been found that even ratio of
instruments also influence it. In this way this function leaves an important fact.

(C) Lastly, the parameter 5 of this function cannot be calculated. Apart from this, there is a great
difficulty to verify the figures in this function.
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Example 4: The production function is P = AL* CP where A, o and P are constant. Show that if the
factors L, C are increased in the same proportion, the product increases in greater o + B, equal or
less proportion, according as is & + 3 greater than, equal to, or less than unity.

Solution: Production function is
P=AL>CP

Consider if there is an increase in the instrument L and C then

P'= A (yL)* (y C)F (here v >0)
= yotP AL* CP
= o+ PP (.. P=AL*CP)
If o+ =1then
=y P

Therefore production will increase in the same ratio as sources will be increased. In this condition
production will be according to the rule of constant by product of scale.

1
Ifa+p<12-3ie a+p= 5 suppose then

P'=y/2p

In this condition production will increase lesser as sources will be increased. This condition will
be according to the rule of decreasing by product of scale.

If, o+ B >1i.e. suppose then o+ f =2 then
P'=y2P

l?

Did u know?  Production will be more than the increase in the sources and production will
be operative within the rule of increasing by product of scale.

,_TC  TC a2
T 7 hT 7 et
These all will form the price desirable expansion path.

Example 5: If the profit rate (price of capital) remain unaltered , the ratio of amount of capital
employed per unit of labor shifts from 10 :10 to 12: 11, given that rise in wages is 25% . Determine
the elasticity of substitution.

Solution: We know that

o( L)k
Elasticity of substitution = o = “o(pe/P)

PK/PL

Here L and K represents labour and capital and P, /P, is the ratio of prices of source.
It is given that

o L 10 ) L 12
Initially, ?:E and finally, f:ﬁ
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h . L 12 10 _12-11 1 Note
Changein 3= 97790~ 11 1
L 1
) 1
K/ _1_1
L/k 1011
10
Initially, % =1:1 Now the wages increases to 25% then the ratio become 1.25:1 =5/4
L
P, PK] 5 1 5-4 1
ok _ gl K| =22 .
Change in P, [ P, 4 1 4 4
P
3) -
L — 74 =4+ —
B 1
P, 1
1/11
G = A1 4 _ 0.36
1/4 11
Self Assessment
1. Fill in the blanks:
1. x=.... (9,9,)
2. V=pq=p, g, ulx-h(e.. )ol
3. mw="T TP 9, - th (qqu)
L
{(5) 1/
<)L

4. Elasticity of Substitution = ¢ =

Solve the following Numericals:
1. Itis known
Utility Function, U = q,4,
Price of first thing, P, =34
Price of Second thing, p, =% 10
Income of customer, Y = ¥100

Find the balanced level of consumption of things Q, and Q, and verify the condition of
Maximization.

25
Ans.: {‘71 = DX 42 = 5}

2. If Utility function is U = 44, g, + 3q, and income constraint is 60 = 2g, + 6g, then for maximum

utilization find the quantities of Q,, Q,

Ans.: [q,=16.125, q, = -4.625]
3. If desired property functionis U = (x,, x,) = 2 log x, then what will be the demand curve for
first thing? If total income is W and the prices of two things are p, and p,.

2W w}

Ans.: {xl = ?, X = 372
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Summary

11.4

Suppose a Firm purchase two products Q, and Q, of quantity g, and g, at the rates p, and p,,
then in this condition total proceeds will be

R=p,q,=p,q,

Suppose a firm manufactures two outputs 6, and 0, from an input. In this condition the cost of
two products (x) of firm in the context X will be the function of g, and q,, i.e., x = h (q,, q,)

Profit 6, and 6, are the function of production quantity g, and g,-
T =iyt P, - h (9,9,

Compensated demand shows that quantity of thing that a customer purchases within the
following fixed conditions (like Tax, Financial help).

Keywords

Operation: Process
Condition: Bond

Review Questions

Describe Profit Maximization.
What is Compensated Demand Function? Describe.

If the Utility function of two things x and Y'is U = 3x%y* and Budget constraint is 2x + 3y = 18
then find the quantities sought of things X and Y?
Ans.:x=4.5,y=3)

Answer: Self Assessment

1. h 2. 444,
o(b./P)
3. M, 4. P./P,
11.6 Further Readings

N

Books

176

Mathematical Economics - Michael Harrison, PatricWalderen.

Mathematics for Economist - Mehta and Madnani - Sultan Chand and Sons.
Mathematics for Economics - Simon and Bloom - Viva Publlications.
Mathematics for Economist - Yamane - Prentice Hall India.

Essential Mathematics for Economics - Nut Sedestor, Peter Hamond, Prentice
Hall Publications.

Mathematics for Economics - Malcom, Nicolas, U.C.Londan.
Mathematics for Economics - Karl P. Simon, Laurence Bloom.
Mathematics for Economics - Council for Economic Education.

Mathematics for Economics and Finance - Martin Norman.
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Unit 12: Integration : Basic Rules of Integration Note

CONTENTS

Objectives

Introduction

121 Comprehensive Integrals

12.2 Standard Integral

12.3 Integration of x" relative to X, where n = -1

124 Integration of the Multiplication of a Constant and a Function
12,5 Integration of the Sum and Subtract of the Function
12.6  Summary

12.7 Keywords

12.8 Review Questions

12.9 Further Readings

Objectives

After reading this unit, students will be able to :

e Solve Comprehensive Integrals.

e Understand Standard Integral.

e Solve Integration of x" relative to x, where n # 1.

e Find out the Integration of Multiplication of a Constant and a Function.

e Do the Integration of the Sum and Subtract of the Function.

Introduction

Integration of the Function — The Inverse process of finding the differentiation of a function is called
an Integration. In differential Maths we find the differential coefficient of a function. But in Integral
Mathematics we have to find those functions whose differential coffecient is the given function.

For example,the differential coefficient of sin x with respect to x, is cos x, then on integrating
function cos x with respect to x integral will be sin x.

Suppose f(x) is some function of x, whose differential coefficient is f(x), i.e.

L) =F e

Then we say that integral of f'(x) is, f (x).
It can be written in the symbol as :

| rear - e

Sign J " is the symbol of integration which is called the sign of integration. It represents the

integration of a function. X in dx shows that integration is done with respect to variable x. If
integration has to be done relative to some other variable, then that variable is kept in place of x.
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Note

Signal J. is the distorted form of English letter S. Basically integration is a special method of

addition and the signal I is formed from the first letter of English word SUM.

=7|

Notes  The process of integration of any function is called integration.The function to be
integrated is called integrand and the function obtained after integration is called
integral.

In J- f'(x)dx = f(x)is f'(x) integrand and f (x) is integral

From the above interpretation it is clear that

d .
J. cosx dx = gin x, v oSINX =cosx
dx
. d
J sinx dx = _cos x, w ——(-cosx) =sinx
dx
d
Tdx = ex —et =
'[e X = ¢e¥ dxe e
1 d 1
—dt = -+ —(ogt)=—
And J ; log t, . dt(Og) ;

1
In the above functions cos x, sin x, ¢*and 7 are integrands and sin x, - cos x, e* and log t are
integrals.

If on any, function both integration and differentiation would be done then that function remains
unaltered.

F 1 iU cosxdx}—isinx—cosx
or example, — - I

e, | [ | = )= fro

It is clear from this example that integration and differentiation are opposite activities.

121 Comprehensive Integrals

From Differential Mathematics we know that, if the differential coefficient of f (x) is F (x), then the
differential coefficient of f (x) + ¢ will also F (x), where there is any arbitrary constant c.

ie., if %f(x) = F(x)
then LU0+l = )+ (e) = L 0+ 0=

J. F(x) dx = f(x)+¢

Where c is an arbitrary constant which can have indefinite values.
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Therefore the integral of any function is not unique, since many integrals of F (x) were obtained on
giving different values to c, therefore if f (x) is any integral of F (x), then f (x) + ¢ will be its

Comprehensive Integral.

l?

Did u know?  Arbitrary Constant c is called Constant of Integration.

12.2 Standard Integral

On the basis of Differential Coefficients of standard functions we will find the differentials of some

functions, which are the following:

2- I ltilx:log|x|+c
x

3- Iex:ex+c

ax

log,a

a“dx =

+c

4-

sinx dx =—cosx + ¢

cosx dx =sinx +c¢

sec? x dx =tanx + ¢

secx tanx dx =secx + ¢

10-

1

11-

dx=tan Tx +c

J
J
J
J
o [ cosocritrm—cotr
J
J
[
I+

1+ 22

13- I XF

Integration Differentiation
J.xndx:anJrc (n#-1) L ety
1- el n+1 dx

cosecx cotx dx =—cosecx + ¢

dx:sinf x+c¢

dx=sec tx+c

d 1
d—(loglxl):—
X X

d .
E(_ cosx)=sinx
i(sin X) =cosx
dx

—(tanx) = sec? x
dx

d
—(—cotx) = cosec? x
dx

—(secx) =secx tanx
dx

d
d—(—cosec X) = cosec x cotx
x

(sirfl xX)= !
2
X 1-x
d 1 1
—(tan " x)=
dx ( ) 1+ 22
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Note 12.3 Integration of x"relative to X, where n # -1

Ex" = (n+1)x"

d xn+1

dx n+1

=y

Tdx = +c -
J.x X 1l , Where n = -1.

0+1
Examplel:IdX=I1dX=jx0dx— Tresx+e
+
5+1 x6
Example 2: J- Pdx = +C—?+c
10 -10+1 9 .
. “Vdx = A _ L
Example 3: I X X 10+1 5 +c X +c
1/2+1
Example 4: I«/;dx=J‘ 2 X 232,
1 3
—+1
2
2/3+1 3
Example 5: I x2/3dx=xz—+c =253 4
5
§+1

Self Assessment

1. Fill in the blanks:

1. Opposite process of finding the differential of any function is called ................c......... .

2. The function to be integrated is called ..............cccccc.... .

3 J.ade= ......... +C

4 I ......... dx e =-cosx+c¢
d

5 Ex”” = (e ) x"

Questionnaire 12.1

Very short answer questions.

Find the values of the following Integrals:

1. (a) J x dx (b) '[ x* dx
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&

®

(a) J‘ dt

1-+#2
i
() 1+y2

sec’ t dt

(c) J. 1 — cos? x dx

J.t3 dt

J. x /2 dx
'[ 73 4z
B
t
J‘ dx
xx
J. 3%dx

I b+ Ay

J’ dz
zw/z2 -1
J. e*dx

J. cosec?z dz

J. 1+ cot? x) dx

dx J' dx
(a) .[ cosecx (b) Ccos x cot x
dx dx
(c) I 5% (d) .[ secx
Prove thatJ. dx=x, whenx=0.
Answers
2 5 a+1 4
X X X t
@) +c (k) 5 e © 1 @ e
1 2/3
(a) _J+C (b) 2x1/2+ ¢ (¢) x V2 +¢ (d) 5%t
1 1
(a) — +c¢ (b)logl+1+c (©) 252 +¢ (d) 2x1/2+¢
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Note 2x 33( bx bx+ a
4 @ log e? e () log el e (©) log e e (@) log e e
(a) sint t+ ¢ (b) sectz+1c (c) tantx +¢ (d) ef+c
(@) tant+c (b) —cotz+c (c) -cosx +c (d) —cotx+c
5%
7. (a) -cosx+c (b) secx +¢ (c) loge5+c (d) sinx +¢

12.4 Integration of the Multiplication of a Constant and a Function

I [ Fed = pe it 4 0=
o ) = 0 £ )
= af'()

J' of (x)dx = a. f(x):uj F(x) dx

.[ af' (x) dx aj f'(x)dx

That is Integration of the Multiplication of a Constant and a Function is equal to the multiplication
of the constant and integration of that function.

EXAMPLES WITH SOLUTION

Example 1: Integrate function 15x* with respect to x.
Solution: .[ 15x% dx = 15J.x4 dx

15 s
=?x +¢ =3x5+c. Ans.

dx
Example 2: Find the value of_[ 77 .

i

dx
Solution: I = 7‘[ < 7log|x|+c Ans.

X

Example 3: Find the value ofj 6sin xdx,

Solution: J. 6sinx dx = 6'[ sinx dx

=6(-cosx)+c=-6cosx+c. Ans.
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Example 4: Find the value of J. 3e'dx,

Solution: '[ 3etdx = 3.[ edx=3e" +¢

Example 5: Integrate function e*** with respect to x.

Solution: I e iy = I e*. e"dx

e“Iex dx=e"¢" +¢

=&+,

Note

Ans.

Ans.

g

Task  Integrate the function 20x* with respect to x.

(Ans.: 4x° +¢)

12.5 Integration of the Sum and Subtract of the Function

If I fi'(x)dx = f(x)and %fl(x) =f (%)

And [ rwac- fwand She =f @

From the differential method of addition and subtraction of functions

AW = O = =i £ fy()

= ['()* f'(%)

[t e - pwepm= [ A ] frea

Therefore [ ez penar = [ A | pe

) dx

This method in the same way is true for two or more functions.

l?

or subtraction of the integration of those functions.

Did u know?  Integration of addition or subtraction of any functions is equal to the addition

Therefore J. [A'(x) £ fr'(x) £ f3'(x)£...]dx

_ '[ fl’(x)dxij £ (x) dx ij fol(x) dx ...
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Example 1: Integrate the function x® + 1 e® +1 with respect to x.
x

1 '
Solution:_[ (x6+;—€l +1) dx =J- xédx+f %dx—J. exdx+I dx

1
=;x7+log|x|—e"+x+c Ans.
Example 2: Find the value of J. % dx .
sin“x cos“x
. J‘ 1 dx J‘ sin? x + cos? x i
Solution: sin2 x cos2 x = sinZx . cos? x

.2 2
sm- Xx COS™ Xx
LS SN i3 .

sin® x cos? x sin? x cos? x

= j sec’x dx +J. cosec 2x dx

=tanx -cotx +c. Ans.

1
Example 3: Find the value of J (3ex = +secx tan XJ dx .

Solution: j (36x - % +secx tanxj dx

3'[ exdx—%.[ ldx+J‘ secx tanx dx
x

36"—110 |
E g|x|+secx +c. Ans.

Example 4: Find the value of .[ (ax® +bx +c) dx -

Solution: J.(ax2+bx+c)dx =aI x2dx+bJ-xdx+cI 1dx

a (lx3) +b (lxzj +ex+d
3 2

laxe’ + lbx2 +cex+d,
3 2

where d is integration constant. Ans.
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2 Note
Example 5: Find the value of j [x - —) dx .

1)2 9 1
Solution:j x——| dx =J X —2+—2 dx
x x

J.x2 dx—ZI 1dx+J. x 2 dx

3 (1) 3

X X X 1
- ——2x+| —|+c=—7—-2x—-—+c.
=73 x L - 1J c 3 X X ¢ Ans.
Example 6: Find the value of J. (5x - 4)3 dx .
Solution: j (5x - 4)dx = J' (125x% — 3002 + 240x — 64) dx

125.[x3dx—3OOI xzdx+240dex—64j 1dx

125(lx4) - 300[1x3j n 240(lx2j —64x+c
4 3 2

Ex4 ~100x> + 120x2 — 64x + ¢ . Ans.

2

Example 7: Integrate sin % with respect to x.

. .2 X J’ 1 - cosx 1J‘ 1J‘
: sin“=dx = | —————dx=—| dx——| cosxdx
Solution '[ > > > 2
—lx—lsinx+c—l(x—sinx)+c An
=3 2 =3 . s.

Example 8: Find the value ofJ. (cos*x - sinx) dx

Solution: J‘ (cos4 x —sin? x)dx = I (Cos2 x +sin? X) (cos? x - sin? x) dx

=Il.c052xdx

J. cos 2x

sin 2x
+c
2
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Example 9: Find the value ofj

Solution:

4
x
dx.
x?+1
4 ( )
I 2x dx=J.Lx271+ 21 de
x“+1 x“+1

X -1
?—x+tan xX+c

Example 10: Find the value of J. tan’x dx .

Solution:

Example 11: Find the value of I [

Solution:

Example 12: Find the value of I k

Solution: I

Example 13: Find the value of I

Solution:

186

'[ tan? x dx

5

(22
(a

(ax4 + bx? +C\

Lx—‘lJ dx =

x +ba? + c\

= J. (seczx—l) dx
=tanx-x+c.

+7
ad +ex]dx.
x

= I [5+Z+ex) dx
X

=b5x+7log |x| +e +c.

x4

b c]
a+—+— | dx
I[ x2 x4

J. (a+ bx 2+ ch) dx

de.

J-adx+bJ.x_2dx+cJ.x4dx

-1 -3
= ax+bx—+c.x—.+d:ax—k—%+d
-1 -3 x  3x
2
zx dx .
x“+1

2
X
dx
-[ 241

2 —
=J(x:¢dx
x“+1

2
=J-x2+1dx—f L dx

x“+1 41
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Note

dx
_ dx—J‘
_J. P

=x-tan™ x +c. Ans.
1
Example 14: Find the value of '[ ——dx,
1+cosx

51'-'[—1 dx-'[ﬂdx Itiplying both d denominator by 1
olution: | 7~ - =) 1o . » multiplying both numerator and denominator by 1 -cos x

1 - cosx 1 CcosXx
= I T’U:I 5«
simn- Xx sin- Xx S x

I (coseczx — cot x . cosec x) dx

—cotx + cosecx +c.

Ans.

secx +tan x
Example 15: Find the integration of function ———  with respect to x.
secx —tan x

dx

J’ secx + tanx J‘ (secx + tanx) (secx + tanx)

dx =
secx — tanx (secx — tanx) (secx + tanx)

Solution:

(secx + tan x)2
= 2 5 dx
sec”x —tan” x

= J. (sec2 x +tan? x + 2secx tanx) dx

= J- (ZSeC2 x -1+ 2secx tanx) dx

J- 2sec? x dx —J. dx +J. 2secx tanx dx

ZI sec? x dx —J. dx + ZI secx tanx dx

=2tanx-x+2secx +c.
Ans.

x+2)(@x* -5
Example 16: Find the integration of function % with respect to x.

Solution:

J- (x +2) (4x% - 5) o I (4x3 + 8x* — 5x - 10) i

X X

4J. xzdx+Sdex—5Idx—1OI ldx
X
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Find the values of the following:

1. J (e¥ +2sin x — 3cosx)dx |

3. J' (7x° —8x% +5) dx .

3
J‘ ax +bx+cdx.

x2

(e

x
dx
o i

11 ja_xz)mx,

13. J. (cosxngre"j dx
x

1. e*-2cosx-3sinx+c
3. x72x*+5x +c

5. §x2+bloge|x|_7c+cl
7. 2x1/2—2/3x3/2+c

9. «xalog,|a+x|+c

2532 2
3

7/2

X +C

11.

13. sinx-5log | x| +e*+¢

4 3 8-

= —Xx +Ex -5x—-10log|x|+c

3

%x3+4x2—5x—1010g|x|+c, Ans.

Questionnaire 12.2

2. J- (x2 —Cos x + secx tanx) dx

4, J.(x+2)(2x+6)dx,

3
6, I %dx,

J’ (3352 4;/4}x+5} dx

( 2 3
10 J’L1+x+x—+x—+...de
: 21 3! :

log x
12. I C——dx.

*

X
4
xT+1
dx
14. _[ 21 .
Answers

x3
2. ?—sinx+secx+c

%x3+5x2+12x+c

L

S

3/2
%x7/2+6xT+2x3/2 +2Jx tc

S

Zﬁ{%x5+§x+5}+c

28

10, x+—+—+....

12. x+¢

2
14. 7§cosec X+secx+c,
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Self Assessment Note

2. State whether the following statements are True or False:

6. Integration of addition or subtraction of any functions is equal to the addition or subtraction
of their integrations.

7. Integration of multiplication of a constant and function is equal to the addition of that
constant and the integration of the function.

8. Iaf’(x) dx = aI F(x) dx

d

0. AW f () = fi () fo(x)

12.6 Summary

® The Inverse process of finding the differentiation of a function is called Integration. In
differential Math’s we find the differential coefficient of a function. But in Integral Mathematics
we have to find those functions whose differential coefficient is the given function.

® Sign” I ” is the symbol of integration which is called the sign of integration. It represents

the integration of a function. X in dx shows that integration is done with respect to variable
x. If integration has to be done relative to some other variable, then that variable is kept in
place of x.

® If on any function both integration and differentiation would be done then that function
remains unaltered.

® Therefore the integral of any function is not unique, since many integrals of F (x) were
obtained on giving different values to c, therefore if f (x) is any integral of F (x), then f (x) + ¢
will be its Comprehensive Integral.

12.7 Keywords

Inverse: Antipod

Symbol: Icons

12.8 Review Questions

6

X
1. Find the integration of Ix5 dx with respect to x where x = -1. (Ans.: " +c)
2. Find the value of the integral J. e’ dx (Ans.: e +¢)
3. Find the value of the integral J. 6 sin x dx (Ans.: -6 cos x + ¢)
1 X 1
4. Find the value of the integral J S~ dx (Ans.: £ 2x T +c)
5. Find the value of the integral J tan? x dx (Ans.: tan x - x + ¢)
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Note Answers: Self Assessment
aX
1. Integration 2. Integrand 3.7 4. sin x
0g, a
5 n+1. 6. True 7. False 8. True
9. True
12.9 Further Readings
Books Mathematical Economics - Michael Harrison, Patric Walderen.

Mathematics for Economist - Mehta and Madnani - Sultan Chand and Sons.
Mathematics for Economics - Simon and Bloom - Viva Publications.
Mathematics for Economist - Yamane - Prentice Hall India.

Essential Mathematics for Economics - Nut Sedestor, Peter Hamond, Prentice
Hall Publications.

Mathematics for Economics - Malcom, Nicolas, U.C.Londan.
Mathematics for Economics - Karl P. Simon, Laurence Bloom.
Mathematics for Economics - Council for Economic Education.

Mathematics for Economics and Finance - Martin Norman.
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Unit 13: Methods of Integration

Unit 13: Methods of Integration Note

CONTENTS

Objectives

Introduction

13.1 Substitution

13.2 Some Results Gain from Substitution
13.3 Integration of x” Function

134 Integrand

13.5 Integration of the Fraction whose Numerator is Integral Co-efficient of the
Denominator

13.6 Integration of Some Standard Function By Substitution
13.7 Summary

13.8 Keywords

13.9 Review Questions

13.10 Further Readings

Objectives

After reading this unit, students will be able to :

e Understand Substitution.

e Understand Some results Gained from Substitution.
e Take out the Integration of Function of x".

e Aware of Integrand.

e Take out the Integration of some Standard Functions by Substitution.

Introduction

Below mentioned are the two methods for knowing the integration of any function:
1. Integration by Substitution
2. Integration by Parts

13.1 Substitution

In this operation integration is done by changing the given integrand in standard formula. For this
any integration function of variable amount is put equal to another variable amount and substituting
in integration, integration is changed in form of function of new variable amount in such a way that
use of formula may be done easily.

13.2 Some Results Gain from Substitution

(i) For the function sin (ax + b), find relative integration relative of x.

Solution: assume ax+b=t
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Mathematics for Economists

Note d
I (ax+b)y=dt .. adx=dt
1
Or dx= — dt
a

1 1
jsin(ax+b) dx j(sint);dt:;jsintdt

1
=-—cost+c=-— cos(ax+Db)+c
a a
i§
Notes Jsin(ax+b)dx =-—cos(ax+b)+c
a

From the above given example, relative integration of x may be known for the below mentioned

functions:
sin ax
J.cos ax dx = +c
a
. Cos ax
J’sm ax dx = -
a
tan ax
jsecz ax dx = +c
a
(ax +b)"*1
[(ax+b) dx = = —— +¢
a(n+1)

1
[~ =~ log [ax+b] +c
ax+b

ax 1
J.E dx = — e + ¢
a
1
J-COS((ZX-!—b)dx = ; sin(ax+b)+c

sec (ax +b) +¢

Q|-

Jsec (ax + D) tan (ax + b) dx =

1
Icosec (ax + b) tan (ax + b) =- , cosec (ax+Db)+c

[ flax+b)dx = %f(ax+b)+c
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Note

(ii) Find relative integration of x for the function 3
a”+x

Solution: Assume, x= at dx =adt

f L dx=.[#.adt

a? +x? a? + a*t?

1 1
- = dt - = -1
B Il+t2 atan t+c

=

1 J 1 x
Hence, I R Rl P tan! | —] +¢

o x
sin? — +¢
a

1
Similarly, J Jiz dx

1 1
. X
I 2 2dx — sec! — +¢
XAX" —a a a

Above mentioned results may be used in integration without any substitution.

EXAMPLES WITH SOLUTION

Very Short Answer Questions

Example 1: _[(./1 - 5x +9¢%%) dx.

Solution: J.(Jl —5x +9¢%) dx = I(l ~5x)2 dx +9 je3x dx

[_1] (1_5x)3/2 9 eSx
5/ 3/2 3

-2
5 (- 5x)%/2+ 3¢ + ¢, Ans.

Example 2: Find the Value jsin 4x cos 6x dx.

1
Solution: Jsin 4x cos bx dx = 5 J(2 sin 4x cos 6x) dx

1
5 Jsin 10x — sin 2x) dx
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Note 1 1
= = Isin 10x dx — = J.sin 2x dx
2 2

_ 1 cos10x N 1 cos 2x N
TT2 10 T2 2 7f
- cos10% + + cos 2x + An
= -5 Cos10x+ 7 cos2x+c. s.
Example 3: Find the Value of J sin®0 d0 .
. .3 1 . .
Solution: _[s1n 0do = 1 j(3 sin 0 — sin 30) 40

_ Z IsinGde—i [[sin30.do

_3 1 (,1)
= 4(—COSO)—Z 3 cos 30 + ¢

3 1
=_— + — + ;
1 cos 0 T cos 30 + c. Ans

Example 4: Find the Value of J 1-sinx dx.

.21 1 .1 1
Solution: Here, J1-sinx = \/smz §x+c0825x—25m5x COSEX

[. 1 1 )2 ( 1 1 j
= SIN —X —COS — X =4 | SIN—X—COS—X
2 2 * 2 2

J' M —sinx dx=J_r_“ (sin%xfcos%xj dx

1 1
= —2cos—x—2sin—x
i{ 2 2 }”
(coslx+sinlx)
= %2 2 5 +c. Ans.

Example 5: Find the Value of I {7(32" + 2754_7 +sec’3x -2 ,[1- SxJ dx.
x

Solution: J {76295 + % +sec’8x —2.1- 5x} dx
x
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1 Note
dx + jsecz 3x dx — 2'[(1 —5x)1/2 dx

=7I62x dx+5'f2x+7

(1-5x)>/2

e9(3)

5 1 4
e + > log 2x +7) + 5 tan3x + 7 (1 -5x)%/2+¢c.  Ans.

+c

W=

7 5
=5 e + > log 2x +7) + 3 tan 3x -2

NN

Questionnaire 13.1

Find the value of the following integrations with respect to x:

L (a)(x+2)p° (b) (7x -2)3
(c) (ax + b)* (d) 3 +4x)°
2. (a) J4-5x (b) J4x+3
(c) \Jax+b (d) 2x+§
1 o ot
s o 0 o)
1 1
4 (@ 3x+1 (b) a—bx
1 1
50 57 O o2t
- 1
6. @) 5,2 32 ) 1192
7. (a)sin 3x (b) cos (4x +5)
8. /1 + sin % X 9. (a) St ) /2
10. COSs (%x—2) + A +2
Answers
1 4 1 4 1 5
1. (a)Z(x+2) +c (b) %(73(—2) +c (c) a(ax+b) +c

(d) i(3+ 4x)° +c
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Note

2 1 2
2. (a)_ﬁ(4—5x)3/2+c (b) g(4x+3)3/2+c © a(ax+b)3/2+c

(d) 1 (.’Zx + 5]3/2 +c

3 3
_1 +c —¥+c —;+c
3. (@~ 5(5x+4) ®) " 3 + by’ © " 2p(c/2+ br)?
4 1lo 3x+1+c¢ b —110 |9—bx|+c
- (a) glog (b) —3°°8
in X Loin 3v-2
5. (a) sin g+c (b) gsm (Bx-2)+c
6 - 3\1/5 tan™! (2:/5336) +c (b) %tan’l 3x+c¢
1 1.
7. —gc053x+c (b) Zsm(4x+5)+c
1
8. (sin%x—cos%x)-s—c 9. () §€3x+4+c (b) 2" +¢

5 2 1 u3x+2
10. fsin[fx—2)+f +c
2 5 3log,a

13.3 Integration of x" Function

If in the function of x* product of x"-! is given, then integration of that function may be done,
assuming x" =t .

We know that,

[ Flo@} ¢ (x) dx = [ F()dt, where, d(x) =t
Now if in the same formula,
o) = x"
¢’ (x) = nx"~1is kept, then on dividing by n,

Jraeye ax = [ F)ar

l?

Did u know?  If integration is of the form jf(x”) Yy then by putting value x"=t
integration will become easy.
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EXAMPLES WITH SOLUTION Note

Example 1: Find the relative integration of x for function cos? x sin x.

Solution: J.cosz x sin x dx assumed cos x =t

sinxdx=-dt= J.—tz dt

3

_ ﬁ_'_ __cosx An
- 3 c=- 3 c. S.
Example 2: Find the val fjﬂ
xample 2: Find the value o A-2)h
Solution: Assumed 1-x3=
- 3x%dx=dt
dt
x2dx=—€
x8 dx (x®)? x% dx
I(l_x3)1/3 = I(l_x3)1/3
_ 1 a-ntat
=3
1 (P -2t 1)dt
=-3 JT

- %_[(155/3 23 73 gy

B/3  95/3  2/3
8 5
3 3

3 R
3

113 6 3
- _ g|:§(17X3)8/375(17)(3)5/3_‘_5(17x2)2/3:| +

1 2
_ g (1 _x3)8/3 + g (1 _x3)5/3 _

1
5 (1-x%3+c. Ans.

dx
Example 3: Find the value of J.m .

Solution: Considered, .y +1=t

1
ﬁ dx = dt
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Note dx
: ﬁ—Zdt
J.x+\/— I\/— x+1
2 dt
= 7—210gt+c
=2log | Jx +1 ]| +c. Ans.

Example 4: Find the value of Jsin (Zx + g] dx.

Solution: Isin (Zx + ] dx = _[cos 2x dx
sin 2x
= +c. Ans.
2
Example 5: Find the value of J& dx.
A9 - cos’x
Solution: Considered cosx =t

—sin x dx = dt

sinx dx = - dt

J-sinxdx _

—dt
Jo-+2 _'[\/9—1?2
Iﬁ,formula J.\/l =gin-1 (Ej +c

t

— -1 —

= -sin +c
3

cos x
=—sin'1( 3 ) +c. Ans.

Example 6: Find the value of J.IOg Y dx.
x

. log x
Solution: Consider, I7 x
logx=t
1
T dx = dt (by relative differentation of x)
t 1
=_|.tdt=5+c—§(logx)2+c Ans.
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7 Note
Example 7: Find the value of Im dx.

Solution: Considered that x® =t to 8x7 dx = dt

x’ 1 1
_[1+x16dx=-|‘71+x dx=*'[ N

d
By the use of the formula, Il a 5 = tan-! x + ¢
+

1
=3 tan-lt+c= 3 tan™! x8 + c. Ans.

Example 8: Find the value of I x sin® x? cos x% dx .

Solution: Assumethat, sinx?=t = (cosx?) 2xdx=dt

1
Or x cos x2 dx = 5 dt
. . 1
Ix sin® x? cos x” dx = I(sm x?)* . x cos x* d = J't3 dt

t* 1
7 e (sinx?)*+c= 3 sin x2 + c. Ans.

lez

Example 9: Find the value of _[ 1-24° dx.

2
ax
Solution: Considered J.m dx,1-2x3=t

-6x% dx = dt
s 1 —%dt
xdx——6dt—aJ‘ .
a a
=—glogt+c=—glog(1—2x3)+c. Ans.

. (1 +1og x)
Example 10: Find the value of I T dx.

1
Solution: Consider, 1 +log x =t then T dx = dt
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Note

t2+1 3

(L+logx) ~ rn _ F7 t
dex—jt dt—2+1 +tc = €+C
1+1 3
= (A+logx)’ +c. Ans.
3
2
. 1 . 1 _ —-(n-1)

Task  Find the value of JW [Ans. : 1-n (1 + log x) +c.]

Questionnaire 13.2

Find the value of the following integrations:

11.

13.

15.

17.

19.

Ix3 cos x* dx.

3x?
J.92 +x° dx.
2
-[1+x6 dx.
x
'[1+x4 dx.
xnl
J.11+bx” dx
xm—l
.[ 1" dx
J~ x3 dx
(4-x"

Icosecz x 4 Jcot x dx.

2

[—sd
16 + 25x°

Ix4+1

o1

2

X
2. ‘[W dx.

4, Inx”‘l cos x" dx.

[=)
—
=
=
S
IS¥
=

J- X dx

J1+22

dx.

®

X dx
10. J(1+x2)3/2 dx

2x°

4458

12. J dx.

14. Jx‘l/z cosec® x dx.

J;COSEJ;

16. IEAAJ;44*=dL

18. _[ex (1+ x) cosec? (xe*) dx.

20. Ix cos® x? sin x? dx.
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11.

13.

15.

17.

19.

1. 4

—sinx” +c¢

4

log |9% + 2% |+ ¢
2

1. 4
—tan " x" +¢
3

1 _
ftan1x2+c
2

ilog|u+bx”|+c
nb

Self Assessment

1. Fill in the blanks:

1.

2.

3.

4.

In substitution operation

J.sin(ax+b)dx=—1cos(

a

Isecz ax +dx =

If in the function of x" product of
be done by assuming x" = t.

13.4 Integrand

Answers

2. %1/1+x3 +c

4. sinx"+c

6. %sin’1 2 +c

8. 111+x2+c

1

10. \/ﬁ

1 ,11 4
. —tan  —x"+¢
12 1 5

+C

14. -2 cot/x +¢
16. 2sin eV 1 ¢
18. —cot (xe*)+c¢

1
20. -3 cost x% +c.

is done by changing the given integrand in standard formula.

is given, then integration of that function may

If integrand is a form of ¢ [f(x)] f' (x) i.e., it is a function of any amount f{x) and product of integral
coefficient f(x) of this same amount f’ (x) or may be written in this form, then we do integration

considering this amount f(x) equal to .
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Note

||

Notes If f(x) = t then f' (x) dx =dt

[OUf @I f (@) dx = [o() dt = w(?) (Assume)

=y [0(x)], t (on putting the value of f)

EXAMPLES WITH SOLUTION

Example 1: Find the Value of J- sin*x cos x dx.
Solution: Consider, sin x =t=>cos x dx = dt.

Hence, J.sin4 x.cosxdx = jt‘* dt

+c=— sin®x+c.

Pl
5 5
Example 2: Find the Value of J cot® 0. cosec” 0.d0 .

Solution: Consider, cot 6 = x then, - cosec? 0 d0 = dx

= cosec?0d0 = - dx
2 3 x*
J.cot3 0 cosec” 0dO = - .[x dx =- T +c
cot? 0
=_ +
4
4sin™
sin™x
Example 3: Find the Value of jm dx.
. . . dx
Solution: Consider, sin™ x = t, then, T = dt
- x?)
4 1
| ij [at di=4x_1"+c=2 (sinlap e

2
Example 4: Find the Value of J cos {08 ¥) (log x) dx.

X

Solution: Consider, logx=t = 1 dx =dt
X
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9 Note
ICOS (log x) e _[

cos?t dt =lj (1 + cos 2t) dt
X 2

1 ( sin2t]
=— |+ +c
2 2

[log oo Sin 2;logx)} ‘e

Ans.

o |

Questionnaire 13.3

Very Short Answer Questions:
Find the Value of the Following:

1. (a) _[sinx cosxdx (b) Jsinz X cosxdx

() _[cosz x sinx dx

(d) Jcotz x cosec’x dx

(e) jsec” x tanx dx

2
@ J(log;x) i ®) J-cos (log, x) i

X

1+log,x
o) jfgedx

3. () _[ex cos e dx

1
@ J‘x cos? (log, x) dx

(0) [e* (a+be)" dx
(4) Jetam sec” x dx

( J- tan ' x

1+ a2 dx

J x tan~!x?
1+x4

LOVELY PROFESSIONAL UNIVERSITY
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204

Answers

1 . 2 1. 3
1. (a) Esm xX+c (b) gsm xX+c

3

1 1 3
(c) —gcos xX+c (d) —gcot xX+c

1
() — sec’ x + ¢

p

2. (a) %(logg x)* +c (b) sin (log, x)+c¢

(c) 1 (1+1log, x)* +¢

> (d) tan (log, x)+c

(a+be*)" " +c

-
(b) b(n+1)

3. (a)sine*+c

(d) e +¢

1+xtan™ x re
4. (a) M+ 2

(©) %(sin’1 x)* +c

(b) %(tan_1 x)? +c

2 3/2
-1
A )

3 6. %(tan -t x2)2 +c

7. 2log|1++x|+c

13.5 Integration of the Fraction whose Numerator is Integral
Co-efficient of the Denominator

f @ where, f'(x), is integral co-efficient of f(x)

(
fx)

Consider that we have to find the value of I

On putting f(x) =t, f' (x) dx = dt

f'() d
If(x) dx = ITt = log t = log [f(x)]

Hence, f% dx=logf(x)+c
x

?
Did u know?  If numerator (N") of any fraction is integral co-efficient of denominator (D),
then integration of that fraction will be equal to Log of the denominator.

J» d(denominator)

(denominator) dx = log (denominator)
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EXAMPLES WITH SOLUTION Note

EX
Example 1: Find the Value of J.m dx.

Solution: Consider, 1 + ¢* =t then e*dx =dt

X
e 1
II:;;dx=I?tﬁ=kg|t|+c

=log |1+e| +c. Ans.

4
X
Example 2: Find the Value of Jm dx.

Solution: Consider, X+4=1t
5x*dx = dt
O ddx = 1 d
T X x—5 t
J.L d _ 1 J.l d _11 +
Bra =5 1A= log i Fe

= - log |xX°+4]| +c. Ans.
et -e™”
Example 3: Find the Value of Im dx.
Solution: Consider, eftet=t = (F-eM)dx=dt
ef—e dt
so that Im dx=IT=log|t|+c=log|ex+e‘x +c. Ans.
. dx
Example 4: Find the Value of J.ﬁ .
. 71 eix
Solution: Iex _q dx= Iﬁ dx

[on multiplying e™ with the numerator and denominator]
1
= J.? dt, Assumed, 1 -e™* =t = e ¥ dx =dt

=log |t| +c=log [1-¢| +c. Ans.

[P

a
b+ ce*

a
Task  Find the Value of I dx. (Ans.: 7 log |be™+c| + ')
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13.6 Integration of Some Standard Function By Substitution

(i) Integration of tan x and cot x

sin x

1) Itanxdx—fcosx dx

Consider cos x = t, on differentiation, - sin x dx = dt

[tan x dx = A g 1] +
an x dx = - Pl 0g|| c

=-log |cos x|+ c=log|secx| +c

J.tanxdx =-log|cosx| +c orlog|secx| +c
Cos x
(2) jcotxdx = '[sinx dx

Consider sin x = t, on differentiation, cos x dx = dt

dt
jcotxdx = J.T =log |t| +c=log]| sinx| +¢

Icotxdx =log |sinx| +c.

Questionnaire 13.4

Very Short Answer Questions.
Find the value of the following:

1. (a)fx 5 (b)JX+45 dx
2 N
X e
(C) I1_2x3 dx (d) J‘\E dx
Answers
n 1
1. (,l)glogpc +b|+c¢ (b) —Z(x3+4)4+c
1y [1-2x%|+ Vx
(©) ~g 108 X +c (d) 2e¥" +¢

Self Assessment
2. Multiple Choice Questions:

5. Value ofjsinxcosxdxis:
1sin2x+c b 1coszx+c
@ 5 ®) 5

1
(0) 3 cosec? x +¢ (d) None of these.
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Note
6. Value of J.C0t3 0. cosec® 0 dO will be,

4

cot™ 0 cot*0
+ by - +c
@ e ® -
cosec* 0
() 1 +c (d) None of these.

7. sin(log, x)+c is solution for which of the following:
(@) jsinz x cos® x dx (b) jcotz x cosec? x dx

9 J-cos (log, x) g

< (d) None of these.

8. log|1l+e¢"|+c is solution for which of the following:

1 X
@ [ ) [~
© [eax @ [ .

13.7 Summary

® There are two main methods to find the integration of any function:
(i) Integration by Substitution
(ii) Integration by Parts
In this operation integration is done by changing the given integrand in standard formula.

If integrand is a form of ¢ [f(x)] f' (x) i.e., it is a function of any amount f(x) and product of
integral coefficient f(x) of this same amount f ¢ (x) or may be written in this form, then we do
integration considering this amount equal to t.

13.8 Keywords

Substitution: Replacement

Methods: Manner, process

13.9 Review Questions

1. Find the Value of jsec2 3x dx (Ans.: tan 3x +c)
.3 3 1
2. Calculate the value of J.SIH 046 (Ans.: — 1 cosO + 1 30+c)
cos’ x
3. Find the relative integration of x for the function cos®x sin x (Ans.: — +c)
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. T sin 2x
4. Find the value of jsm (23( + 5) dx (Ans: ——+c)
. 4sin”t x .
5. Find the Value of 'fﬁ dx (Ans.: 2 (sin™ x)? + ¢)
-x

Answers: Self Assessment

1. Integration 2. ax+b 3. tanax 4. xv!
5. (a) 6. (b) 7. (¢) 8. (a)

13.10 Further Readings

N

Books Mathematical Economics - Michael Harrison, Patric Walderen.

Mathematics for Economist - Mehta and Madnani - Sultan Chand and Sons.
Mathematics for Economics - Simon and Bloom - Viva Publications.
Mathematics for Economist - Yamane - Prentice Hall India.

Essential Mathematics for Economics - Nut Sedestor, Peter Hamond, Prentice
Hall Publications.

Mathematics for Economics - Malcom, Nicolas, U.C.Londan.
Mathematics for Economics - Karl P. Simon, Laurence Bloom.
Mathematics for Economics - Council for Economic Education.

Mathematics for Economics and Finance - Martin Norman.
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Unit 14: Integration as a Summation Note

CONTENTS

Objectives

Introduction

14.1 Finding Integral of Multiplication of two Functions (Divided Integrals)
14.2 Integration by Partial Fraction

14.3 Two Standard Integrals

144 Summary

145 Keywords

14.6 Review Questions

14.7 Further Readings

Objectives

After reading this unit, students will be able to :

o Know the Integral of Multiplication of two Functions.
e Find out the Integration by Partial Fraction.

o Get the Information about two Standard Integrals.

Introduction

We should be careful before using the integration rule and we should ensure that by doing the
integration operation once or twice it takes the form of regular integration or is modify such that it
could be integrated. If one function of integral is known then this known function will always be
considerd as first function. If integrals becomes undo form with negative sign in right hand side
then equation should be solved with integration rule.

14.1 Finding Integral of Multiplication of two Functions
(Divided Integrals)

if the multiplication of f{x) and ¢(x) is f(x). ¢(x) the differentiation is-

)60k = )+ F1043)
Integration of both side with respect of x

f). 0= [ F(0) ¢'@) dx + [ F(x) (x) dx
Or [ 0@ = F(x). 600 = [ £(x) d(x) dx
= fE) [ o' dx—[{f'(x) [ ¢'(x) d} dx

By the definition of ¢(x), ¢'(x) is the integral with respect to x, so J.d)’ (x) dx is put at the place of ¢'(x).
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Note For expressing the above conclusion in easier form, on putting f,(x) and f,(x) instead of f{x) and ¢'(x)
respectively,

[ ). fox)dx = () [ o) dx | }di FE)- [ fox) dx } dx

l?

Did u know?  Integral of Multiplication of two functions = First function x integral of second
function- [differentiation coefficient of first function x integral of integration
of second function].

It should be seen before using the above rule that on using above process once or two times the
integrant would take the form of any authentic integrant or come in such form which could be
integrated. The success of this function much more depends on the study of first and second function.
The first function is so selected that the second part of RHS could be easily and successfully integrated.
Therefore, there should take care in the selection of first function.

In the use of this method, few important things are as following:
(1) If between two function there is a function whose integration we don’t know, then that
function must be considered as the first function.
In I x.(logx) dx, we don’t know the integral of log x. Therefore log x should be considered as
the first function.

(2) if both the functions were so that the integral of both is known then among those if there is
any function of x" form, then always consider it as the first function.

For example, in J.IOg x dx, J.taIfl x dx , x> must be considered as the first function.
(38) To know the integral of Ilog x dx, J‘tan’1 x dx, etc. integration is done with considering ‘1" as
the second function. As Ilog xdx = J (log x).1dx etc.

(4) The divided integration rule should be used more than once according to the use.

(5) If the integral in RHS comes in its initial form with the negative sign then questions should
be solved with using the rules of solving the equations.

|

Notes  We do divided integration with considering the first coming and second coming
function, in the word ‘ILATE’, as the first and second function respectively.

Where I - is for the Inverse trigonometrical functions (as (sin™ x, cos™ x, tan™ x, etc.).

L - is for the Logarithmic functions (as log x, log (x* + a? etc.).
A - is for the algebraic functions (as x, x + 1, 2x, J/x , etc.).
T - is for the Trigonometrical functions. (as sin x, cos x, tan x etc.).

E - is for the Exponential functions (as a*, e, 2, 107, 3~ , etc.).

As there is no any authentic method to select the functions during the divided integration, but the
students can do the divided integration on selecting the function with the help of above mentioned
‘ILATE'.
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EXAMPLES WITH SOLUTION

Example 1: Find the Value J.log,2 xdx .

Solution: Let’s consider that here the second function is unit because if log, x is considered as second

function then it can’t be integrated.

Ilogexdx = Ilogex.ldx

1
log, x. Il dx *J {; _[1 dx} (On doing divided inegration)

logexx—jlxdx:xlogg x—jldx
x
=xlog,x-x+c Ans.
x
We can also write ¥ log " of xlog x - x if want because log e = 1.

Example 2: Find the Value _[x sin x dx .

Solution: There are two factors of integrant, the integrant of both x and sin x is known but among
these the function x is of x" type. Therefore it should be considered as the first function.

x| Jsin xdx |- | K% ) [sin x dx}dx

Therefore, J.x sin x dx

= x (- cosx) —Il.(— cos x) dx

- xcosx+jcosxdx
=-xcosx+sinx+c. Ans.

Example 3: Find the Value Ixz log x dx .

Solution: J.xz log x dx I(log x) x2dx

3 3
X 1 x
10 X.—— *.7dx
8473 Ix 3

13 12
gx Iogx—g.fx dx

1x3 logx71(1x3j+c
3 3\3

1 3 1 5
—x"logx——=x" +c.
3 g 9 Ans.
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Note

Example 4: Find the Value I x" log x .

Solution: _[x” log x dx = Jlog xx" dx

[log x, the integration of which is unknown, consider is as the first function]

n+1 1 xn+1
= log x. -|—=. dx
n+l “x n+1l
(On doing divided inegration)
n+1 n+1 n+1
1
= logx——Jx”dx:x log x - o
n+1 n+1 n+1 n+ln+1

n+1 xn +1 xn +1 1
- logx ———5= logx———|+c¢
n+1 n+1)° n+1 n+1
Example 5: Find the Value Ixz cos x dx .
Solution: Let's assume that x? is the first function.

J.xz. cosxdx = x%.sinx— JZx.sin x dx.

Take x as the first function in the second integral then integrate by factors.

x? sin x — 2[x (- cos x) — Il. (- cos x) dx]

_[xZ cos x dx

x? sinx+2xcosx—2j’cosxdx

x2sinx+2xcosx —2sinx +c

(x? = 2) sin x + 2x cos x + C.

Example 6: Find the Value I e’ sinxdx .

Solution: Assume that e is the first function.

_[ex sinx dx = ¢e* (- cos x)— Jex (= cos x) dx

—e* cosx+ Jex cos x dx.
Again by the integration by factors,
jex sinxdx = —e* cos x +[e* sin x — Iex sinx dx]

Shift the last term towards left. Then on dividing by 2,

. 1 .
je" sin x dx = Ee" (sin x — cos x) + c.
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1 Note
Example 7: Find the Value J.? log x dx .

J.logx.%dx
x

osx() -] () (5 o

1
Solution: jxiz log x dx

—log x 1
—2—+|=d
X '[x2 *

—logx_1+c _ —(1+10gx)+c'
x x x

Ans.
Example 8: Integrate the function x? a* with respect to x.

Solution: Assume that = szax dx

Here, the integrant is the multiplication of two functions x* and a*. where x? is an algebraic function
and a* is an exponential function and firstly A comes in ILATE. Therefore we'll do divided integration
on taking x* and a* as the first and second function respectively.

- x[a* dx—”dii(x)._[ax dx} dx

( a ) ( a )
xkloguJ_J‘l'klogaJ dax

X
L 1 jax dx
loga loga
ux ax

= X. - +c
loga (log a)® Ans.

Example 9: Find the Value Ilog {x+x*+a’}dx.
Solution: Jlog {x+x* +a*}dx
= Jlog {x+x?+a*) 1dx

1 1(2x)
- 10g{x+1/x2+a2}x—f(x+\/m){l+Zm}xdx

(42 +a?) | P +a?

_ log{x-h/xz-s-az}x—J.\/%
X" +a
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_log{x-hlxz4—{12}95—1]M
- 27 x* + a?
1
=1 + 2+ x-S {2x* +a* )+
og {x+x"+a"}x 2{ x“+a‘}+ec

log{x+\/x2+a2}x—\/x2+a2+c

xlog{x+\/x2+u2}—\/x2+u2+c. Ans.

Example 10: Find the Value jtan'l xdx .

Solution: Jtan_1 xdx = J'(tan_1 x).1dx
1
- (tan'x)x— .x dx
= ) 'fl +x?
1 2x
= Xtan x-— 3
271+x
4 1dt . )
= xtan x - 215 (on putting 1+ x*=t and 2x dx = dt)
a1
= xtan x—Elog|t|+c
-1 1 2 .
= xtan™ x - 3 log |1+ x” |+ c. (On putting the value of f) Ans.
2
Task  Find the value of J.x2 cos x dx [Ans: (x2 — 2) sinx + 2x cosx +c]

Example 11: Find the Value J xtan™ x dx

Solution: _[x tan ! x dx = J(tan_1 x). x dx

(tan™" x). 5

xz X
1 .fl >

= —tan x——||1- dx
2 212
2

=?tan1x—f(x—tan’1x)+c

214 LOVELY PROFESSIONAL UNIVERSITY



Unit 14: Integration as a Summation

1 a 1 5 a 1 Note
—tan "x+—x"tan x—-—x+c
2 2 2

1 2 1 X
—(x*+1)tan x —=+c. 3
2( ) 2 Ans

Example 12: Find the Value J‘%
cos x

J- X _ .[ : x(1 - cos x) g

Solution: 1+ cos x 1+ cos x)(1 - cos x)

J‘X—XCOSX

sin’ x

dx

x X COS X
=J — dx—j ——dx
sin” x sin” x

Ix cosec® x dx — Jx cot x cosec x dx

x (— cot x)—jl.(— cot x) dx

—[x (= cosec x) - Il. (- cosec x)dx]+c)

= —xcotx +log|sin x|+ x cosec x — log tang +c. Ans.
a1
Example 13: Find the Value J.COS T dx
. a1 a1 -1
Solution: Assuming that 1= JCOS —dx, wCos T —=sec X
X X

= I sec™ x dx

= J'(sec_1 x).1dx

Integration on taking sec™ x and 1 as the first and second function respectively

sec ! x J.dx - J{% (sec'x). _[dx} dx

_ Xxsec

1
1x—jﬁ.xdx

_ Xxsec

1

1

X— | ——=dx

J-sz—l

xsec’lx—log|x+1/x2—l|+c. Ans.
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Questionnaire 14.1

Long Answer Question.

Find out the value of following integrals:

1. (a) Ix log x dx
(c) _[x3 log x dx
(e) _[sec x log (sec x + tan x) dx
2. (a) _[xe”" dx
3. (a) jx cosec? ax dx
(c) _[x sec? 2x dx
(e) jsec3 x dx
4. (a) _[x sin nx dx
(c) _[x tan® x dx

5. (a) J’sin_1 x dx

6. (a) jxa tan~! x dx

2
——dx
7 J.(x sin x + cos x)?
9. (a) _[x log (1 + x) dx
10. jcot‘1 (1+x% —x)dx

12. jsin x log (sec x + tan x) dx .

(b) [(log x)* dx

(d) [log (1+x%)dx

(b) [xsec” x dx
(d) [+*sinx dx
() [x* sin 2x dx
(b) [sin® x dx
(d) [sinx dx
(b) [cot™ x dx

log x
o 1 asrf ™

8. [x (log x)? dx

(b) Jloglo x dx

11. Jx3 ¢ dx

Answers

1 2 x2
1. (Q)Ex logx——4+c

1x410 x—£+c
(© 5 8X~ ¢

1 1
2. (a) ;xe”x 7a—2e”x +c

(b) x (log (x))* —2xlog x + 2x + ¢

@) xlog(1+x*)-2(x—tan x) +c

(b) el/x(l—antc
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10.

12.

14.2 Integration by Partial Fraction

1 .
(a) a—z[log sin ax — ax cot x] + ¢
1 1
(c) Extan2x—zlog|sec2x|+c

1 1
(e) Esecx.tanx+zlog|secx+tanx|+c

1 1 . 1
6 — = x% cos 2x + — x 8in 2x + — cos 2x + ¢
2 2 4

1 1 .
(@) — X COS X + —7 sin nx + ¢
n n?

2
x
(c) xtanx+10gcosx—?+c

(a) xsintx+1-x% +¢

3

1x—ZL%—x+tan_1xJ+c

) 1 x* tan”
(@) g

—X
+tanx+c

cos x (x sin x + cos x)

2 2
- x° x
log(l+x)——+—=+c
g(l+x) =7+

(@) =

2[xtan! x—%log (1+x%)]+c

x —cos x log (sec x + tan x) + ¢

(b) xtanx +log|cos x|+c

(d) —x? cosx+2xsinx+2cosx+c

x2

1
———xsin2x ——cos2x +c¢
®) 4 4 8

(d) 2[-+x cos/x +sin/x]+c

(b) xcot’1x+%log|1+x2|+c

+log |— ‘+c
& +1‘
8. %xwz[(log x)? —%Iogx+§]+c

(b) x (log, x—1)logge+c

11. %exz (x2 -1)+c

Note

We proved that the integral of difference between one or more functions is equals to the addition or
difference of integrals of that function. So the important method of integration is used the above
principle to break the additional and difference form of given function. So the methods of partial
fraction are used when necessary.

You already have study about the method of break partial fraction in algebra book.

You know by algebra that exponential and quadratic factors of every polynomial can be possible- it
may be possible some factors are repeated. So Partial fraction of rational fraction will be like that-

(i) The related partial fraction of non-reaped denominator of single power factor x-a is of

(ii) R partial fraction are following with respect to (x - a) factor of repeated.

where A # a.
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Note Here B # 0.
(iii) The function of x* + px + g, which are not repeated then respected partial fraction is like that-
Cx+D
X2+ px+gq
(iv) The factors of x> + px + g is repeated r times and the factors are- (x> + px + gq)"
Then, partial fraction is-
C D. C D C D
Lt S e SO #
(x*+px+9q)

X rpx+q (P +pr+q)

Self Assessment

1. Fill in the blanks:

1. If two functions are sameand the ................. of both function known, then if there is any x"
type function, then it always considers first function.

If necessity then the formula of ........................... integration used many times.
There is no any....................... method for the selection of function during divided
integration.

4. The integral of addition or differentiation of one functionis ..................... to the addition

or difference of that function.

5. Exponential an ...................... of every polynomial can be possible.

14.3 Two Standard Integrals

1. Find out the value ofj 21 5 dx.

x“—a
When x > g,

) 1 1
Solution: * Poa T (x+a)(x-a)
1 A B A(x—a)+B(x+a)

Let, 2 2 = T = —

X" —-a xX+a x-—a (x+a)(x—a)

A(x-a)+B(x+a)=1

= (A +B)x+(B-Au=1

comparing the factors of both sides

A+B=0and (B-A)a=1

1
- A=——
B 2 and

1 11 11 1
x*—a> T "2a(x+a) 2a(x-a)  2al|x-a x+a

218 LOVELY PROFESSIONAL UNIVERSITY



Unit 14: Integration as a Summation

1 1 1 1
dx = — - d
J-xz—uz x_ZaHx—a x+a} *

1e 1 o 11

dx

2a° x—a 2a° x+a

—ilo |x7alfilo |x+a|+c
T 2a & 2a &

1 x—a
= —log +c
2a X+a
1 1 xX—a
dx=—I1o +c,whenx>a
J.xz—uz 2a gx+a
2. Find out the value ofj zdx 5 -
a’-x
When x <a.
dx dx 1 1 1
S _ =— + dx
Solution: '[az—xz _-[(a-s-x)(a—x) 2a {a+x a—x}
L 1 I ilo
=Z[og|u+x|7 og|a7x|]+c=2a g
J dx ilo a+x+c
a?-x* " 2a ga—x

EXAMPLES WITH SOLUTION

d
Example 1: Find the Value J.ﬁxbz .
a‘x” -

dx 1 1
ion: s dx = = |
Solution Iazxz 7 x . -[xz (b)) dx
11 - @/a) 1
@ 2b/a) °|x+(b/a) 2ab
. dx
Example 2: Find the Value IW .
- 6x
1 1 1 1 1
Solution: _[24_6xzdx=g,f4_x2dx=g,[22_x2
11 2+x 1 2+x
=———Io c=—1lo c.
622 2-x 24 2-x

LOVELY PROFESSIONAL UNIVERSITY

Note

a+x
+c
a—x
ux—b+c. Ans.
ax+b
Ans.
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Note
E le 3: F h 1 7dx,
xample 3: Find t eVaueJ.5 Y
. dx dx dx
Solution: fm ='[5+1—1—2x—x2 =I6—(1+2x+x2)

.[ dx J' dx
Tle-(x+1)? T (W6 —(x+1)?

J dx ilo atxl
by formula 22 =22 08,
I dx 1 x+1)+C
5-2x—-x* "~ «/— «/_ (x+1) Ans.

3x dx
(x-1)(x-2)(x-3)

Example 4: Find the Value I

1

3x
(x-3) devided by partial fraction

Solution: (x=1)(x-2)(x-3)
J. 3x
(x-1)(x-2)(x-3)

! - 6. ! +
(x—-1) (x—2)

3 9
2 2

dx

SJ- dx _6J- dx 9 dx

== +
27x-1 x-2 27x-3
3 9
=Elog|(x—1)|—6log|(x—2)|+Elog|(x—3)|+c. Ans.
Example 5: Find the Value J.ZL .
2x"+x -1
. 1 3 1
Solution: - 5.2 1" (x+ 1) (22~ 1)
1 A B A(2x-1)+B(x + 1)
Let, 2 = + =
2x°+x-1 " x+1 2x-1 (x+1)(2x-1)

Ax-1)+B(x+1)=1
Or QA+B)x+(B-A)=1
on comparing the function of both side,
2A+B=0andB -A=1

1 2 1 1.1
2x2+x-1"32x-1 3x+1
1 2 1 1 1
Jot—ar 2 2]
2x“ +x -1 372x-1 37x+1
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2 Liogi2x-1)-11 1)|+C Note
= —.= -1)|-= +1)|+
57 1081 (2x =1 -2 log|(x+T)]
1, [2x-1
== +C.
=391 Ans.
. dx
Example 6: Find the Value J o
X=X
1 1 1
Solution: = =
otuton T2 x(l-x) x(d-x)(1+x)
1 A, B C
Let, l-m+x) ~ x 1-x 1+x
1= A(1-x%)+Bx(1+x)+Cx(2-x) (1)

Putting x =0, 1 and -1 in equation (1)

1 1
=1B==,C=-=
A 2 2
J- dx3 _[ l+ 1 1 g
X—x x 21-x) 2(1+x)
1 1
= 10g|x|—510g|1—x|—§10g|1+x|+c. Ans.
. dx
Example 7: Find the Value I4 5 .
dx dx
Solution: I4—x2 = _[(2)2 s
1 2+x dx 1 a+x
= — +c, I s = +c
2.2 2-x a-—-x- 2a -
_1 2+x c
4 ) x Ans.

1

Example 8: Find the Value Im dx.

Solution: On adding the integrant in partial fraction

1 A Bx+C

+
(x+b)(x*+a®) x+b x*+a°

1 1 (1 b-x )

on solving, (x+b)(x*+a®)  a+b? Lx+ b ’ (@® +b%) (x* + aZ)J
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Note 1

=l

1 dx 1 b-x
= + dx
a2+b2jx+u u2+b2'[x2+a2

J' dx 1 J 2x dx
A+ a2 +b%) 7 P ad?

1
= ———log|x+b|+
a + b? 8l |

= %{log|x+b|+ktan’1£
b a

1 2 2}
——log|x“+a”||+cC
a + 2 gl |

= 1 lo x+b +Btan_1£ +c
S n| S [Zip| al Ans.
. dx
Example 9: Find the Value 1.73 .
1+x
. 1 1 A N Bx+C
Solution: 1+x° = (1+x)1-x+2%) T+x 1-x+x2’
. 1 1 1 N 2-x
on solving, 1+x°7 3" 1+x 3(1-x+x%)
1 (2 —x)dx
d _ =
J-1+x3 t= '[1+x J-l x+x?
1 1 1¢(4-2x)dx
= —log|l+x|+=.— | —————
5 logltral+y 3I1—x+x2
(2x-1)
=7lo T+x|+= 71136
gl | J‘1 x+ 2
2x -1
=710 1+x|+= -
8l | '[1 x+x2 'fl x+x2
=110g|1+x|+1‘[ dxl 3—11 ZX—12dx
3 2 (xz—x+f)+* 67 1—x+x
4 4
=%10g|1+x|+%'[ 1 2dx —%10g|1+x+x2 +c
(xffj (\3/2)?
=71 1+x|+ log|1—x+x*|+c
g logllrxl zf/zan I/z 6Og|
S SO L) P R St
6 S1_xi:2| B N Ans.
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_ Note
Example 10: Find the Value J‘zzxisdx .
x~+3x-18
. 2x -3 2x -3 A N B
Solution: Z13c-18 " (x-3)(x+6) ~x-3 x+6
or x-3=A(x+6)+B(x-3)
when, x-3=0 or x=3
_ _1
3=9A or A=3
when, x+6=0 or x=-6
5
-15=B(-9) or B=§
2x -3 1¢ de 5 dx
————dx - — +=|—
then, e TLAE Y e R v
1 5
= glog|x—3|+§log|x+6|+c. Ans.
E . dx
xample 11: Find the Value I 1
e —
J' dx _[ e’ dx J’ dt
1 . - = X — X —
Solution: -1 = ety T ) (when e*=t, e* dx =dt)

+c

(1 1) t-1
J o) dt=tos|

eX

-1
—|+c=log|l-¢e"|+c Ans.

log

e

X

Example 12: Find the Value I m dx .

. x A N B N C
Solution: Let, -2)(x-17 " x-2 x-1 (x-1)

x=Ax-12+Bx-1) (x-2)+C(x-2)
putting equally the factor of same power
A+B=0,-2A-3B+C=1,A+2B-2C=0
A=2,B=-2,C=-1.

I x dx J- x dx
(x=-2)(x-1)% ~ T (x-2)(x-1)?

1yl
2log|x—2|—2log|x—1|—%+c
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Note )
= 2{10g|x—2|—10g|x—1|}+71+c
Y —

x-2
x—1

+

2 log

Questionnaire 14.2

Short Answer Questions

Find out the value of following integrals:

dx x? dx
1@ 2 0 )22
dx dx
7 G8 Frycae
2
© 7 s h
3x dx (x+5)
20 [y Y Rt
(2x +3) dx dx
0 e 62 o e
Answers
11 -2 21 x—4
1. (a) 498 +2+C (b) *+ 0gx+4+c
1 x-+/5 1,1
© 25 8 xv 5| “ @) 4 8 5| " "
1 ¥ -
(e) 6a° log W +ad e
2. (@) log1|(x-2)* (x+1)|+c (b) —2log|x—1|+3log|x—4|+c

(c) ilog|x+2|+%log|x—2|+c

(d) 7élog|x71|+%10g|x72|+%10g|x+2|
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Self Assessment

2. Multiple Choice Questions:

6. What will be value of J‘i

dx
a? —x?

When x < g,

1

1 oe ]t
@) 2a 8

+C

a—Xx

1
© 24

a+x

a—Xx

dx

7. What will be value of J4 — 2

1lo 2-x
@ 38

e 4—x
© 2784

+C

dx
x? -4

8.  What will be value of I

x+2
8 x—2

(a) % lo

1
(C) Z lOg

144 Summary

1 a+x
—lo +c
a a—x
ilo +c
2a ga+x

1 2+x
—log +c
4 2—x

1 4+x
—log +c
2 4—x
1lo et PP
2 82

None of these.

® [f the multiplication of f{x) and ¢(x) is f{x). f(x), the differentiation is -

d

T )00} = f(x) ¢'(x) + f1(x) §(x)

Note

® The first function is so selected that the second part of RHS could be easily and successfully

integrated. Therefore, there should take care in the selection of first function.

® [f between two functions there is a function whose integration we don’t know, then that
function must be considered as the first function.

® If two functions are same and the integral of both functions known, then if there is any x™ type
function, then it always considers first function.

® There is no any authentic method to select the functions during the divided integration, but
the students can do the divided integration on selecting the function with the help of above-

mentioned ‘ILATE’.

® The important method of integration is used the above principle to break the additional and
difference form of given function. So the methods of partial fraction are used when necessary.
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Note 14.5 Keywords

® Summation: addition

® [Integral: whole

14.6 Review Questions

1. Find out the value of- J.x sin x dx

2. Find out the value of- I x2 cos x dx

3. Find out the value of—_[x tan~! x dx

. IL
4. Find out the value of-J 5 27~ 5
dx
5. Find out the value of- ,[ 1

Answers: Self Assessment

(Ans.: -x cos x +sinx + c)

(Ans.: (x> - 2) sin x + 2x cos x + ¢))
1 2 1 X
(Ans,;a(x +1) tan x—5+c)

1

2x -1
(Ans.: 3 log

x+1

+C)

(Ans.: loglxl—%10g|1—x|—%log|l+x|+c)

1. Integral 2. Divided 3. Proved 4. Equals
5. Quardatic 6. (a) 7. (b) 8. (0
14.7 Further Readings
Books Mathematics for Economist - Yamane - Prentice Hall India.

Mathematics for Economist - Malkam, Nikolas, U. C. Landon.

Mathematics for Economist - Simon and Blum-Viva Publications.

Mathematics for Economist - Mehta and Madnani-Sultan Chand and sons.

Mathematics Economist - Makcal Harrison, Patrick Waldron.

Mathematics for Economist - Karl P. Simon, Laurence Blum.

Mathematics for Economist and Finance - Martin Norman

Mathematics for Economist - Council for Economic Education.

Essentials Mathematics for Economist - Nut Sedestor, Pitter Hammond, Prentice

Hall Publications.
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Unit 15: Definite Integration

Note

151

CONTENTS

Objectives

Introduction

Limitations of Integration

15.2 Method of Finding Definite Integration
15.3 Substitution in Definite Integration
154 General Properties of Definite Integrals
15.5 Integral of Infinite Limit
15.6 Summary
15.7 Keywords
15.8 Review Questions
15.9 Further Readings

Objectives

After reading this unit, students will be able to :

e Know the Meaning, Limitation and Methods of Finding Definite Integration.

Understand the Substitution of Definite Integration.

°
e Know the General Properties of Definite Integrals.
°

Get Information of Integrals of Infinity Limits.

Introduction

Let the integral of f(x) relative to x is F(x).

If two values of independent variables x, assume, for a and b, difference between integral F(x) of
function f(x) is F(a) - F(b), then its difference are known as Definite Integrals of f(x) for interval [a, b]
and it will show below:

[ £ ax

The meaining of definite integration- when integral of any function is find out for any two certain
limitations then it’s called definite integration.

If [ f(x) dx = F(x)

Then || () dx = [F()]' = F(b) - F(a)

The value of any definite integrals is unique, since,

If

If(x) dx = F(x) + ¢, then

j: fydx =[F(x) +c]’ = {F(b) + ¢} - {F(@) + o}

= F(b) + ¢ - F(a) - ¢ = F(b) - F(a).
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|

Notes

The value of definite integrals are not effected by invariable integration.

15.1 Limitations of Integration

Digit g, that is written below in integration sign called lower limit and digit b that is written up side
of integration sign is called the upper limit of integration.

15.2 Method of Finding Definite Integration

To find out the given integrals and keep it in big bracket and written the limitation of integration at
right hand side of bracket. Now put the upper limit at the place of variable digit in integrals and
keep lower limit in same integrals then both are differentiate, the desired integrals will find out.

Example 1: Find out the Value of I

Solution:

EXAMPLES WITH SOLUTIONS

blog x

X.
a x

J-hlogx

A dx Let logx=t

]
—

N ~
U

~

1

b
- 5= [(log x)* |

~~

[(log b)” ~ (log a)’]

[log b + log a] [log b - log a]

11 b x1 b
= — X —
5 logabxlog - .

n/4
Example 2: Find out the Value of _[0 tan x sec x dx.

Solution:

n/4 /4 T
Io tan xsec x dx = [sec xl = {sec 1 sec O}

-2 -1

3dx
Example 3: Find out the Value of J.1 -

Solution:

= [log x]f =log 3 -log 1 = log 3.
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n/2 2
Example 4: Find out the Value of Jo €os™x dx.

In/z 1+ cos 2x
0 5 dx

n/2 >
Solution: .[o Ccos” X dx

1[ sinZJCT/2
= —|x+
217 2

. T Al
1 SmZ'E sin2x0| 1 =n =
e —0- ——x LT
=22 2 2 2 2 4.

n/4 2
Example 5: Find out the Value of jo tan® x dx ,
n/4 n/4
Solution: _[0 tan® x dx = _[0 (sec2x -1) dx
/4 T T
=|tanx —x =ltan————-(tan0-0
[tanx+]/* = tan £ - 3 an0- )|

P
3

a
Example 6: Find out the Value of -[0 ¥’ a2+ y2=a
Solution: - 2ry?=a2 o yr=a?-x?

I§y2 dx= [ (a* =x%) dx

. a dx
Example 7: Find out the Value of IO ﬁ .

J'aL .1 X !
Solution: 0o [2 2 = {sm (uﬂ

a —Xx o

a 0
= sin™! (*) - sin™ (*j
a a

= sin! (1) - sin! (0) = = 0= —
2 27
. /2
Example 8: Find out the Value of Jo X CosS X dx.
2 2
Solution: JJ/ Xcosx dx= [x sin x]g/z - I;/ sin x dx
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Il
\
®
=
=]
|
o
[
|
|
0
o
@
=
[
o
~

b1 T b1
= —+|cos——cos0| = = _1==_
2 [ 2 ] 2 "0 L

/4 :
Example 9: Find out the Value of _[0 1-sin2x gy,

4 4
Solution: jon/ 1-sin2x gy = j;/ \/COSZ x+sin®x —2sin x cos X dy

= Ion/zl«[(cosx - sinx)2 dx

n/4 .

= jo (cosx —sinx) dx
. n/4

= [sinx + cosx]0

. T T
= SIHZ+COSZ - (sin 0° - cos 0°)

1.1
= (ﬁ+ﬁ) _(0_1)
= % +1=(V2+1).

2
Example 10: Find out the Value of jl x log x dx.

2

2 2
2 X 21
Solution: lelogx dx = {2 logx} _ L;% dx
1
2 2

X 1
= | =1 _ =

{2 ngl j x dx

I
1
N[

_

o

®Q

=
| I
= o

I
N | =
1
N,
| I
=

=210g2—% [xzﬁ
=210g2—1 [4-1]
4
= 210g2—§.
4

/4
Example 11: Find out the Value of Jo tan x dx

/4 4
Solution: _[0 tanx dx = [log sec x]g/
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= log sec g log sec 0

=log /2 -log1, [+ log1=0]

=log /2 . Ans.

/6 "
Example 12: Find out the Value of _[0 J1-sin2x dx,

6 6
Solution: ‘[On/ J1-sin2x dx= IJ/ \/cosz x +sin®x — 2 sin x cos x dx

6
= I;/ (cos x —sin x)2 dx

n/6 . . /6
= .[0 (cosx —sinx) dx = [sin x + cos x]g

{sin Tt cos E} i
= 6 6 - [sin 0 + cos 0]

(1 3)

-Ll JZ—J 0+1)= 1+? 1
1+43-2  V3-1
S22

Questionnaire 15.1

Find out the values of following integrals:

2

1. L x* dx.
n/2

4. [, cosx dx.
n/2

7. IO S X dx.

10. jj\/E dx.

n/4 2
13. I_n/4cosec X dx.

4 dx 3 .
_ x/3
2 |7 3. [, ¢ dx.
2 dx /4 5
5. 6. [, sec’ x dx,

T .
8. JO sin 3x (x.

1
n [E s 12. — dx
Answers
2.2 3. 3(e-1)
5. log 2 6. 1
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Note 2 1
7. 1 8 5 9 5
10 ﬁ 11 z 12 i
X 3 © 2 -
13. -2

15.3 Substitution in Definite Integration

Some time it is necessary to change the variable in definite integration like indefinite integration.
Limits changed with the substitution for making the method easy.

Example, let we put y (x) = ¢, then

[ vy (0] dx= () dt.

‘,

Did ulnow?  If integrals limit are a to b for variables x, then limit relation for ¢ is t = y(x).
Since, When x =4, then { = y(x) and when x =, then { = y«(x),
So,

w(B)

) "(x)d t)dt
[ Moo (ydx = [ fer)at.

EXAMPLES WITH SOLUTIONS

Example 1: Find out the value of- J' 3 cos(log %) g,
1

x
. 3 cos(log x)
Solution: j | =57 Let, log x=t then (1/x) dx = dt
x
When x=1t=log(1)=0
and when, x=3,t=log3
3 cos (logx log3
-[1 7(1: 8%) = -[0 Y o t dt = [sin t]gjga

= sin (log 3) - sin (0) = sin (log 3). Ans.

1 X
Example 2: Find out the value of- _[ dx .
0 1442

Solution: Let, x =tan 6; oodr=sec?0d6

¥xr=0 andtan®=0s0, 8 =0

and when, ¥ =1, thentan0=1s0,0=— 17

I
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Jn/4tan6 5 In/4 0 tan 6
= — = sec 0 tan
0 secp - S€€ 0d0 0 do

n/4 T
= [sece]o/ :SGCZ —sec0=.2 -1.

. a x
Example 3: Find out the value of- I 0 W dx.

1
Solution: Let, a2 - x2 = ¢, then, - 2x dx = dt or x dx = - > dt

when, tcx=0,t=a2and when, x=a,t=4%2-a2=0

I;% dx=_% j:z%: _%J':Zt—l/z it

=52,

= _ [0 _ (a2)1/2] = (a2)1/2 =q.

n/3 cos x

Example 4: Find out the value of- IO 3+dsinx

Solution: Let, 3 +4 sin x = ¢, then, 4 cos x dx = dt

and when, x=0,t=3+4sin(0)=3+4(0)=3, "~ sin (0) =0
1 . (1
or when, x=§n,t=3+4sm ng =3+4(\/§/2) =3+2\/§
Jn/3 cosx 1 G+23)dt
0 3+4sinx dx:ZJ.S i

1 3+243 1
= Z[1og t], = log (3+23)-log3]

1 O(3+2J§\
=4{1gl 3 )

Example 5: Find out the value of- j: xsin® x dx .

1 .
Solution: Jx sin? x dx = 5 Ix (2 sin? x) dx

%Ix (1—-cos 2x) dx

%jxdx—% jxcostdx
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11, 1[1_ . 1
= —.—x"—= | —xsin2x+—cos 2x
2°2 2 2 4
1,

= —X —1xsin2x—1
= 4 8c052x,

X

s .
-[o x sin? x dx

{1 X% - 1x sin2x — 1 cos Zx}
4 4 8 o

1, 5, 1 1 { 1 }
- = = ; _ = _10-0-=cos0

1 [7°] 1 [ sin 2n] - < [cos 2n] 8

Ll 1 1o, 1
1
=1 2. Ans.
. 2log x
Example 6: Find out the value of J.l > dx.

X

J- log ,.x

Solution: 2 dx = J.(logex) (%) dx

(log,x) (-x) - [(1/x)(-x7") dx,

= - (log,x) (x™1) + Ix"z dx

log,x 1 {logeerl}

x o ox x
2log, x [log,x+17T
[[=8= ax=- | 25—
x L x "
7(10ge2+1)_(10g81+1j
TV 2 1
1 1
=_ _Elog€2+§—1} [ log,1=0]
1, .. 1].1
=-12 08, 5173 [1-log,2]. Ans.

cos x
(1+sin x) (2 +sin x)

Example 7: Find out the value of I:/z

Solution: Put sin x = t. then solve by partial method
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n Note
J-n/z cos x dx (1+sinx) /2
0 (1+sinx)(2+sinx) 2+sinx) |
(1 and )
1+s1n§n (1+sin0)
log 24+ sintx L2+s1n0
(2)
2 1) 3| 4
= log [7)_1 g( j_ 8{1 ‘1°g§. Ans.
2

/2 .
Example 8: Find out the value of -[0 xsin X dx.,

[x (~ cos x)]g/z - j n/zl.(— Cos X) dx

n/2 .
Solution: _[0 xsmnx dx 0

[~ x cos x]g/z +[sin x]g/z
- [x cos x]g/z +[sin x]g/z

_ {Ec05570}+{sinﬁfsin0}
2 2 2

=-0+1
=1. Ans.

Questionnaire 15.2

Short Answer Questions.

Find out the value of following integrals:

3log x 2 cos (log x)

L [eE p [reonlosn)
1 x ce’

3. [Jyxlog(1+7) ax 4 [+ xlog ) dx
1sin™ x 1(tan! x)?

5. I 2 dx 6. Joﬁ dx
1xsin! x «sin tan”' x

7. f \/72 dx JO T2

B dx J'l X
9. qu}ﬁ>a 10. Jo 1— 12 dx
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2
1. [ et -2 ax 12 [ % dx

1 x2 dx 1 a? - x?
O [ v 1 ¥ (a e e
J'l dx J'l 2x
15. 034 2x + 22 16. 0] 4 1 dx
2 2+x
17. J.O 2y dx.
Answers
1 2 3 3, 3
1. @ 2. sin (log 2) 3. 1_51085
2 753
e —TE —
4. ¢ 5. 6. 1o
7. 1 8. 1 9. 1
2 n—2
10. 1 1. ™ 12.
4 4
1B, - 1, L2 15, —=tan” ——
T2 ' 4 NG 22
16. g 17. 1+2

Self Assessment

1. Fill in the blanks:

1. When integral of any function is find out for any two certain limitations then it’s called

The value of any definite integrals is ......................

Some timeitis..........oeee ceviiniiinn.. to change the variable in definite integration like indefinite
integration

The value of definite integration are not affected by the integration of.........................

Digit a that are written below of integration sign, called the.......................... of integration.

15.4 General Properties of Definite Integrals

Property: 1. J:f(x) dx = - I:f(x) dx.

Proof: Let, If(x) dx = F(x)
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b Note

Left hand side = jb F() dx = [F(x)] = F(b) - F(a)

a

Right hand side = - f;f(x) dx = - [F(x)]z
= - [F(a) - F(b)] = F(b) - F(a)
JLF) dx=- [, ) ax
Property: 2. I:f(x) dx = ij(t) dt.

Proof: Left hand side = J:f(x) dx = [F(x)]b = F(b) - F(a)

Right hand side = jb () dt=[F(t)]" = F(b) - F(a)
b b
J fe) ax=[ ft) at.
Property: 3. I;f(x) dx = J: f(x) dx+ Jff(x) dx,whena <c<b.
Proof: Let, If(x) dx = F(x)
Left hand side = J:f(x) dx = [F(x)]z = F(b) - F(a)
c b
Right hand side = Iu f(x) dx + JC fx) dx
= [, +[Fel.

[F(c) - F(a)] + [F(b) - F(c)] = F(b) - F(a)
On detailed from

when, a<c;<cy<cg<a. c, <b.

Property: 4. I:f(x) dx = I:f(a - X) dx.

Proof: Let,a-x =t co—dx=dt;kdx=-dt

and when x =0, then, t = a and when, tc x = g, then, t =0

Right hand side = J;f(ﬂ— X) dx = J:f(f) (-dt)y=- I:f(t) dt
= Jgf(t) dt By property 1

= I;f(x) dx By property 2
= Right hand side
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Property: 5. j: f(x) dx =0, if f(x), is the odd function of x
mean fl=x)=-fx)
[* £ dx=2 [ f(x) dx

if f(x) is the even function of x mean f(- x) = f(x).

Proof: Ifaf(x) dx = J.if(x) dx + Jgf(x) dx

Now, J?af(x) dx= J:f(_ t) (-dt),
= [ fe @
= [ fH at
= [, fC2) ax

Condition I: If f(x) is the odd function of x.

then, f=x) = -f(x)

[° F0) dx=- [ FG0) ax

By equation (i),

[ Fe) dx=- [ f0) ax+ [ () dx=o.
Condition II: If f(x) is the even function of x.

then, f(=x) = flx)
[ £ = [ £x) ax

Bt equation (i)

[[ 70 av= [ F0) v+ [ () ax

= 2f 0 F(x) dx.

EXAMPLES WITH SOLUTIONS

Example 1: Prove that-
/2, o /2, 5T
fo sin” x dx = Jo sin (E_ ) dx.

n/21 - cos 2x 1

sin 2x /2
Solution: Let hand side = _[0 — dx = 5 X - 5
0
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1|{n sinm—sin0 1 ] Note
=577 52 =§ = ...(i)

N a
= a

Right hand side

I
—
S A

S~
N
®

2.

=

N
T/
N a

I
N
[
=

I
—
A
~
o
o
«
[}
]
—
A
~
¥
[y
+
o
o]
12}
N
=

|

N | =
[
wn

2.

ol P
N

R

| — |
(=} a
~
N

[n j sin  — sin 0
R +7
{ 2 2

=7 ...(id)
Left hand side = Right hand side
Example 2: Prove that

J'JI/Z . _ jﬂ/Z .
_”ﬂxsmx dx=2 , ¥sinx dx

/2
and, .[.n/z xcosx dx=0.

Solution: Here functionis, f(x)= xsinx

fl=x) = (- x) sin (- x) =x sin x = f(x)

Function is even

J‘n/2 . J‘ﬂ/2 .
_n/zxsmx dx=2 , Xsinx dx

If, f{x) =x cos x
: fl=x)= (- x) cos (- x) = -x cos x = - f(x)

function is odd
J w2 XCOSX dx =
/2 dx=0.
Example 3: Prove that

J‘JT/Z in 2 _
p, SIM2X logtanx dx =0.

Solution:

"2
Let, 1= [, sin 2x log tan x dx ()

n/2 T s
= J‘0 sin 2 [E - xj log tan (E - X) dx, (By property) 4) is
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Add equation (i) and (ii),

2= [
J‘TE/Z
0
J‘n/Z
0
J~Tc/2
0

n/2
_[0 sin (r - 2x) log cot x dx

n/2 .
jo sin 2y log cot x dx

(sin 2x log tan x + sin 2x log cot x) dx
sin 2x (log tan x + log cot x) dx

sin 2x.log (tan x.cot x) dx

sin 2x.log 1 dx

n/2
= Jo sin 2x.0 dx =0
I=0.
Example 4: Prove that-
3m/8 tan’x T
[ LS S
8 tan” x + cot’x 8
2
Solution: Let, [ = J‘Sn/gmnix (i)
’ ’ ©/8 tan’x + cot® x
L ip= ZaE
x= 2 -t because; a =3 3 5
jn/S cot’t
1= Jse/s cot? t + tan’ t (-dt)
Ian/ff cot? t
I=Ji/s cot?t + tan’t dt
Ian/s cot? ¢t ..
or 1= a8 cot?x + tanZx (i)
Adding equation (i) and (ii),
_3n/8 L aus
2[= _[,.(/8 dx [x]T[/S
2= 3n_n_m
T8 8 4
T
or 1= g Ans.

240
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. . Not
Questionnaire 15.3 ote

Long Answer Questions:
n/2
1. Prove that _[0 log (tan x) dx = 0.

‘[4 \/de 3
2. Prove that 1\/ﬁ+\/; = .
- 2

n/2 dx p
3. Prove that Io 1+W =7

n/2 sin x b

4. Prove that Io sinx+cosx X = 1

15.5 Integral of Infinite Limit

If high limit of any definite integrals is oo, then

w© . b
I” f(x) dx it means Jim ,fa f(x) dx,

Condition is that limit is any finite variable.

If the limit of any definite integration is (-o0)

[" fe) ax= tim [7FG) g,

a—»— o

Condition is that limit is any finite variable.

EXAMPLES WITH SOLUTIONS

=1
Example 1: Find the value of .[1 2 dx.

i j‘”i _ fim -1 " lim (—1+1) =
Solution: 152 dx = el Xl T osel b =1. Ans.
Example 2: Find the value of fw 1 5 dx.
0 1+x
o 1 . g b
Solution: ,[0 142 dx= bhfl [tan xl)
- lim 1 1y L
= 5w (fan™ b-tan™ 0) = 5y Ans.
Example 3: Find the Value of |~ —
xample 3: Find the Value of |/ 1+ 27
Solution: Firstly we find the value of [ = | —o
ion: Fir =| ——=
olutio irstly we find the value o 0 (122
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Note Let x=tan 0 s dx=sec?0d0

Limits of @ are, 0, tan™! b

an'? sec® 0dO  ctanlt tan" " 1+ cos 20
I= JO WZIO COos Odﬁzjo #

-1
{e ,sin 29T“ " tanlp 2b

= T
2 4 2 4(1+0Y)
, 1
tan" b  9p | M o m
Require integration = oo 2 * 1 _Z+O_Z. Ans.
1+b—2
Questionnaire 15.4
Short Answer Questions:
Find the values of following integration:
o dx * dx ®
-x/2
1. Io 2+l 2. .[oxz JrRNI 3. Ioe dx.
o w ¥ dx »(x? +3) dx
4. foxe dx. Sfom. 6I1m.
Answers
n (J2-1)
Lo 2|~ 3.2
4 1 T L (58-15m)
5. 4 6. 30
Self Assessment
2. Multiple Choice Question:
6. .[;O f(x)dx it means
im [ f(x)d lim ["f(x)d
@ fim ], rx)dx ) lim [ fe)dx
tim [ f(x) dx tim [ f(x) dx
(C) b—>07a (d) a—>c0*a

b
7. If lower limit of any definite integration is (-0), then j_w f(x)dx

@ Jm [ f0d @ im0 dx
© Jim [ dx @) lim] ) dx
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w1 Note
8. Value of L — dx
x

@ 0 (b) o
© 1

15.6 Summary

® If two values of independent variables x, assume, for a and b, difference between integral F(x)
of function f(x) is F(a)-F(b), then its difference are known as Definite Integrals of f(x) for
interval [a, b]

® The value of any definite integrals is unique.

® To find out the given integrals and keep it in big bracket and written the limitation of
integration at right hand side of bracket. Now put the upper limit at the place of variable
digit in integrals and keep lower limit in same integrals then both are differentiate, the
desired integrals will find out.

® Some time it is necessary to change the variable in definite integration like indefinite
integration. Limits changed with the substitution for making the method easy.

15.7 Keywords

® Function: A function is a relation between a set of inputs and a set of permissible outputs
with the property that each input is related to exactly one output.

® Lower limit: inferior limit

® Upper limit: higher limit.

15.8 Review Questions

4
1. Find out the value of- I ™/ tan” x dx (Ans.: 1- E)
0 4
. a2 d 2 2 2 g 2
2. Find out the value of- -[0 Yy~ ax Where, x>+ y*=a (Ans.: 3 ay
. T 22 d 1 2
3. Find out the value of- _[0 xsm” x ax (Ans.: ks )

4. Prove that- J:f(x) dx = _[;f(ﬂ —x) dx

/2
5. Prove that- Jo sin 2x log tan x dx =0
Answers: Self Assessment

1. Definite Integration 2. Unique 3. Necessary 4. Non-variable
5. Lower limit 6. (a) 7. (b) 8. (o)
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Note 15.9 Further Readings
Books Mathematics for Economist - Yamane - Prentice Hall India.

Mathematics for Economist - Malkam, Nikolas, U. C. Landon.
Mathematics for Economist - Simon and Bloom - Viva Publications
Mathematics for Economist - Makcal Harrison, Patrick Waldron.
Mathematics for Economist - Mehta and Madnani - Sultan Chand and sons.
Mathematics for Economist - Karl P. Simon, Laurence Blum.

Mathematics for Economist and Finance - Martin Norman.

Mathematics for Economist - Council for Economic Education.

Essentials Mathematics for Economist - Nut Sedestor, Pitter Hammond, Prentice
Hall Publications.
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Unit 16: Economic Applications of Integration

CONTENTS

Objectives

Introduction

16.1 Area Under Plane Curves

16.2 Use of Integration in Economics
16.3 Summary

164 Keywords

16.5 Review Questions

16.6 Further Readings

Objectives

After reading this unit, students will be able to :
e Find out the Area under Plane Curves.

e Understand the Use of Integration in Economics.

Introduction

Now-a-day's use of integration in economics has increased fast. Definite integral is the range of
addition. Use of integration in economics can be explained from the following facts -

d(c)

1. Marginal Costs, Average Costs and Total Costs since Marginal Costs = o therefore total

q
d(c)
costs ,[ dq -dq

2. Consumer Saving: Consumer saving can also be found out from integration.

16.1 Area Under Plane Curves

Suppose CPQD represents curve y = f (x), where f (x) is a continuous function of x in prant [a, b] and
suppose like the value of x increases from a to b, y also increases. Suppose CA and DB are the

ordinates at x =aand x = b. va

Take any point P (x, y) located on the curve and
assume that PM is its grade. Take another point Q(x +
dx, y + dy) on the curve close at point P and suppose
its ordinate is QN.

Draw perpendicular PR, QS on QN and MP then
OM= x, ON =x +dx; (Ij
MN = &x 9
And PM-=y, =
QN=y+8y; - QR=3y. < 0 A M N B X
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Note

If AMPC and ANQC are serially presented by S + 8S then
8S = Area ANQC - area AMPC = Area MNQP

Now MNQP in area result is located between the rectangles MNRP and MNQS, i.e.,
yox < 38S<(y+dy)dx

3S
Or y < 5 < (Y +9Y) (dividing by 5x) (1)
das ,
Or ol y=f(), (when 8x — 0 and dy — 0°)
b vdS b
Therefore j" flx)dx = ), gy -dx= Ja s =[s];

(Value of S when x = b) - (Value of S when x = a)
Area ABDC

Definite integral is a limit of addition. Suppose any function is continued in any interval [a,b] its
article is a curve in which C and D are two points. CA and DA are the perpendiculars on the X-axis.
‘" and "D’ are the abscissa of points C and D. Interval [a,b] i.e. AB whose value is (b-a), is divided into
n equal small parts. Suppose the abscissa of points P and Q which are on the curve are (a + rh) and
(a+r+1h) . PM and QN are their ordinates. This way under the marginal condition when i — 0,
PRNM is a very small rectangle. Area of this rectangle will be f (a+rh) x h. This way definite
Integral in the words of Addition,

}i_r)r}ch-[f(a+h)+f(a+2h)+ ..... + f(a+nh)]

lim )’ h. f(a+h), where b - a = nh
r=1

n— o

J.: f(x)dx is as shown.

=7|

b
Notes J f(x) dx is the complete area which is formed within the limits of curve y = f (x),
a

x-axis,and x =a tox =b.

Area of the space surrounded by the curve y = f(x), x-axis, and x = a to x = b is calculated from the
following formula:

A=y

Value of x (x = a) from the left side at end D is considered as the lower limit of integration and value
of x (x = b) from the right side at end C is considered as the

higher limit of integration. Y4
In the same way, Area of the space surrounded by the curve x )
=f(y), y-axis,and y =atoy =b s calculated from the following A ‘/,\ - B
formula: !
y=b {n -
= xd ] I
A= xdy | i

In this case limits of integration are taken from lower to
upper side.

LOVELY PROFESSIONAL UNIVERSITY



Unit 16: Economic Applications of Integration

EXAMPLES WITH SOLUTION Note

Example 1: Find the area between y = mx, x-axis and ordinate x = 2.
Solution: Equation of the given curve is

Y =mx .. (1)
On puttingy=0ineq. 1, x=0 (.. atx-axis, y = 0)

2 2 2
Desired area IO ydx = _[0 mx dx =m jo x dx

x2

2
m{z} = % (4 - 0) = 2m square unit. Ans.

0

Example 2: Find the area between Parabolic line y* = 4x and simple line x = 4.
Solution: Equation of Parabola
y?=4x
Line x = 4 meet the parabola at points A and B.
Desired area is OBAO.

A
4
Note therefore Area = 2.[0 ydx
1 0 X —»
= ZIAJde:4I4x2dx R
0 0
EN B
= 4x {2 xﬂ
3 0
3
= 8{42 - 0}
3
8 64
= 5(8 -0)= 3 square unit Ans.
x2 yZ
Example 3: Find the area of Ellipse P + el 1.
Solution: Area of Ellipse ABA’B’ has to calculate. First we will 4

find the area of space OAB and on four folding it we will find the
desired area.

(0, b)

y (a, 0)

i
A'QJA »X
BI’

[S)
[N}

nN‘ =
+

=[S
Il
—_

s= w13

= y: éqaz—xz

a
On putting x = 0 for point b and y = 0 for point A, coordinates of points B and A will be (4, b) and (a, 0).
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Note a
Desired Area = 4I0 y dx

4_[%9 a® —x? dx
0a

49{% [2_ 3%+ %az sin™ f} — ngb Square unit  Ans.
a alo

Example 4: Find the area of Parabola y? = 4ax and the space surrounded by its Latus Rectum.
Solution: Equation of Parabola

y*= dax va
Latus Rectum meets the parabola at the points L and L'. L
Desired Area is OL’SLO S
S
. % 2a
If Area is A, then &\%
2["yd 0 % S X
= X (.
A oY \
a L'
= 2_[0 N4dax dx
= ZJ.H 2a' /212 dx:2><2a”zjﬂxl/2 dx
0 0
_ 4gY/? {x3/2:| _ Eal/z [xs/z](‘;
3/2), 3
8 » .
= ga Square unit Ans.
Y

Task  Find the area between the Parabola y* = 4x and simple line x = 4

(Ans.: gaz square unit)

Questionnaire 16.1

Short Answer Questions:
Find the area surrounded by the following curves, X-axis and given Abscissa:
1. y=efromx=0tox=2

2. y=xsinx, fromx =0 to2n

2n 2n T . .
a. [Hint: Desired Area = JO ydx = _[0 x sin x dx :[—x cosX + sinx]i onintegrating]

8
3. y= (1+jj, fromx =2tox=10
x
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4. y=5+ix2 fromx=2tox=10
10 7

5 xy=bfromx=atox=b
6. y=xe¢° fromx=0tox=b

7. Find the area between simple line y = mx, x-axis, and abscissa x = 3

1
8.  Find the ratio of areas of parts of curve x* + y? = a* divided by the simple line x = bEE

[Hint: let us assume the ratio of areas of the desired parts x = a sin 6].

= J‘:/zy dx:.[l/zy dx

a a/2
=I azfxzdx:_[ Jat = x* dx
a/2 -a

Answers
: 56 .
1. -1 2. 2m square unit 3. 5 Square unit
4. 73 1 square unit 5 b? [log E} 6. 1 [ebz - 1}
15 a 2
9 .
7. —m Square unit 8. (4m—3/3):(8m +3/3)

2

Self Assessment

1. Fill in the blanks:
1. Now a day’s use integration in economics has increased ..................... .
2. Definite integral is a limit of ..................... .

3. Consumer saving can also be found out from ..................... .

16.2 Use of Integration in Economics

Now-a-day’s use integration in economics has increased very fast. This we can prove from the

following facts-
1. Marginal Costs, Average Costs and Total Costs

d(c)

Since Marginal Costs = Tq , therefore

d(c)
Total Costs = I Tq -dq

d
Here, ;7;) = Marginal Costs, C = Total Costs dg = Change in production.
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Example 1: Marginal Costs = 3 + 150q - 94> of any firm is given, then find the total costs when On
manufacturing 3 units the total costs will be ¥ 300 .

Solution: We know that Total costs,

TC= [ (3+150q-9¢")dq

2 3

= 3g+150L -1 4 ¢
2 3

= 3g+75¢°-3¢°+c¢

TC c
And Average costs AC= 0 3+750-3q" + Q

Since g = 3 and TC = 300 given, therefore
300= (3x3)+75(3)?-3%x3x3+c
= 9+ (75x9)-27+¢

= 9+675-27+c¢c
Or c= -675+300=-357
TC= 3q+ 7542 - 3¢° - 357
357
And AC= 3+75q—3q2—7.

Example 2: If Constant costs is Y100 and Marginal function is in the form (6x + 3)Then find the Total
costs function.

Solution: We know that Total Costs = I Marginal Costs

Therefore TC J. (6x +3) dx

2
6i+3x+c
2

Here constant costs is ¥ 100 then in this condition if the production zero (i.e. x =0) then also constant
costs will remain ¥ 100 and Total costs will also be ¥ 100. In this condition

TC= (6x0)+(3x0) +c=100

Therefore total costs function will be 3x2 + 3x + 100. D

Consumer Saving
Consumer Saving

Consumer saving can also be found out from integration. This can
be explained from the following.

e

D
In this diagram DD is a demand. Consumer give costs OP of anything
and suppose he does OX purchase. Consumer is ready to give total =
costs of OX quantity of thing equal to the OXRD part in the diagram, =
but actually he is ready to give OXRP costs. Consumer Saving isthe X ;
difference between the both. Quantity of object

l?

Did u know? consumer saving = Area OXRD - Area OXRP

_“Ux (Demand curve dx - p . x
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Example 3: Find the consumer saving when demand curve is p =100 - 5x + 3x* and x =5 unit. Note

Solution: Here demand curve is p = 100 - 5x + 3x? and quantity of demand is x = 5 then here

Consumer Demand = J.U (Demand Curve) dx - p.x

[7(100 - 53+ 32%) dx - (p < 3)

2 3P
- {1009(—5x+3x} ~30
2 3

0

5
100%3- > (3x3)+(3x3x3)-30

300 - 22.5 + 27 - 30 = 274.5.

Example 4: Find the consumer saving when demand function is p =50 - 5x - x> and p = 0.

Solution: Demand Function; p= 50-5x-x2
If p= 0 then
0= 50 -5x - x?
or x2+5x-50= 0
x2+10x-5x-50= 0
or x(x-10)-5(x +10)= 0
or (x-5)(x+10)= 0

x-5= 0or x=5;in thesame way, x +10=0o0rx=-10

If we ignore x = - 10 since x < 0 therefore

15(50—5x+x2)dx—pxx

Consumer Saving

[7(50 -5+ 2%)dx-0x5

2 3P
_ 502X X
2 3 N

_ |:50X5_5><5><5_5><5><5T
2 3
_ 50125125
2 3

1500 — 375 — 250

6
825 275
- = = Ans.
¢ > 137.5
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Solve Yourself :

1.

10.

4.

Questionnaire 16.2

Find : J. x? cos x dx

Find the Integration : I (8+7x) dx

1
Find the values of the following;: J-Ecosz x dx
0

Find :
dx sin x
i ii —dx._
(l) Iaz + x2 (Zl) fsin(x—a) x
Integrate:
dx

0 [4x*x+3 Ol s

x? -4

i) | g5 (iv) [xe dx

Find the value of the followings:

o B 3x
O 15 @) Bxr1)(x-3)
(i) x3logx, () sin (ax +b).

Find total costs function f (x) if x = Total production.
(i) 100 Total costs at 3x* -4 x +5,x=0.

ii) 100 Total 100 x=0
(ii) otal costs at Nl .

(iii) 6.75-0.0006 x, x = 0, total costs = ¥ 10,485

Find:
() jlsx3x dx (id) LM«/; dx
(ii) J.:(l +5x +x°) dx (iv) J':)(e“ +e')dx

Find the consumer saving if Demand function curve is p = 33 - 3x - 2x* and x = 3 unit.

If p =% 5 then How much will be the consumer saving on Demand Function p =100 - 2x%. If p
= 0 then what will be the saving?

Self Assessment

2. Multiple Choice Questions:

Total Costs = .......cccueeueeneee. ?

(a) .f Marginal Costs (b) J. Total Costs (o) J. Total Profit  (d) J. loss
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5. Consumer Saving can be calculated by which method?

(a) Differentiation (b) Differential

(c) Integration (d) Cramer
6. Marginal Costs is .........cccccueeeee.
A dq_
@ g ®) G
d(c)
(c) dq (d) None of these

16.3 Summary

Note

® Suppose CPQD represents curve y = f (x), where f (x) is a continuous function of x in prant [a, b]
and suppose like the value of x increases from a to b, y also increases. Suppose CA and DB are

the ordinates atx =a and x =0b.

® Take any point P (x, y) located on the curve and assume that PM is its grade. Take another
point Q(x + &x, y + dy) on the curve close tom point P and suppose its ordinate is QN.

® Now a day’s use integration in economics has increased very fast This we can prove from the

following facts - Marginal Costs, Average Costs and Total Costs

d(c)

Since Marginal Costs = ——, therefore

d(c)
Total Costs = I Tq'd‘?

d(c)

® Consumer Saving can be calculated by Integration.

164 Keywords

® Applications: Experiments

® Ordinate: Grade

16.5 Review Questions

2 2

. . XY
1. Find the area of Ellipse 7+ = 1.

Here, Tq = Marginal Costs, C = Total Costs, = Change in production.

(Ans.: m ab square unit)

2. If a constant cost is ¥ 100 and Marginal Function is in the form (6x + 3), then find the Total costs

function.

(Ans.: 3x* + 3x + 100)

9
3. Find the area under simple line Y = mx , X-axis, and Ordinate x = 3. (Ans.: square — 1 unit)

Answers: Self Assessment

1. Fast 2. Addition
4. (a) 5. (c) 6. (c)

3. Integration

2
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Note 16.6 Further Readings
Books Mathematics for Economist - Mehta and Madnani - Sultan Chand and Sons.

Mathematics for Economist - Yamane - Prentice Hall India.
Mathematics for Economics - Malcom, Nicolas, U.C.Londan.
Mathematics for Economics - Karl P. Simon, Laurence Bloom.
Mathematics for Economics and Finance - Martin Norman.
Mathematics for Economics - Simon and Bloom - Viva Publlications.

Essential Mathematics for Economics - Nut Sedestor, Peter Hamond, Prentice
Hall Publications

Mathematics for Economics - Council for Economic Education.
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Unit 17: Introduction to Differential Equations and Solutions:
Variable Separable Case and Homogeneous Equation

CONTENTS

Objectives

Introduction

17.1 Differential Equation of First Order and First Degree
17.2  Exact Differential Equations

17.3 Summary

174 Keywords

17.5 Review Questions

17.6  Further Readings

Objectives

After reading this unit, students will be able to :
e Know about Differential Equation of First Order and First Degree.

e Know about Exact Differential Equations.

Introduction

Differential Equations are the equations in which dependent, independent variable exists, and there
are different derivatives of dependent variables with respect to one or more independent variables.
The order of a differential equation is the highest order of different derivatives included in that
equation. An equation will be called as linear if the derivatives of dependent variables are of first
degree, otherwise it will be called as non-linear.

Function f(x) will be called as the solution of different equations if it is replaced in any equation then
it reduces the equation to the identity and the method of finding all the solutions will be called as
the solution of differential equation.

Normal Solution: The solution of a differential equation in which the independent imaginary
constant is equal to the order of differential equation, then it is called as Normal Solution.

Particular Solution: In normal solution, if any particular value is given to constants then it is called
the Particular Solution of that equation.

Example: Find the differential equation of curve y = Ae* +B/e* for different values of A and B.
Given value y =Ae" + B/e* ...(1)

To get the differential equation for the values of A and B of above equation, we'll differentiate
equation (1) twice. On differentiating equation (1)

dy

e Ae* - Be™ .(2)
On differentiating equation (2) again

LY _ ror s e

I = Ae" + Be ...(3)
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Note

On eliminating A and B from equation (2) and (3), we get -

d2
X

<

2 Ty

ISH

This is our differential equation.

17.1 Differential Equation of First Order and First Degree

We represent the differential equation of first order and first degree in the following form -
M+ N (dy/dx) =0 or Mdx+Ndy=0

Where M and N are constant and x and y are few functions. Though all the differential equations of
first order can’t be solved always, then also if they are available in the following form then their
solution can be found out by few methods -

17.1.1 Variable Separable Case

fi(x)dx = f, (y) dy

If the differential equation is shown in the following form -
Where f, (x) and f, (y) are the functions of x and y respectively.

In such situation, we differentiate the both sides of the equation and then add an imaginary constant
on any one side of the equation. Therefore

[fixyde = [ (y)dy+c

=7|

Notes Here ‘c’ is an imaginary constant.

Example 1: Find the solution of [x/ 1+ xz} dx =- [y/ J1+y? J dy .

Solution: On differentiating both sides

J.(1+ ) xdx = —I(l +y) Py dy +c

Or %J(l +x7)7V2 . 2x)dx = - %J.(l +y) V2 y)dy +c
Or J1+x* +1+y*> = ¢ This is the solution of the given equation.

Example 2: Find the solution of (1 + &) y dy = (1 + y) e* dx.

Solution: We can also write this equation as the following form -

X

e
1+e*

dx

[y )

T -
1+y

On differentiating both sides

X

I Y dy - I ® _ dx + constant
1+y 1+¢
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Or y -log (1+y)= log (1 +¢")+logc Note
Or y= loglc(l+y) (1+e9]
Or c(1+y) (1 +eY) = e¥ This will be the solution of above equation.

17.1.2 Homogeneous Equation

o . dy _fi(xy)
If an equation is represented in the form of 7 °~ f

2 (%)
Here f, (x, y) and £, (x, y); are the functions of x similar degree of x and y. To solve such equations, we

, then it is called as Homogeneous equation.

Put y = vx, where 7x:v+X7

In such situation, the given equation is represented as following written form -

U+ X dl =f(v)
dx

dv
x

o =fo)-o

The variables can be separated here and then integrate them on the both sides -

ie.,

dv
-[f(v)—v =logx+c

Here, c is an imaginary value.

l?

Did u know? We put y/x on the place of v after differentiating the equation and that will be
the solution of that equation.

Example 3: Find the solution of (x* - 3xy?) dx = (y° -3x° y) dy.

Solution: The given equation can also be written as the followng form -
dy x* - 3xy’ )
i Y32ty ()

. dy . A o
On putting y = vx and e + ¥ 7, inequation (i)

do X =3x0’x* ¥’ (1-30") 1-30°

dx 2 -3xvx x> (v -3v) 0 -3v

do 1—302_0_1—302—3v4+302_1—v4

Or dx = 9*-30v v’ —30v v -3v
dx v® - 30 1 1 20
Or - = = + T2
x 1-v 2(v+1) 2w-1) v°+1
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Note

(By Partial Function)
On differentiating both side

log x + log ¢ = %log(v+1)+%log(v—1)—10g(vz+1)

1
Or log (cx) = Elog [0+ 1) (v -1)"? /0" +1]
2 _qy1/2 2_4q
Orl ox = % or ¢*x* = (zz D) or c*x* (v +1)* =(v* - 1)
Or 22y /x2+112= [y?/x2-1] [0 = y/x On putting]

2 (y*+x?) = (y?-x?%) This is the solution of above equation.

17.1.3 Equations Changeable to Homogeneous Form
If the differential is in the following form -

d ax+by+c a b
2 + where — %7~

dx ax+b y+c a, b
Then we change it in the homogeneous equation on putting x =x + hand y = y + k. (Here 1 and K are
constant). Except it, also put dy = DY and dx = DX -

DY a(x+h)+b(y+k)+c

DX a(x+h)+b(y+k)+c

ax + by + (ah + bk + c)
ax+by+(a, h+bk+c)

Above equation will be homogeneous if ah + bk + c=0 andah + b k+c, =0

DY  ax+by
DX  ax+ b,y
Now we'll solve the equation on putting Y = vX according the last example. At the last, on putting

X=x-hand Y =y -k, the solution of given equation would be fould.

If there is — = bk =m then the above given equation will be as following -
a0

dy m(a,x +by)+c
dx ax+by+c

To solve such differential equations, v = a,x + b,y is considered.

¢y _y-x+1

Example 4: Find the solution o .
dx y+x+5

Here, the situation is of , therefore, on putting x =X +handy=Y + k

DY (Y+k)-(X+m)+1 Y-X+(k-h+1)

DX ~(Y+k - (X+h)+5 Y_X(k_h+5) ()
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On puttingk-h+1=0and k+h + 5=0, we get that k = - 3, h = - 2k and the equation (i) will be as
following on putting the value of /i -

ay Y-X
ax - Y+X
On putting Y = vX, we get
do v—1 dv v-1 -1-1v?
— or X— _ —v=
Or U+de v+1 dx "o+l 0 o+l
L+1dv —E or v v+ dv X
Or +1 T X ¥ +1 ¥ +1 dx

On multiplying with 2 on both sides,

20 do+ 20 dv—_ZX
Or v*+1 o +1  dx

On integrating both sides
log (v>+1)= 2tanv=-2log X +¢

Or log (v?+1)+2log X= -2tanlv+¢
Or log [(v>+1) X?] = 2tanlv+¢
On putting thevalue of v

log(Y?+ X?) = -2 tan”! (Y/X) = ¢
On putting the values of Y and X
log [(y +3)%+ (x +2)?] + 2 tan™! {(y + 3)/ (x +2)} = ¢

This is the solution of given differential equation.

17.1.4 Linear Differential Equation

The Linear Differential Equation is represented in the following form -

dy
—+PY =
dx Q

Here P and Q are the functions of x only and y is a dependent variable. To solve this equation, on

multiplying both sides with ej px

dx dy dx i
efn [E]JFEJV Py =ejpd).Q

d dex )
or I
On differentiating both sides with respect to “x’

yejpdx - IQE‘[de dx + ¢

This will be the solution of given equation.
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d -
Example 5: Find the solution of aTZ +2xy-e” |

d
On comparing the above equation with % + PY =Q, we get

P=2x,Q=

On integrating both separately with respect to “x’

dex:2jx dx,J.Q dx = J.e’xz
Pdx =2 —Z:xz
] 15

Therefore, LP dx = e

The solution of the given differential equation will be -

y(LE) = [Q(LF)dx+c
[Here LF. = Integrating Factor]
ye' = je"z e dx+c
Or ye = x+c

This is the solution of above equation.

17.1.5 Change in linear Form

If any differential equation can be converted in linear form then that can be solved by two methods -

(I) Barnauli Equation: If any equation is given in the following form -

dy
—~+ PY = 1
dx Qy
In this situation, we multiply with y™ on the both sides.
Ay ne
n _J. + P‘Y n+ - .
v Q ()
w "= v Then th ill b @(1,,1) -4y
eput y = v Then there wi € Ix ¥ dx
Now equation (i) will be in the following form -
1 do +po
1-ndx Pr=Q
dv
Or S FA=mpr = (1-n)Q .. (i)

This equation is a linear equation, where v is a dependent variable. The solution of this differential
equation will be according to 17.1.4.

(IT) If an equation is shown in the following form -

d
THPOY) = Qfy)
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Where, P and Q are the functions of x only. Note

Then, for convering the above equation into linear equation, on dividing with f() on the both sides
of equation

L@_’_ PM = Q
fly)dx— f(y)
In equation % = v take it % - dii {j:((}y/))}

1
= md*z , where k is a constant.

Therefore, we can write equation (ii) in the following form -

1 do
——+Pv =
kax 0T R
dv
Or ol k Pv = kQ which is a linear equation.

. . dl 1 _ 2.6
Example 6: Find the solution of dx + P A A

On dividing given equation by y°

ldy 1 1
77}/4'*-*5 = x2 ...(i)
ydx xy
1 dv 5 dy
— =vth - _ =
Assume V° othen — = V° dx
Ldy - 1dy
Or yﬁ dx = 5 dx
Putting in equation (i)
_1do 1v: xzord—v—lvz—&c2
5dx «x dx 5

This is a linear equation in which v is a dependent variable.
Here P =-5/x and Q = - 5x?

5 1
Therefore dex = J.(—;) dx = -5logx=logx’ =log (?j

Ide = elog(l/s):l5

X
o (LF)= [Q(LF)dx+c
Or v(1/x%) = _[—59(2 (1/x°)dx+c = —SIx’de+c
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! +E[ij+c
Or xsys 7\ 52

This is the solution of differential equation.

17.2 Exact Differential Equations

The differential Equation M dx + N dy = 0 will be exact if there is aaﬂ:aa—N
y  Ox

exact then we'll use following steps after it -

i. Integrate M with respect to x when y is constant.

[-o=1/y’]

.If the given equation is

ii. Integrate N with respect to y only and we'll integrate only the terms which don’t have x.

iii. Add above both the integrations.

Therefore if the differential equation M dx + N dy = 0 is exact the its solution will be as following -

J.M dx (Considering y as a constant) + J.M dy (Only the terms which dont have x) = ¢

For example: Find the solution of (x* - ay) dx - (ax - y?) dy = 0.
Here, M = x* - ay and N = (ax - 1/?).

oM ON
— = —aand—=-a
oy ox

oM
Therefore, 5 . Therefore the given equation is exact.
Y

o

1
Now IM dx (Considering y as a constant) = I(xz —ay)dx = 3 X’ —ay x

1
And IN dy (Only the terms which don’t have x) = Iy tdy = 3Y ’

Therefore, we'll get -

(i) + (ii) = c(imaginary constant)

0 Lo ayx+ly3 c
=X — Sy =
3 3

Or x° -3 ayx + 11> = 3c..

[P

dy

Task  Find the solution of I

1
+—y=x"y°. (Ans.:
x

1 5(1
xTyS‘FE ? +C)
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Self Assessment Note

1. Fill in the blanks:

1. Differential Equations are the equations in which ............... , independent variable exists.
2. An equation will be called as linear if the ................. of dependent variables are of first
degree.

3. The solution of a differential equation in which the independent imaginary constant is equal
to the order of differential equation, then it is called as ............ Solution.

4. In normal solution, if any particular value is given to constants then it is called the
...................... solution of that equation.

5. If an equation is represented in the form of Zl = % , then it is called as Homogeneous
S ERC o)

equation.

17.3 Summary

® Differential Equations are the equations in which dependent, independent variable exists,
and there are different derivatives of dependent variables with respect to one or more
independent variables. The order of a differential equation is the highest order of different
derivatives included in that equation. An equation will be called as linear if the derivatives
of dependent variables are of first degree, otherwise it will be called as non-linear.

® Normal Solution: The solution of a differential equation in which the independent imaginary
constant is equal to the order of differential equation, then it is called as Normal Solution.

® Particular Solution: In normal solution, if any particular value is given to constants then it is
called the Particular Solution of that equation.

® [f the differential equation is shown in the following form -
fi () dx=f, (y) dy
Where f, (x) and f, (x) are the functions of x and y respectively.

® In such situation, we differentiate the both sides of the equation and then add an imaginary
constant on any one side of the equation.

174 Keywords

Homogeneous: Similar

Separable: Able to be separate

17.5 Review Questions

1. Find the differential equation for the different values of A and B of y = A e* + B/e".

d*y
(Ans.: e Y)

X y
; ; —X_ldax=-1 d , B
2. Find the solution of{ ’—1+x2} x [W] v, (Ans.: \J1+x* +1+y* =¢)

d
3. Find the solution of % +2xy - e (Ans.: ye?=x+¢)
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Note Answers: Self Assessment
1. Dependent 2. Differentiation 3. General
4. Special 5. Homogeneous

17.6 Further Readings

N

Books Mathematics for Economist - Yamane - Prentice Hall India

Mathematics for Economist - Malkam, Nikolas, U. C. Landon.
Mathematics for Economist - Simon and Bloom - Viva Publications
Mathematics for Economist - Makcal Harrison, Patrick Waldron.
Mathematics for Economist - Mehta and Madnani - Sultan Chand and sons.
Mathematics for Economist - Karl P. Simon, Laurence Blum.

Mathematics for Economist and Finance - Martin Norman

Mathematics for Economist - Council for Economic Education

Essentials Mathematics for Economist - Nut Sedestor, Pitter Hammond, Prentice
Hall Publications.
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Unit 18: Matrices: Meaning and Types Note

CONTENTS

Objectives

Introduction

18.1 Order of Matrix

18.2 Notation of a Matrix

18.3 Kinds of Matrix

18.4 Important Properties of Matrices
18.5 Addition and Subtraction of Matrices
18.6 Matrix Multiplication

18.7 Summary

18.8 Keywords

189 Review Questions

18.10 Further Readings

Objectives

After reading this unit, students will be able to :
e Learn the Order and Notation of a Matrix.
o Get the Knowledge about Kinds of Matrix.
e Understand the Important Properties of Matrices.
e Know the Addition and Subtraction of Matrices.

e Solve the Questions related with Matrix Multiplication.

Introduction

A Rectangular Arromy, which is arranged in rows and columns, is called Matrix.

The Permutation of mn numbers in m rows and n columns is called the matrix of m % n order.

Ay A e Oy
Ay Ay Ay
aml amZ umn

—T]

Notes  The numbers a,, a,,, are called the Elements or Constituents of Matrix.

The rows and columns are made from the horizontal constituents and vertical constituents
respectively. As -
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4 5 6
= {_1 0 3} is a Rectangular Permutation in which 2 rows and 3 columns and the numbers of
constituents are 2 X 3 = 6.

2

Similarly 3 is also a Rectangular Permutation in which there are 3 rows and 1 column
1

And the number of entries are 3 x 1 = 3.

18.1 Order of Matrix

As there are two dimensions length and breadth in a rectangle similarly the dimension or order of
matrix is 'number of rows X number of columns'. We indicate the matrices given in definition as A,
B,C,etc. AsAmxn, A B C, . etc

mxn' T2x3"

18.2 Notation of a Matrix

If the number of rows and columns in any matrix are m and n respectively, then there will be m x n
number of constituents in the rectangular permutation. If the place of constituents is a,in the i row
and j™ column, then matrix is written as following - '

Am xn= A= [aij]

Wherei=1,2,3,.......... ,mandj=1,2,3,............. , n.

mxn

l?

Did u know?  Here, it is remarkable that Matrix is only the rectangular permutation (Written
in well organized and brief form) of numbers. It have no numerical value.

18.3 Kinds of Matrix

1. Square Matrix

If the number of rows and columns are equal in a matrix then it is called as Square Matrix. i.e.,
if m = n then the arromy is called as the matrix of order . if there is other matrices then they
are called as rectangular matrices. For example,

12 3

233 2 40
A=\ 77|

7 25

Both of above matrices are Square Matrices of order (2 x 2) and (3 x 3) respectively.
2. Row Matrix

If m =1, then there will be only one row in the matrix, it will be called as Row Matrix. For
example -

A=1[23],,,
B=[-520],,,
C=[130-7];,,
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3. Column Matrix Note

If n =1, there will be only one column and many numbers of rows, it will be called as Column
Matrix. For example -

4 x1

4. Null or Zero Matrix

If all the elements in a matrix are zero, then it is called Zero or Null Matrix. For example -

0
chOOnggo

A=[00,B=|0o|"" "o o
000

5. Identity or Unit Matrix

It is a Square Matrix in which all the diagonal elements are unit and others are zero. It is called
as Identity or Unit Matrix. For example -

100 0
1o] (290 010 0
A{o 1}3_010’@_0010
001 0001

6. Diagonal Matrix

If all the elements except the elements situated on the diagonal of a square matrix, are zero
then it is called as Diagonal Matrix. For example -

d 0 0 0

{2 0]323033@:0 d, 0 0
A=[0 3 “7lo 0 4 0
001 0 0 0 4

In short it is indicated as [d,, d,, d., d,].
7. Scalar Matrix

The diagonal Matrix in which all the diagonal elements are same, is called Scalar Matrix. For
example -

2 00
A= 020
00 2
A= [aij] will be Scalar if a; = 0,wheni#j; and a; = 2wheni=j

k
B=|°
0

o = O
= O O

B= [aij]3 «3 Where a;= Owheni#j;and a; = k, wheni=j, ThenBisa
Scalar Matrix.
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Note 8. Lower Triangular Matrix
The Square Matrix in which all the elements above the diagonal are zero, is called as Lower
Triangular Matrix. For example -

3 0 0 1 0 0
A= 1 4 0|;B=12 3 0 ,hereaz.].=0;wheni<j
2 -1 -3 1 45

g

Task  Write an example of identity matrix.

9. Upper Triangular Matrix
The Square Matrix in which all the elements of diagonal are zero, is called the Upper Triangular
Matrix. For example -

Ay Oy Oggeeee Ay,
0 4, ay... a,

L23 0 0 aye.. a,,
A=10 7 -1|.B=
0 0 5

0 0 0 a

Square Matrix A (order n X n); where element a,= 0, wheni<j

10. Trace of a Matrix
The addition of all the elements on the principal diagonal of a Square Matrix, is called the
Trace of a Matrix. For example -

a h g
A=|l b f
8§ f o«

The above Matrix, Trace of Matrix = a + b + ¢, in the square matrix A of order n x 1, is called as

n
the Trace of Matrix = Z @jj , where j = i, and written as Tr.
=1
11. Symmetric Matrix
The Square Matrix A (order n x 1) in which there is a, = a, for each (i - j)" element, is called
Symmetric Matrix. For example - '

a h g
A=|l b f
§ f o«

The above matrix is a Symmetric Matrix because a;=a,ie. a, = h=aa,=f=a,a,=b=a,.
12. Skew - Symmetric Matrix

The Square Matrix A (order n x 1) in which there is a, = a, for each (i - j)" element, is called
Symmetric Matrix. For example -

0 g
A=|"h f
_g 0
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The diagonal elements are a,, a,, a , a;and for all the values os the condition a4, = - a4, and Note

17 Bopr Aagreeenes

2aij=00r—aij=0

So all the diagonal elements of Skew - Symmetric Matrix are zero.

Self Assessment

1. Fill in the blanks:
1. A Rectangular Arromy, which is arranged in rows and columns, is called ................

2. If the number of rows and columns in any matrix are m and n respectively, then there will be
........................ number of constituents in the rectangular permutation.

If the number of rows and columns are equal in a matrix then itis called as ............ Matrix.
If all the elements in a matrix are zero, then itis called ............................... Matrix.

5. If all the elements except the elements situated on the diagonal of a square matrix, are zero
thenitiscalledas ...................... Matrix.

18.4 Important Properties of Matrices

1. Equality of Matrices

Two matrices A = [a

B= [bi].]p ‘ will be equal if the order of both are the same i.e., m = p;
n=qanda,=b,

x]]m x '

2. Equivalance Relations of Matrices
If Matrices A, B, C are confirmable i.e., having similar order; then
(i) A = A (Reflexive Relation)
(ii) A =B ?< B=A (Symmetric Relation)
(iii) A=Band B =A < A = C; Transitive Relation

Where, notation = (if ............ then) and < (iff = if and only if)
(a) A=A means a;=a, wherei=1,23,................ mandj=1,23,.......... n. It is called Reflexive
Relation.

(b) Ifthereare A=[a] , andB=|[b
A =B = B = Aitis called Symmetric Relation
(¢) If A=B,itis called B = C Symmetric Relation

,/]m ., Then A = B means a, = b,/ or bi]. =a,, then B = A.

a,= bii and bii =
therefore a=c .. A=C

The relationship in Matrices A, B, C which is Reflexive, Symmetric and Transitive, is called the
Equivalance Relationship. For example -

From the definitions of equal matrices, the value of x, y and z are

x+3 2y+x 0 -7
z-1 4a—-6| |3 2a
Therefore, the relative elements of two equal matrices are equal.

x+3=0;2y+x=-7,z-1=3 and4a-6=2a
From these equations, x =-3; y=-2;z=4 and a=3.
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18.5 Addition and Subtraction of Matrices

If A= [ai/] and B = [bi/] are two matrices of order m x n, then we'll show their addition A + B from C
= [C,/] of m x n order.

Where ¢, = bij,, i=1,23,...m;j=1,23,...n for all values.

Here it is remarkable that if matrices are not in same order then their addition is not possible.
Example 1: Evaluate -

() [123]+ [456];

12 4 7 3 2
i) A = = . =?
(i) A 05 3 and B 5 1 9|/ then A+ B =7

Solution: (i) Here A=[123]; B=[456]
A+B=[1+42+53+6]=[579]

(if) Here A + B = C; where ¢ =a; + bij

1+7 243 4+2] [8 5 6
C=lo+5 5+1 3+9]7|5 6 12
Field Properties of Matrix Addition
(i) If two matrices are of same order and conformable then the matrix from these addition is also
of the similar order.
IfA=][a] B=1[b],., then
A+B=C = [aij bij]m «,» (Closure Rule for Addition)
(ii) If two matrices are conformable (of similar order) then

A+ B =B + A (Commutative Rule For Addition)

IfA+B= [aij + bij]m i [bij +ta],.,=B+A thenthe Addition of Conformable Matrices follow
the Commutative Rule. '

mxn’

(iii) if three matrices A, B, C are conformable, then
(A+B)+C=A+ (B+C) (Associative Law for Addition)
Here A = [%]m . B= [b,/]m ww C= [Ci].]m ., then
(A+B)+C= [ai]. + bij.]m wn ™ [Cij] = [ai]. + bz.]. + cz.].]

And (A+B)+C=[a], ., *[b;+c;]

(A+B)+C=A+(B+C)

(iv) If matrix A is of m % n order and Zero Matrix is also of same order then A + 0 = A; where the
addition of zero matrix is identity element.

mxn mxXn

mxn [aij + bij + Cij]m xn

(v) If matrix A is of m x n order and A + (-A) =0, then -A Matrix is the additive inverse of matrix
A.

Subtraction of Two Matrices

If A = [alj]mx n;
if c.=a. =0,

ij ij ij
ie., ¢, =4a, + (- bij)

B= [bl].] .., then Subtraction of two matrices, is that matrix C in which C = [c and

l/]m xn
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The Subtraction of two matrices is found from the addition of the additive inverse of A and B i.e., Note
A - B.

12 4 7 3 2
Example2: If |, 5 3|and|g ; ¢/ thenevaluateA-B.

1-7 2-3 4-2| [-6 -1 2
Solution: A-B = 0-5 5-1 3-9| |-5 4 -6

18.6 Matrix Multiplication

If A=[a], mxn is the matrix of m x n order and B = [b,], n X p is the matrix of n X p order, then the
Multiplication of Matrices A and B is AB = C; where, C = [c,], m X n is a matrix A of m X n order. i.e.,
if two matrices A and B are conformable in which the number of columns A is equal to the number

of rows B, then we can multiply both the matrices and denote the product from AB.
Thus, the method to get the common element ¢, of Matrix Multiplication AB is -

To multiply and add the elements of ith row of A and kth column of B. it is called Row Multiplied
Column Method.

by

Assume the A = [a,, a,...a,] and B = bai then the multiplication of AB will be -

i’ i

bnk
by,
bzk

[a a,..a,]] * | =—|Cx
bnk

Wherec, =a, b, +a,b,...*+ aijbik +..*ab .

It is attentable that The Multiplication AB is definite only then if the number of columns in matrix
A is equal to the numbers of rows in Matrix B. Matrix A and B are comfortable for multiplication.
Therefore we can multiply the one row matrix and column if the number of elements in both are
equal.

If Matrix A is of 1 x m order and B is of n x 1 order then Matrix Multiplication A.B will be of 1 x 1 order
but the product of matrices B and A will be of n X n order.

b,
b,
A.B=[a,a,..a]| | =[aby+ab,+..+ab,]
b,
. ba, ba,... ba,
! ba, b,a,... b,a,
2
B.A=|" [a,ay....a,],,,
p | TR
nilxn b”(ll bn(lz ..... b”u"
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4 1 2
2 13
Example 3: If A=[ } and B=|3 -1 5 then evaluate AB -
-1 31
2x3 2 31
3x3
4 1 2
213
Solution: AB=|_1 3 1 3 135
2 31

24+13+32 21+ (-1)+3.3 22+15+31
T (-14+33+12 (-1).1+3(-1)+1.3 (-1)2+35+11

{17 10 22}
=17 1 14,
Important Note - If Matrices A and B are the Square Matrices of same order then AB and BA both will

be defined and both will be the square matrices of that order, then also in general AB #BA i.e.,
Matrix Multiplication is not commutative.

01 10
Example 4: If A = {0 0} and B= {0 O}Jhen evaluate AB.

0 1({f1 O 00
Solution: A = 0o ollo o = 00 =0

It proves that Matrix Multiplication is a Zero Matrix but A # 0 and B # 0.

Associative Law of Matrix Multiplication

(i) Associative Law of Matrix Multiplication

It A=[a] ., isof mxnorder,B=[b,] nxp isofnxporderand C=[c,],pxq is of p x g order,
then A . (B.C)=(A.B).C, both sides are the matrices of m x g order, i.e., Matrix Multiplication
is Associative.

It can be proved very easily.
Assume that B.C = [d}. ], where

i
P
= = b.c,.
d;= by cy + bty + .+ b, Cr ; WCii

Therefore A . (B.C)=[c], wherec,=a,d +..a.d

if 171 in"ni

n n P
= 2.y =2m; D Byey
i=1 j=1 k=1
Because the number of elements is symmetric, so on changing the order of addition
14
= 2(Xabi)es =aB).C

(ii) Distributive Law of Matrix Multiplication

IfA= [ai].], m % n is of m x n order,and B =[b ], C = [C].k], n x p, are of n x p order,
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Then AB+C)=AB+AC Note
Because B+ C=[by] + [c;] = [bp + [c;]

Therefore AB+C)=[d]

Where dy=ay by tey)+...+a, (b,+c,)

p
= z aij(bjk +¢ji)

j=1

n

n n
= 2 (agby +ajep) = 3 agby, + Y ey
1=1 [

i=1 =1

Therefore [d,]=AB + AC

Therefore A(B+C)=AB+AC

Similarly, if B = [b,]] C = [cjk], are of n x p order and A = [a,], is of p x n order, then (B + C)A

=BA + CA. '
1 0 2
Example 5: If A = 0 and B = 2 1 then prove that AB # BA:

1 - -1

Solution: AB =

[(1x0+2%x2+3x-1 O0x0+1x2+1x-1 1x0+-1x2+0x-1
1x1+2x1+3x%x0 O0x1+1x1+1x0 I1x1T+-1x1+0x0
[1x2+2x-1T+3x1 O0x2+1Ix-1+1x1 1x2+-1x-1+0x1

Now, BA =
-1 0 1

[ 0x1+1x0+2x1 2x1+1x0+-1-1x1 -1x1+0x0+1x1
O0x2+1x1+2x-1 2x2+1x1+-1x-1 -1x2+0x1+1x-1
| 0x3+1x1+2x0 2x3+1x1+-1x0 -1x3+0x1+1x0

(21 0
_|-1 6 -3
|17 -3

Therefore, AB # BA.
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Example 6: If A =

01 2
and B = 210 then evaluate AB.

o Rk o
=

01

10 01 2
Solution: AB=

01 210

[0x0+1x2 1x0+0x2 0x0+1x2
O0x1T+1x1 1x1+0x1 Ox1+1x1
_0><2+1><O 1x2+0x0 0x2+1x0

AB =

2.0 2
111
020

Self Assessment

2. State whether the following statements are True or False:

6.
7.
8.

10.

18.7

A = A; is Reflexive Relationship when matrix A is conformable.
A =B < B = A is symmetric relationship, when A, B are conformable.

When Matrices A, B, C are conformable then A = B and B = C < A = C shows the Reflexive
relationship.

If the three matrices A, B, C are conformable then(A + B) + C=A + (B + C) shows the associative
law of addition.

The Subtraction of two matrices is found from the addition of additive inverses of A and Bi.e.,
A+ B.

Summary

A Rectangular Arromy, which is arranged in rows and columns, is called Matrix.
The Permutation of mn numbers in m rows and n columns is called the matrix of m x n order.

As there are two dimensions length and breadth in a rectangle similarly the dimension or
order of matrix is 'number of rows x number of columns'. We indicate the matrices given in
definition as A, B, C, etc. As A B C, . etc

mxn' T2x3"
If the number of rows and columns in any matrix are m and n respectively, then there will be
m % n number of constituents in the rectangular permutation.

If n =1, there will be only one column and many numbers of rows, it will be called as Column
Matrix.

If the number of rows and columns are equal in a matrix then it is called as Square Matrix.

If all the elements in a matrix are zero, then it is called Zero or Null Matrix.
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® [tis a Square Matrix in which all the diagonal elements are unit and others are zero. It is called Note
as Identity or Unit Matrix.

e [f all the elements except the elements situated on the diagonal of a square matrix, are zero
then it is called as Diagonal Matrix.

® The diagonal Matrix in which all the diagonal elements are same, is called Scalar Matrix.

® The Square Matrix in which all the elements above the diagonal are zero, is called as Lower
Triangular Matrix.

®  TheSquare Matrix in which all the elements of diagonal are zero, is called the Upper Triangular
Matrix.

® The addition of all the elements on the principal diagonal of a Square Matrix, is called the
Trace of a Matrix.

® The Square Matrix A (order n x 1) in which there is a, = a, for each (i - /)" element, is called
Symmetric Matrix.

® The Square Matrix A (order n x 1) in which there is a, = a, for each (i - j)™ element, is called
Symmetric Matrix.

18.8 Keywords

®  Matrix: Rectangular arromy

® Elements: Constituents

18.9 Review Questions

1 2 4 7 3 2 8 5 6]
1. IfA= 05 3 and B = 5 1 9| then find A+B. (Ans.: {5 6 12 )
2 4 6 1 3 5 3 7 117
2. IfA= 3 5 7 and B = 2 4 61’ then find A+B. (Ans.: 5 9 13_ )
357 1 3 5 2 2 2]
3. If A= 4 6 8 and B = 2 4 61’ then find A-B. (AnS.: 2 2 2_ )
4 1 2
2 13 3 1 5 17 10 22
4. IfA=|q 3 1 and B = . Find AB. (Ans.: | 7 1 14 )
2x3 2 3 1 s 2x3
Answers: Self Assessment
1. Matrix 2. mxn 3. square 4. Zero
5. diagonal 6. True 7. True 8. False
9. True 10. False
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Note 18.10 Further Readings
Books Mathematics for Economist - Yamane - Prentice Hall India

Mathematics for Economist - Malkam, Nikolas, U. C. Landon.
Mathematics for Economist - Simon and Bloom - Viva Publications
Mathematics for Economist - Makcal Harrison, Patrick Waldron.
Mathematics for Economist - Mehta and Madnani- Sultan Chand and sons.
Mathematics for Economist — Karl P. Simon, Laurence Blum.

Mathematics for Economist and Finance - Martin Norman

Mathematics for Economist - Council for Economic Education

Essentials Mathematics for Economist - Nut Sedestor, Pitter Hammond, Prentice
Hall Publications.
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Unit 19: Transpose and Inverse of Matrix Note

CONTENTS

Objectives

Introduction

19.1 Transpose of Matrix

19.2 Transpose of Product of two Matrices
19.3 Regular Matrix

194 Inverse or Opposite of Matrix
19.5 Orthogonal Matrix

19.6 Summary

19.7 Keywords

19.8 Review Questions

19.9 Further Readings

Objectives

After reading this unit, students will be able to :

e Know the Transpose of Matrix.

o Get the Knowledge about Transpose of Product of Two Matrices.
e Understand the Regular Matrix.

e Solve the Questions Related to Inverse or Opposite of Matrix.

e Know the Things Related to Orthogonal Matrix.
Introduction

A Rectangular Arromy, which is arranged in rows and columns, is called Matrix.

There is the discussion on inverse or opposite of matrix. Under it, if there is a matrix of m x n order,
then the n x m matrix that will be found on exchanging the rows and columns of it, will be called as
Transpose of A.

If matrix A and B are adaptable for product then the transpose of AB will be equal to the product of
transposes in inverse.

19.1 Transpose of Matrix

If A is a matrix of order m x n, then the matrix that will be found on exchanging the rows and
columns of it, will be called as Transpose of A and will be denoted as A” or A or A”.

Example: If

1 5

1 3 7
A={5 ) 4} then A’ = 32
7 4
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278

It is clear that element A, which was in the i* row and j* column, will be on j*row and i** column of
transpose matrix A’. Therefore if

A= [aij] and A’ = [aij] = a'=a,
Note - If we'll transpose A’ then we'll get A again.
= (A)'= (ADT=[AT =A
Similarly [KA]" = KA’; here K is a scaler.
Theorem 1 - If A and B both are the matrix of order m x n, then
(A+B)= A"+B

Proof - We are known that A and B will be adaptable to addition if both are of the same order. So
assume that

A= [aij] and B = [bi].] then, C=A+B= [cl.].], where i =a;+ bl.].

Now A'= [a].i], B'= [b].i], where a=a; and b].i= bij

(A+By=C'=[c;]=[a;+b]=[a]+[b]=A"+B"

19.2 Transpose of Product of two Matrices

Theorem 2 - If matrix A and B are adaptable for product then the transpose of AB will be equal to the
product of transposes in inverse i.e., if A and B are of order m x n and n X p, then (AB)'=A"B’.

Proof - The order of AB is m X p, then (AB)’ will be of order p x m, the order of B’ is p x n and that of
A’ is n x m, therefore B’A” will be of order p x m. It means both (AB)” and B’.A” are of same order.

Assume then A = [q,], B=[b ], then
The (k - i)* element of (AB)’ = The (i - k)™ element of (AB)

n
= Z a,-]bjk
j=1

(B) = (bkj)’ A= (aji) where jk' = bjk" aji' = aij'
The (k - i) element of B’A” will be

n

Z a;b;

j=1

n n
2 @by = X agby,
i1 i1

i.e,, The (k - i)" element of B’A = The (k - /)" element of (AB)’
(ABY =B'.A’
This result can be used till the matrices of adaptable order of any number, i.e.,

(ABC......LM)y' =M'L'......C'B' A’

|

Notes If A = B then (A%’ = A’ . A’ = (A’)* similarly, on taking any positive integer power of
A, (AR = (A~
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19.3 Regular Matrix Note

The square - matrix A will be called as Regular if there is BA = I, then there will also be AB =I. It will
be proved as matrix - derivative if

Then };aikbij =8,0,j=1,2..m

Which is not only true but is clear also.

Self Assessment

1. Fill in the blanks:

1. If matrix A and B are adaptable for product then the transpose of AB will be equal to the
............... of transposes in inverse.

2. The square - matrix A will be called as Regular if B is in such matrix existence when BA = I,
where Iisthe .................... matrix of same order.

The inverse of a transpose matrix is ..................
If A is square matrix, then AB=0=B=0
If AA’=1then Aiscalled ....................... matrix.

19.4 Inverse or Opposite of Matrix

If the square - matrix is regular then there exist such square - matrix B that BA = AB = L.

Therefore we’ll call the regular matrix A as Invertible and B as the inverse of A and denote it as A"
In this situation, the inverse of matrix is found out by following technique -

(i) Form a transpose of matrix on replacing the a, elements of matrix A from the co - factors c,.
So made changed matrix is called Adjoint of A so that

Ci1 Copeeen Cn
Ciy  Copevene Coa
Ciy  Copeeenes Con

(ii) Divide the Adj. (A) from the matrix of A, |A|. (If = 0)

[en fn o Cn
Al 1Al A
Adia) |1AD 1417 TA]
Al T
“in S L
LIAT 1A AL
A
‘% is the required A
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Note

12 3
Example1:IfA=|2 3 5 | thenfind A"
3 5 12
Adj.A
Solution: We know that A = W

On making the Transpose of given Matrix
3
5

12
a2 3
3 5

—_
N

To find Adjoint, we'll find the co-factors of matrix A (a,) as following -

3 5
Co - factors 1 = + {5 12} =36-25=

2 5
Co - factors 2 = - {3 12} = (24 -15)

2 3

Co - factors 3 = + 3 5 =10-9=1
2 3

Co - factors 2 = - 5 12 =24-15=

—_
W

11

=-9

-9

Co - factors 3 = + {3 12} =12-9=3

1 2
Co - factors 5 = - 5 =-(5-6)=

3 -1 =+1
2 3
Co-factors3=+ |4 5| =(10-9)=1
13
Co-factors5=-|5 5| =-(5-6)=+1
1 2
Co-factors12=+ |, 5| =(3-4)=-1
(11 -9 1
Adj.a=|72 3 1
1 1 -1
(1 2
2 3 g— >0 22 > 3
|A] = 5 121 73 12|"
13 5 12
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=1 (36 -25) -2 (24 - 15) + 3 (10 - 9) Note
=1Ax11)-@2x9) +Bx1)=11-18+3=-4
_n9 1
, 11 -9 1 4 4 4
AdiA_ 1| o 4 4|2 3 _1
FEY 4 4 4
!
4 4 4

Properties of Inverse Matrices

The inverse of an Invertible Matrix is unique. Unique means - if the inverse of A is B, then there is
no other inverse of matrix A except B.

Proof - If it is possible, assume that B and C both are the inverse of matrix A. then

AB= BA=I
And AC= CA=1I

AB= AC= = B(AB)=B(AC)
= (BA)B= (BA)C
= IB= IC
- B=C

(ii) If A and B are the Invertible Matrices and their order is #, then their product is inverse of AB
and (AB)" = B A",

Proof - Because A and B are invertible, therefore there exist A and B-. Consequently
(B A™) (AB) = B! (A A)B Therefore the product is Homogeneous
B (IB)A"A=1

= B'B=1I
Again (AB) (B* A= A (BB A!
= A(IA7)
= AAD =
Therefore AC is Invertible and (AB)™ = B A™.
Comment - (i) If A, B, C,............. AM are the invertible matrices of the same order, then

(AB.C...M)=M"'.C'BTA"
(ii) If A is a regular square matrix, then AB=0= B =0;
If B is a regular square matrix, then AB=0=A =0
(iii) The Transpose and inverse process in matrix is commutative.
(A= (A

19.5 Orthogonal Matrix

If AA” =] then A is called Orthogonal Matrix.
Involuntary Matrix

If A is a square matrix and A? = I (Corresponding or identity), then A is called Involuntary Matrix.
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Solution: Here

Example 2: Show that the product for the following 2 x 2 matrices is commutative -

[a b] [x vy

b a]’ |-y «x

[a bl [x y
AB = |-b a|’|-y «x

[ax-by  ay+bx

- | —bx—ay —by+ax

[x yl[a b| [xa-yb xb+ya

. |-y x||-b a |-ya-xb —yb+xal

Self Assessment

2. State whether the following statements are True or False:

6.

10.

19.6

Form a transpose of matrix on replacing the a, elements of matrix A from the co - factors c,.
So made changed matrix is called Adjoint of A.

The inverse of an Invertible Matrix is not unique.
If B is a regular square matrix, then AB=0= A = 0.
If AA” = I then A is called Zero Matrix.

If A is a square matrix and A? = I (Corresponding or identity), then A is called Involuntary
Matrix.

Summary

282

If A is a matrix of order m x n, then the matrix that will be found on exchanging the rows and
columns of it, will be called as Transpose of A and will be denoted as A" or A' or A”.

If matrix A and B are adaptable for product then the transpose of AB will be equal to the
product of transposes in inverse i.e., if A and B are of order m x n and n X p, then (AB)’=A'B’.

The square - matrix A will be called as Regular if there is BA = Where I is the identity matrix
of same order.

We'll call the regular matrix A as Invertible and B as the inverse of A and denote it as A™.

The inverse of an Invertible Matrix is unique. Unique means - if the inverse of A is B, then
there is no other inverse of matrix A except B.

If A and B are the Invertible Matrices and their order is 7, then their product is inverse of AB
and (AB)'=B! AL

IfA,B,C,............. AM are the invertible matrices of the same order, then (A.B.C............. M)
=M'....C'BTA If A is a regular square matrix, then AB=0= B =0;

If B is a regular square matrix, then AB = 0 = A = 0. The Transpose and inverse process in
matrix is commutative.

If AA” =] then A is called Orthogonal Matrix.

If A is a square matrix and A? = I (Corresponding or identity), then A is called Involuntary
Matrix.
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19.7 Keywords Note

®  Scalar: Which has magnitude, but don’t have direction

® Inverse: Opposite

19.8 Review Questions

1. Provethat(A+B) =A"+B
2. Prove that (AB) =B".A’

-9 -0
1 2 3 4 4 4
9 -3 -1
3. fA=1]2 3 5| Thenfind A" (Ans:| — — —/ )
3 5 12 4 4 4
111
4 4 4
Answers: Self Assessment
1. Product 2. Identity 3. Unique 4. Regular
5. Orthogonal 6. True 7. False 8. True
9. False 10. True

19.9 Further Readings

N

Books Mathematics for Economist - Yamane - Prentice Hall India

Mathematics for Economist Malkam, Nikolas, U. C. Landon.

Mathematics for Economist - Simon and Blum- Viva Publications
Mathematics Economist — Makcal Harrison, Patrick Waldron.
Mathematics for Economist - Mehta and Madnani- Sultan Chand and sons.
Mathematics for Economist - Karl P. Simon, Laurence Bloom.
Mathematics for Economist and Finance - Martin Norman

Mathematics for Economist - Council for Economic Education

Essentials Mathematics for Economist - Nut Sedestor, Pitter Hammond, Prentice
Hall Publications.
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Note Unit 20: Cramer's Rule

CONTENTS

Objectives

Introduction

20.1 Solution to Simultaneous Equations (Cramer Rule)
20.2 Summary

20.3 Keywords

204 Review Questions

20.5 Further Readings

Objectives
After reading this unit, students will be able to :
e Learn the Method to Solve the Simultaneous Equations.
e Known with Cramer's Rule.
Introduction

Cramer searches the easy method to solve the simultaneous equations that is known as Determinant
Method. Equations can be solving easily by this methods.

20.1 Solution to Simultaneous Equations (Cramer’s Rule)

Simultaneous equations can be solved easily by determinant method following:
Firstly we will solve the two variable simultaneous equations-
The determinant of the variable of x and y is-

ax+by= ¢

-(0)
..

ax+by= c,

2 :i , for finding the value of x we put the invariable column in place of the column of
coefficient. So determinant will be-
¢ b
¢y by |ssame for find out the value of y we put the invariable column in place of the column of
coefficient. We can write it like that,
x _ y B 1
the determinant in ~ thedeterminantin  the determinant of x and y
which the column of which the column of
invariables in place of invariable in place of
the column of the x the column of the y
coefficient coefficient
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Here shown that all invariable written at right hand side in the equations.

It can be solved by the Cramer rule like that-

1 bl ap 1 1
C2 b2 _ an Cp

x=fF———=, y= === It can also written like that-
{al b1:| {

X y 1

1 bl N _ﬂ1 C1 - a bl
C2 b2 ﬂz Cz l12 bz

So we can also solve more than two variable equations

Example 1: Solve the following equation by determinant method.
3x+4y =5
3x-4y=2

Solution: The determinant of coefficient is-

34 T
and column of invariable is- so,

3 4 2
X _ y ~ 1
{5 4} 3 5| |3 4
2 4 3 2| |3 -4
x vy o 1
or, (-20-8) = (6-15) (-12-12)
x oy _ 1
and 28" 9 24
28 7
50 = Tue
_ 2.3
Y= 4" 8-

2

Task  Write the two variable simultaneous equations.

Now, lets discuss about the set of following simultaneous equations,
Ay Xy F Xy F 5% = G
Ay Xy + Xy ¥ X3 = €y
Az Xy 3y + 335 = Gy
Above equation can be written as array according to Cramer’s rule.
AX =z
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Note

Here A= set of a, coefficient,

a1 412 412
A= |4 Aap a3
| 431 432  4a33

X = vector column of variable

X1
= | *2| and C = vector columnof variables
X3
o]
z=|*
Z3_
Equation (i) again multiplied by A™.
ATAX=A1Z
or X=A1lz
X1 1 11 21 3 || &
or 2| = TA| €12 € (3|2
X3 €13 €23 €33 %3

Here C, is the intersection with respect to a,.

Z1C11 + 2pCp1 + 23C31
[A]

So, X =

So the value of x, and x, can be find out.

Example 2: Solve the following equation by determinant method

dx +2y =2
3x+5y =21
Solution: On writing the above equations in matrix form
AX=2Z
4 2 X 2
Here, A= 3 5,X= y and Z = 21
On using the Cramer’s Rule
X=AZ
Adjoint A
| Al

To get A7, firstly we would have to get the Transpose of given matrix -

4 3
A=12 5
5 2

LOVELY PROFESSIONAL UNIVERSITY

[ AAT=1]

..(i)



Unit 20: Cramer's Rule

Co-factorof 4 = +5
Co-factor of 3 = -2
Co-factorof 2 =-3
Co-factorof 5 = +4

5 2
g AdiA_ 115 2114 14
Al 14|-3 4]|3 4
14 14
5 2
x]_[14 14 2
e HEER H
14 14
[ix2)+(£x21j 5.5 (26
- [ \14 14 |7 |77
(_—3x2j+[ix21) _—3+6 g
|\ 14 14 7 7
-16 39
Therefore x= andy=7.

Example 3: Solve by Matrix Method
x-2y+3z=1
3x-y+4z=3
2x+y-2z=-1
Solution: On writing the above equation in matrix form

1 -2 3| [« 1
-1 4| |y|=| 3
2 1 2|z -1

On using Cramer Rule

X 1 2 3 1
v -1 41| 3
z 2 1 21/-1

Co-factor A =

-1 1
Co-factor1=+{4 2}=+(—2—4)=—6

-2 1
Cofactor3=-| 5 5| =-(4-3)=-1
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Note

Cofactor2—+{ }=+(-8+3)=-5
32
Co-factor-2=-1, 5 -6-8)=+14
1 2
Co-factor -1 =+ |5 -2-6)=-8
1 2
Cofactor1=-|3 | =-(4-9)=+5

N)—\
N

Co-factor 4 = - J -(1+4)=

2
Cofact0r3—+{ J—+(3+2)
Co-factor -2 =+ {

-6 -1 -5
Adjoint A= |+14 -8 45
|5 -5 45

|A| ; _i Z 1 {_1

2 1 2 !

=-26 -28+15=-15

%6 -1
Therefore Al= AldT”A:% 14 -8
5 -5
-6 1 5
~15 15 15
14 8 5
=l 15 15 15|
S5 5 5
15 15 15
2 11
. 5 15 3
| 14 8 1]
Now, A T
z 1 1
'3 3 3
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Note
21|
15 15 3
1 3 1
3 3 3
Therefore, on solving further we'll get
x=- E,y=1,z=1
Self Assessment
1. Fill in the blanks:
1. Simultaneous equations can be solved easily by ......................... Method.
5 X __ Y .
b ap
Lz bz} Lz CJ
3. To get A7, firstly we would have to getthe ............................. of given matrix.
20.2 Summary

e Simultaneous equation can be solved easily by following determinant method
Firstly we will solved the two variable simultaneous equations-

mx+by=c

X + by = ¢,

am b
The determinant of the variable of x and y is- ! !

ay by

e for finding the value of x we put the invariable column in place of the column of coefficient.

20.3 Keywords

e Simultaneous: Together

20.4 Review Questions

1. Solve the following equations:
() 4x+2y=2;3x-5y=21
(if) 2x -3y +4z=38
3x -4y +5z=-4
4x -5y +6z=12 (Ans.: ()x=2,y=3 () x=1,y=2,2z=3)

LOVELY PROFESSIONAL UNIVERSITY 289



Mathematics for Economists

Note 2. Prove that
a-b-c 2a 2a
2b b-c-a 2b |=a+b+ec.
2c 2c c—a-b

3. Solve the following equation by determinant method -

3x+4y=5

[N
| w
—

3x-4y=2 (Ans.:x=—,y
Answers: Self Assessment

1. Determinant 2 — 3. Transpose

20.5 Further Readings
Books Mathematics for Economist - Yamane - Prentice Hall India

Mathematics for Economist - Malkam, Nikolas, U. C. Landon.
Mathematics for Economist - Simon and Bloom - Viva Publications
Mathematics Economist - Makcal Harrison, Patrick Waldron.
Mathematics for Economist - Mehta and Madnani- Sultan Chand and sons.
Mathematics for Economist - Karl P. Simon, Laurence Bloom.
Mathematics for Economist and Finance - Martin Norman

Mathematics for Economist - Council for Economic Education

Essentials Mathematics for Economist - Nut Sedestor, Pitter Hammond, Prentice
Hall Publications.
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Unit 21: Determinant: Types and Properties Note

CONTENTS

Objectives

Introduction

21.1 Definition of Determinant

21.2 Rows and Columns of a Determinant
21.3 Shape and Constituents of a Determinant
214 Expansion of a Determinant

21.5 Cofactors

21.6 Properties of Determinants

21.7 Multiplications of Two Determinants
21.8 Summary

21.9 Keywords

21.10 Review Questions

21.11 Further Readings

Objectives

After reading this unit students will be able to :
e Understand Definition of Determinant.
e Know the Rows and Columns of a Determinant.
e Know Shape and Constituents of a Determinant.
e Expansion of a Determinant.
e Know the Questions Related to Cofactors.
e Understand Properties of Determinants.

e Calculate the Multiplications of Two Determinants.

Introduction
It is difficult to solve the parallel equations because as much as number of variables exist in these

equations, the same amount of equations are available. To solve these equations in algebra, we do
use a very special which is known to as Determinant.

21.1 Definition of Determinant

Think on the following exponential equations-
mx+by =0 ...(3)
BHx+by =0 ..(ii)

From the above equations, for eliminations of x and y, equation (i) and equation (ii) are to be
subtracted from a, and a, respectively.
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Note

(byay =byay)y =0
biay —byay =0
a;by —ayb; =0
Expression (a1b, —a,b1) has been expressed in the following manner:

a by

a by
Which is referred to as determinant

a by

mby —aby = | p,

The expression (a1b, —a,by) is referred as expansion or value of this determinant.

In the above determinant there are two Rows and two Columns. Thus the above determinant is
known as second order determinant. The expression (a;b, —a,b;) is known as the expansion of this

determinant. a;.ayb1.b, are the constituents of determinant and a,, b, and a,, b, are its elements.
Now consider on the following three exponential equation
am+by+cz =0
ay +byy+crz =0
a3 +byy+czz =0
Eliminating x, y, z from these three equations, we find following result
a1 (bycz = by (azc3 —a3c7) +¢1 (a3bp —a3b7) = 0
or
ay(bacs —bscy) —ap(byc3 —bacq) + a3(b1cy —bycy) =0

Expression of obtained value in the result can be shown as under:

ap by oo
ay by ¢
a3 by c3

This is called third order determinant. In third order determinant there are three rows and three
columns.

=7|

Notes  Expression on the left side is called expansion or value of this determinant.

21.2 Rows and Columns of a Determinant

In a determinant, horizontal lines from top to bottom are called its first, second and third rows,

which is expressed as Ry, Ry, Rs...... respectively and vertical lines from left side to right side are

called its first, second and third columns, which are expressed as C;,C;,Cs......
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21.3 Shape and Constituents of a Determinant Note

Each determinant has a square shape. Therefore, the more the number of determinant, the more will
be the rows and columns.

For example: In a third order determinant there are 3 rows and 3 columns and the number of

constituents is 32 or 9. Therefore in an nth order determinant there would be # rows and n columns

and the number of constituents is n2.

l?

Did u know? Number of constituents in a determinant = (order of determinant)?

21.4 Expansion of a Determinant

A second order determinant can be expressed as under

a b B //bz

= by —byay
ap

_|m
ay by \\bz

For example:

4 -2
-3 5

4 2
H \SH—s/ ‘=(4><5)—(—2><—3):20—6:14

Expansion of third order determinant

Assume a third order determinant

M b
A= 112 b2 Cz
a3 by c3

Expansion of determinant is generally relative to constituents of first row or constituents of first
column

(i)  Expansion in terms of First Row
Imagine A=a;A-bB+c,C ...(i)
Where A, B, C express determinants respectively
While expansion, signs of steps are taken in +, -, +, -, ........ order,
A, B, C can be found in the following manner:

A = a, comes in which row and column, leaving that obtained determinant
B = b, comes in which row and column, leaving that obtained determinant
C = ¢, comes in which row and column, leaving that obtained determinant

Here, a, comes in first row and first column, thus leaving them obtained determinant is
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Note Here, b, comes in first row and second column, thus leaving them obtained determinant is
a, b
| Bl _ 2 2
a3 b3

And ¢, comes in first row and third column, thus leaving them obtained determinant is

b
Ic| = a by

a3 by
From equation (i), expanding the given determinant we get

by o a O, a by

a3 C3

ap = —blz 1=

by c3 az by

a1(bycs —cabs) — by (arc3 —c2a3) + ¢1(axb3 — boaz)

ﬂ1b2C3 - {11C2b3 - b1a1C3 - b1C2a3 + C1a2b3 —C1b2ll3

[P

Task  What would be the number of rows and columns of a second order determinants?

(ii) Expansion in Terms of First Column
Imagine A = 4P —a,Q +a3R ...(ii)

Where P, Q, R displays determinants respectively

a,, a, and a, falls in which rows and columns, leaving them and writing them as above

b, ¢ b, ¢ b, ¢
p=|2 0= TGl por @
by ¢ by ¢ b, ¢
From equation (ii)
b, o by ¢ by o
A= o b —-a, b +ay b
3 C3 3 C3 h O

a1 (byc3 — Cob3)— ay (bycs — ¢1b3)+ a3 (byc, —cqby)
= aybyey — a1yl — aybics + aycqb5 + asbicy — ascqby

Thus it is clear that with the application of both the methods expanding separately, we get the
similar result. Here, it is noteworthy that there is a certain value of each determinant which is
obtained after their expansion.

Method of finding co-determinant of some element

Suppose we have to find the co-determinant of constituent c, of above discussed third order
determinant then in which row and column c, falls, leaving them together whatever determinant is
left, that would be the co-determinant of constituent c,.

Thus, co-determinant of constituent c, is as under

a b

a; by
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In the same fashion co-determinant of all other constituents can be found. Note that while determining Note
the co-determinant we don’t need to consider the sign. Therefore each co-determinant has a (+) sign.

Self Assessment

1. Fill in the blanks:

1. In............... order determinant there are three rows and three columns.

2. Inadeterminant, ................. lines from top to bottom are called its first, second and third
rows.

30 lines from left side to right side are called its first, second and third columns.
Each determinanthasa ............... shape
Thereisa ............ value of each determinant which is obtained after their expansion.

21.5 Cofactors

As has been told earlier that while determining the co-determinant, we don’t need to consider the
sign. Now even if sign of co-determinants of constituents are taken into consideration, they become
the co-factors of those constituents, which are expressed in C;, C,, C,,.......

It is clear that there is only difference of sign between co-determinant and co-factor, whereas value
of both are same.

Following is the definition of co-factors
Cofactors of constituent a;= (-1)*x A

Where a;is the constituent of ih row and j,, column and is the A,; co-determinant of constituent a

b, ¢
a, Cofactor = =C
by 3
by o
= _ =C
a, Cofactor by e 2
by o C
a, Cofactor = b, < =L3

Thus from equation (i), given determinant is = a,C, + a,C, + a,C,

21.6 Properties of Determinants

Properties of determinants are given below. With the help of these properties problems related to
determinants can easily be solved. Following are the properties of determinants:

1. If all the rows and columns of a certain determinants are interchanged, there would be no
change in the value of the determinants.

2. If the two adjacent rows or columns are mutually interchanged, the numerical value of the
determinants remain same, but sign changes.

3. If all elements of any two rows or columns of any determinants are the multiple of a single
number, then main determinants is multiplied by the same figure.
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Note 4. Special attention is required on two rules related to this property:

(i) If in a certain row or column of the determinants any common figure exists, then that is
taken out of the determinants as a factor

For example

ma, mby  mcy a by o
a by ¢ |=mla, b, ¢,
a3 by a3 by
(ii) If row or column of the determinants is multiplied by any figure, then whole determinant
should be divided by that figure.

For example

a by o ka, kb; kcq
ay by, o|=—|a, b, o
az by c; az by s
5. If element of any row or column of determinants are total of two numbers, then the same

determinants can be expressed as a total of two determinants of same order.

For example

mt+p boo a by oo |p oo
a+q by =1, by, c|+|g b, o
ay+r by ¢y as; by c3| |[r by ¢y

6.  If all elements of rows or columns of determinants are multiplied by a certain number and
added to or subtracted from corresponding element of any other row and column, then the
value of determinants remain unchanged.

For example A'= A, whereas

a;+mby —nc; by ¢ a by

a, +mby —nc, by, cylandA=la, b, ¢,

ay +mby —ncy by cy a; by c3
This property is of special importance while solving the problems related to determinants. According
to this property, in determinants, in the elements of any row or rows, number of times corresponding

value of any other row or column can be added or subtracted. The same process can be exercised for
the columns.

21.7 Multiplication of Two Determinants

Multiplication of Two Determinants can be found only when both of them are of same order, else

not.
a b oo X1 1 &
Assume A=la, b, cJandB=|x, vy, 2,
az by c; X3 Y3 Z3

Two determinants of third order are there. Their multiplication can be expressed with AB, there will
be a third order determinants which can be found in the following way
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First of all, keeping first row (a, b, c;) of determinants A at constant, multiply its elements with Note
corresponding elements of first, second and third row of determinants B and find out their total
separately, as shown below:

(a,b,c,) (a,b,c,) (a,b,c,)
X X X
(xy12,) (x2¥22,) (x3Y323)
Total = ayx;+byy, + ¢,z axyt by, + iz, Ayt by, +cyzg

All the above three totals will be the first, second and third element of first row of determinants AB.

This way, keeping second row (a,b,c,) of determinants A at constant, multiply its elements with
corresponding elements of first, second and third row of determinants B and find out their total
separately, which will be the elements of second row of determinant AB

The same process can be adopted for third row (a,b,c,) of A and all rows of B.

Thus, multiplication of A and B = AB

axq + by + 0121 aXy + by, 012y ayX3 +biys +0q25
=|ayx1 +boyq +Cp2zy  AyXy + byl +CrzZy  AyXg +byYs +Cp2g
a3xq +bayq + 0327 a3X, + b3y, + 032y A3X3 +bays + 0325

Working rule

With the help of above property, create Zero in any row or a column to the extent possible and
expand the determinants relative to elements of the same row or column

In solving the problems first, second and third ...... etc. rows are expressed as R;, R,, R,,....... etc and
first, second, third.............. etc columns are expressed as C;, C,, C,,....... respectively and whatever
working is done between the rows and columns of determinants, the same is written at the right
side of the determinants

Example 1: Find out the value of the following determinants:

13 16 19
14 17 20/=0
14 18 21

Solution: Assume determinats = A

13 16 3 13 3 3
Al14 17 3|(C3-C,o)=[14 3 3[(C;—Cy)=0 (-.C,=C3)
14 18 3 14 3 3

Example 2: Prove that:

23 12 11
36 10 26|=0.
63 26 37

Solution: Given is the determinant

11 12 11
26 10 26 (Subtracting C, from C,)
37 26 37

=0 .. C, and C,are equal
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Note Example 3: Find out the value of:

13 18 23
14 19 24
14 20 25

Solution: Given is the determinants

13 18 5
=|14 19 5| (Subtracting C, from C,)
14 20 5

=0 .. C,and C,are equal

Example 4: Find out the value:

29 26 22
25 31 27|.
65 54 46

Solution: Given is the determinants

3 26 22
=-6 31 27|. .
(Subtracting C, from C,)
9 8 46 8 !

3 4 22
—|l-6 4 27 (Subtracting C, from C,)

9 8 46

1 1 22
=3x4|-2 1 27|

- 3 from C, and 4 from C, is common
3 2 46

=0 .. C,and C,are equal

1 1 22
=120 3 71|
0 -1 -20

Adding 2R, to R, and Subtracting 3R, to R,
=12[3(-20) - 71(-1)] = 12[-60 + 71]

=12x11=132.

Example 5: Find out the value of:

10 0

1 h 21
x+y| -,

3 y© 1
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Note

Solution: Given is the determinants

1 k%1
(x+]/)y2 1

Expanding with respect to first row

1 2 oy (x-px+y)
oY) ey Y

Example 6: Prove that:

1 x y+z
1 y z+x|[=0.
1 z x+y
Solution:
1 x y+z
Determinants =1 y z+x|=0. (Adding C, to C,)
1 z x+y
1 x 1
=(x+y+2)1 y 1
1 z 1

=(x+y+2z)x0=0.

=0
[ C,=Cy .. A=0]

Example 7: Prove that:

1 1 1
a b c|=(a-b)b-c)(c-a).
a> v?

1 0 0

=—la b-a c—a (Subtracting C, from C,) and (Subtracting C, from C,)

(Expanding with respect to R,)

=(b-a)(c* —a*)~(c—a)(b* -a*)

=b-a)(c—a)[(c+a)—(b+a)]
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Note =(b-a)(c—a)(c-b)

=(a-b)(b-c)(c—a) (Expanding with respect to R,)

Example 8: Prove that:

1ua2

1 b b*=(b-c)(c-a)a-Db).

lcc2

Solution: Apply processes R, - R, and R, - R, as in example 6
Example 9: Prove that:

a b ¢

a* b*> 2|=abc(b-c)(c-a)a-Db).

Solution : In C, 4, C, b and C, c is common

1 1 1
.. Determinants =abcla b ¢
a? b 2

Further follow solution of example 7.

Example 10: Prove that:

1 1 1
a b c|=(a-b)b-c)(c-a)(a+b+c).
a2 v B

Solution: Given determinants

0 0 0
=|a-b b-c ¢|,(C;-Cy)and (Cy —C3)

P-a® -3 3

a-b b-c

a? —b* % -c?

(Expanding it with respect to R,)

1 1

=(a-b)(b-c
( X )azab+b2 b2 +be +c?

=(a=b)(b—c)[b? +bc+c?]—(a® +ab+b?)]
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Note

= (a=b)(b—c)[bc +c* —a® —ab]

=(a-b)(b-c)[b(c—a)+(c—a)(c+a)]

=(a-b)(b-c)(c-a)(a+b+c)

Example 11: Prove that:

1 a a®-be

1 b b*-ca

1 ¢ 2-ab

1

=0 or

1 1 1
a b c

a’-bc b>-ca c®-ab

a-bc

Solution: LHS. =0 b-a b?>-a®>-ca+bc|, (R, -R,0orR,-R))

0 c—a ¢

_|p—a (b—a)(a+b+o)
Cle—a (c—a)(a+b+o)

2

—a*—ab+bc

(Expanding with respect to C,)

=b-a)(a+b+c)—(b—a)(c—a)(a+b+c)

=0L.H.S
Example 12: Prove that:
a+b+2c a
c b+c+2a
c a

Solution: Given determinants

2a+2b+2c
=2a+2b+2c
2a+2b+2c

=2(a+b+c)(l
1

=2(a+b+0)|1

a

b+c+2a

a

a

b+c+2a

a

a

b+c+2a

0

b

b =2(a+b+c)>

c+a+2b

b
c+a+2b

(C; +C, +C5 at add)

b

Ci+2(a+b+c) of common
c+a+2b

b
0
c+a+b

(R, =Ry or Ry —Ry)

=2(a+b+c)[(b+c+a)(c+a+b)-0]=2(a+b+c)’
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Note Example 13: Prove that

y+tz «x x
+

y o ETX Y = 4xyz.

z z x+ty

Solution: From R, - (R, + R,), given determinants

(y+2)-(y+2) x—(x+2z) x—(x+2y)
= y z+x y
z z X+y
0 -2z -2y
B 5 Yy Yy 2 Yy z+Xx
=loErx oy |=4F], x+y v, (Expanding with respecttoR,)
z z  x+y

=2z[y(x +y)-yz] -2y [yz - 2(z +x)]
=2yz[(x+y - 2)] - 2yz (y —z~x)
=2yz(x+y—z-y+z—x)=4xyz

Self Assessment

2. State whether the following statements are True or False:

6. There is only difference of sign between co-determinant and co-factor, whereas values of
both are same.

7. If all the rows and columns of a certain determinants are interchanged, then value of the
determinants change.

8. If the two adjacent rows or columns are mutually interchanged, the numerical value of the
determinants remain same, but sign changes.

9. If row or column of the determinants is multiplied by any figure, then whole determinant
should be multiplied by that figure.

10. Multiplication of Two Determinants can be found only when both of them are of same order,
else not.

21.8 Summary

® [t is difficult to solve the parallel equations because as much as number of variables exist in
these equations, the same amount of equations are available. To solve these equations in
algebra, we do use a very special which is known to as Determinant.

The expression is referred as expansion or value of this determinant.

In a determinant, horizontal lines from top to bottom are called its first, second and third
rows, which is expressed as respectively and vertical lines from left side to right side are
called its first, second and third columns, which are expressed as C, C,, C,.....

® Expansion of determinant is generally relative to constituents of first row or constituents of
first column.

® There is a certain value of each determinant which is obtained after their expansion.
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® There is only difference of sign between co-determinant and co-factor, whereas values of Note
both are same.

® If all the rows and columns of a certain determinants are interchanged, there would be no
change in the value of the determinants.

® [f the two adjacent rows or columns are mutually interchanged, the numerical value of the
determinants remain same, but sign changes.

® [f all elements of any two rows or columns of any determinants are the multiple of a single
number, then main determinants is multiplied by the same figure.

® Multiplication of Two Determinants can be found only when both of them are of same order,
else not.

219 Keywords

®  Expansion: Detailed

Value: Price

21.10 Review Questions

Define determinants with example.
2. Write down the properties of determinants.

Find out the value of following determinants.

29 26 22

(@) 2; zi Z [Ans.: =132]
1 1

(b)| a c [Ans.:= (a—b) (b—c) (c—a)]

a? b2
2

1 a a

4. Provethat:]l b b’ =(b-c)(c—a)(a-b)
2

1 C c
23 12 11

5.  Prove that [2° 10 26/=0
63 26 37

Answers: Self Assessment

1. Third, 2. Horizontal, 3. Vertical,
4. Square, 5. Certain 6. True,

7. False, 8. True, 9. False
10. True
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Note 21.11 Further Readings
Books Mathematics for Economist - Carl P Simone, Lawrence Bloom.

Mathematics for Economist - Yamane, Prentice Hall Publication.
Mathematics for Economics - Council for Economic Education.

Essential Mathematics for Economics - Nutt Sedester, Peter Hawmond, Prentice
Hall Publication.

Mathematical Economy - Michael Harrison, Patrick Walderan.
Mathematics for Economist - Malcom, Nicolas, U C London.

Mathematics for Economics and Finance - Martin Norman.

Mathematics for Economist - Mehta and Madnani, Sultan Chand and Sons.

Mathematics for Economist — Simone and Bloom, Viva Publication.
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Unit 22: Rank of Matrix Note

CONTENTS

Objectives

Introduction

22.1 Characteristics of Rank
22.2 Summary

22.3 Keywords

224 Review Questions

22.5 Further Readings

Objectives

After reading this unit students will be able to :
o Know the Merits of the Rank.

e Understand the Merits of the Rank with Example.

Introduction

An important number related to matrices is referred as Rank. In a matrix A, m x n, n is column vector
and m is a factor, then in that case linear independent set maximum column vector would be the
Rank of the matrix, this can be shown as r(A).

In other words, it can be said that maximum number of independent column is Rank of the matrix.
An m x n matrix becomes non-singular when its rank reaches n.

221 Characteristics of Rank

e Only Zero matrix has a zero rank

e rank (A) <min(m, n) {(A) <(m, n)}

o If Ais a square matrix (m = n), A will be plural only when A’s rank becomes n.
e Rank (AB) < minimum (Rank A, Rank B)

e Rank (A) + Rank (B) - n < Rank (AB)

e Rank (CA) = Rank (A) {C is constant figure}

l?

Did u know? Maximum number of independent columns is known as Rank of the Matrix.

Example 1: Find out the rank of the following matrix:

1 2 1
A=12 3 1
1 1 2
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Note Solution: Given that
1 2
A=|2 3
1 1
Applying row operation
1 2 1] 1 2 1
—_— -1 1|
2 31 Rp1(1-2), Rp2 (1) 2 L 1 Rz (1), R3 (-1)
1 1 2] 0 -1 1
1 -
Rp(1/2)
0 11 Rp2(-2)
_0 .
(1 0 -1 1 0 0
0 1 — |0 0 .
Rp_3(-1), R2(1) here Matrix A keeps three non-zero
10 0 0 0 1
rows
Therefore, Rank (A) is 3.
1 2 1
Example2:If A= |2 3 1| the find out the Rank of the matrix.
1 1 0
1 2 1
Solution: GiventhatA=|2 3 1
1 0
12
R, >R, - 2R,
~ 1 =
R; > R;-R
0 1 3 37
1 2
o 1 R, ->-R,
0 Ry > R;—-R,

Example 3:If A=| 2 1-x 0 |, then determine the rank for each value of x.

Solution: Given that

Based on three-column expanding the above table

—x(x-1) (x=6) | A|=1{0—1 (1= x)} -0 {0—2} +(1—x) {(5—x) (1-x)— 4}
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Or, if x#0,1 and 6 would be the Rank 3 of Matrix A Note

5.x 2
Andifx=0,1,6then{ 1x 0}:—2¢O,Rankwillbe2

Linear Dependence and Rank of Matrix:

Linear dependency is found in a rows (columns) of a matrix only when linear conjugation of those
rows (columns) equal to zero vector, viz

Kyapq +Kyap + Ky 15 =0
Ky + Ky ay + K305, =0
Kymz + Ky a3 + Kz a3 =0

Here among K, K, and K, at least value of one should be Zero.

Example 1: Find out the linear dependency and rank of the following matrix:

1 2 4
A=2 4 8
3 6 12

Solution: While multiplying Row 1 (R,) and deducting -1 from 2(R,) and adding 3(R,) then

~1R, —1R, + Ry =0 ()
—2R, +R, =0 ...(ii)
—2R, + Ry =0 ...(ii)

R, R, and R, in equation (i) is not linear independence. Equation (ii) R, and R, and Equation (iii) R,
and R, show the linear dependency. For Rank

viz Rank (A) =1.

6 3 5
Example 2: If A=|-10 2 8|, then examine the linear dependency and find out the Rank of
5 2 3
Matrix (A).
Solution: CRy+ R, +CRy =0
6C,-10C, +5C,=0 (i)
3C,+2C,+2C,=0 (i)
5C,+8C,+3C,=0 ...(1ii)
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Note Solving equation (i), (ii) and (iii)
C,=-10, C,1 and C, = 14, then linear dependency will be found

Viz and will be linear dependency because none of the linear are Zero viz Rank (A) =2

22.2 Summary

e  Only Zero matrix has a zero rank.

e  Rank (A) <min(m, n) {(A) <(m, n)}.

e If Ais a square matrix (m = n), A will be plural only when A’s rank becomes .
e Rank (AB) <minimum (Rank A, Rank B).

e Rank (A) + Rank (B) - n < Rank (AB).

e Rank (A) = Rank (A) {C is constant figure}.

22.3 Keywords

®  Matrix Rank: Maximum number of independent columns.

224 Review Questions

1. Find out the rank of following matrix.

331
A=|4 6 2
320

2. Verify the linear independence

1 3 8
A=13 8 4
56 6

22,5 Further Readings

N

Books Mathematics for Economics - Council for Economic Education.

Mathematics for Economist - Carl P Simone, Lawrence Bloom.

Essential Mathematics for Economics - Nutt Sedester, Peter Hawmond, Prentice
Hall Publication.

Mathematics for Economist - Malcom, Nicolas, U C London.

Mathematics for Economics and Finance - Martin Norman.

Mathematical Economy - Michael Harrison, Patrick Walderan.
Mathematics for Economist - Mehta and Madnani, Sultan Chand and Sons.
Mathematics for Economist — Simone and Bloom, Viva Publication.

Mathematics for Economist - Yamane, Prentice Hall Publication.
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Unit 23: Application of Matrices in Economics

CONTENTS

Objectives

Introduction

23.1 Application of Matrices in Economics
23.2 Summary

23.3 Keywords

234 Review Questions

23.5 Further Readings

Objectives

After reading this unit students will be able to :

° Understand the Application of Matrices in Economics.

Introduction

To solve the economical problems matrices are useful mathematical technique. With the help of it
we can solve various economical problems. Whatever widest economical problem is linear, we can
solve them with the help of matrices. Under this, we by using Cramer Rule (A™) we can solve the
problems related to production, demand, supply, incoming and outgoing and national income is
determined.

23.1 Application of Matrices in Economics

Example 1: Assume an equation for tri-regional economical model is given

Y = C+A,
C=a+b (Y-T)
T=d+ty

Where Y — Income, C - Consumption, T — Tax Revenue, t — Rate of tax
A, a, b and c are constant, then calculate national income, consumption and tax revenue.

Solution: Given that Y=C+ A,

Or y-C=A ...(i)
-by+c+bT =a ...(if)
—ty+T=d ...(iii)

Writing the equation (i), (ii) and (iii) in the following form

1 -1 0|[Y] [A
-b 1 b||C|=| a
—t 1| T d
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Note

Here
1 -1 0
A=|-b 1 b
-t 0 1
Or [Al=1(1+0)+1(-b+th)=1-b+tb=1-b[1-1]
Applying Cramer Rule
A, -1 0
a 1 b
Y:|A1| d 0 1 :A0(1)+1(a—bd):u—bd+A0
|[A] |1 -1 0 1-b(1-1) 1-b[1-1]
-b 1 b
—t 1
1 A 0
-b a b
C:|A2| -t d 1 :a—bd—AO(—b+bt)
Al |1 -1 0 1-b(1-t)
b 1 b
—t 1
1 -1 A
-b 1 a
:|A3| t d :d+(a—bd)+A0(t). Ans.
Al |1 -1 0 1-b(1-1t)
b 1 b
—t 1
1 2 3
Example2:1If A=|2 3 5 |, then determine the value of A~
2 5 12

Transposing the given matrix

1 2 3
A=(2 3 5/,
2 5 12

To find the adjoints, adjoints of matrix A (aij) will be determined in this way

3 5
o = =36-25=11
Adjoint 1 {5 12}

Adjoint 2

2 5|12 15-9
{3 12}‘( ~19)=-

joi 23 =10-9=1
Adjoint3 = + 3 5|7 V7%
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dioi 2 3 =24-15=-9
Adjoint 2 = 5 12 =
ioi L3 12-9=3
=+ =12-9=
Adjoint 3 3 1
Adjoint5 = | & ] (5-6)=(-1)=+1
= - = — _ =(— =4
joint _3 5_
d 2 3 10-9)=1
ioi =+ =—(10-9)=
Adjoint 3 3 5 ( )
Adjoi = 1 3_— 5-6)=1
joint5 = P 5_— ( )=
joi 12 3-4 1
= + —(3-4)=—
Adjoint 12 2 3 ( )
(11 -9
Adj. A = -9 3
11
1 2 3
3 5 2 5 2 3
a1 =12 3 Sy 1725 |35 s
3 5 12

= 1(36-25) —2(24—15) +3 (10-9)

= (Ix11)-(2x9) + (3x1) =11-18+3=—4

o9 1

Adj. A et 94 43 411
ar= B2 Slg 3 1= 20 2 2
|A| L1 4 4 4 4

- 111

4 4 4

Example 3: Find out the optimal price of x, y and z by using Matrix Method
x-2y +3z =1
3x-y +4z =3
2x+y -2z = -1

Solution: Writing all the above equations in form of matrix

1 =2 3 X 1
3 -1 4|=|y|=|3
2 1 -2 z -1
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Note Applying Cramer’s Rule
x 1
y|=|3
z 2
1
Transpose of A=|-2
3
[-1
Adjoint 1= +¥ 4
Adjoint 3= |
joint 3= 3
[—2
Adjoint 2=+
| 3
Adjoint -2 = 3
joint - 4
1
Adjoint -1=+
3
Adjoint 1= !
joint 1= —_3
[3
ioi =+
Adjoint 3 -1
Adjoint 4= 1
joint 4= 2
Ad. . - 1
joint -2 = + o
-6
Adjoint A = 14
+5
1
=2
2

-2 3 1
-1 4 |=|3
1 -2 -1
3 2
-1 1
4 2
! 2-4)=-6
=+(-2 —4) = —
5 7
1_— (4-3)=-1
_2#_ -
1] 8-3)=-5
=+4(-8 — =—
§ e
2] (-6-8)=+14
=4+(—0 — =+
_24
2] 2-6 8
=4+(—2 — =—
LF2-9
4}:—(4—9):+5
2
1:|:+(3 +2)=+5

-1
1

}:+(—1—6)—+5
-5
+5
+5
3

-1 4
4 :1{

1 =2
-2

|-

=1x(2-4)+2(-6-8)+3(3+2)
=2p-28=15

=-15
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Therefore, Note

a1z AGA_ 11, g5
[A| 15

15 15 15 5

Now

Therefore, after solving we will get x = —%, y=1,z=1.

23.2 Summary

® [f the economical problem is widest and linear, we can solve them with the help of matrices.
Under this, we by using Cramer Rule (A™) we can solve the problems related to production,
demand, supply, incoming and outgoing and national income is determined.

23.3 Keywords

®  Matrix: Frame, Structure, Texture, Sequence.

23.4 Review Questions

2 3 4
1. If A=|3 4 6 |, then find out A™.
3 6 13
2. Find out the optimal price of a, b and c by using Matrix Method.
a+2b+6c=1
3a-4b-2c=1
2a-b-5¢c=-2
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Note 23.5 Further Readings
Books Mathematics for Economics - Council for Economic Education.

Mathematical Economy - Michael Harrison, Patrick Walderan.
Mathematics for Economist - Carl P Simone, Lawrence Bloom.
Mathematics for Economics and Finance - Martin Norman.
Mathematics for Economist - Malcom, Nicolas, U C London.
Mathematics for Economist - Yamane, Prentice Hall Publication.

Essential Mathematics for Economics — Nutt Sedester, Peter Hawmond, Prentice
Hall Publication.

Mathematics for Economist - Mehta and Madnani, Sultan Chand and Sons.

Mathematics for Economist — Simone and Bloom, Viva Publication.
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Unit 24: Input-Output Analysis Note

CONTENTS

Objectives

Introduction

241 Assumptions of Input-Output Analysis

242 Leontief’s Input-Output Closed Model

24.3 First Set for Equilibrium Equation of Closed Model

244 The Second Set of Equilibrium Equation of Closed Model
245 Summary

24.6 Keywords

247 Review Questions

24.8 Further Readings

Objectives

After reading this unit, students will be able to :

e Understand the Assumptions of Input-Output Analysis.

o Know the Leontief's Input-Output Closed Model.

o Get the Information Related to First set for Equilibrium Equation of Closed Model.

o Get the Information related to the Second Set of Equilibrium Equation of Closed Model.

Introduction

Before we get to know the explanation of Input-Output Analysis, it would be better for us to
understand the meaning of Input and Output. Input means the demand from the producer for
material to produce the product, whereas output means the result of efforts made towards production.
According to Prof J R Hicks “Input means materials which are purchased by the producer for
production, contrary to this output stands for what is sold by the producer”. We can say that input
is the cost for the firm and output is revenue.

With the help of Input-Output Analysis, we get inter-trade relation and inter-dependence of entire
economy because output of one industry could be input for another industry. Similarly output of
other industry could be the input for first industry. For example the output of coal industry could be
the input of steel industry.

—T]

Notes  Output of steel industry is input of coal industry.

241 Assumptions of Input-Output Analysis

Followings are the assumptions of Input-Output Analysis:
1. Economy is in balanced condition.

2. Economy is divided in two parts - inter-trade part and last demand part and each part can
further be bifurcated.
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Each industry produces only one product and there is no joint production of two products.
Total output of an industry is used as input for any other industry.
Production is done under rule of constant return.

Technical development is constant, it means that input coefficients are constant

N o 0w

Here in production no external austerity or improvidences are created

Leontief’s Static Input-Output Model - Open Model

Leontief’s Static Input-Output Model is based on the above assumptions. This can be understood
with an example. Suppose the economy is divided into three parts. Out of which agriculture and
industry are inter-trades and domestic part is expressed as last demand part.

With the help of Input-Output Analysis we can understand this model. In the given table, output of
all the three parts is shown in horizontal rows, whereas inputs are shown in vertical columns. Total
of the first row is 300 units, which shows the total output of agriculture. Out of which 50 units are of
agriculture, 200 units are related to industry and balance 50 units are utilized as input for domestic
part. The second row of the table shows total production of industry. Production is done equal to 150
units in the industry, out of which 55 units for agriculture, 25 units are related to industry and 70
units are used in domestic part.

Similarly columns show the cost of these areas. First column shows that for total production of 300
units in the industry, cost of 125 units comes, out of which 5 units are related to agriculture, 55 units
are for industry and 20 units related to domestic area. Second column shows for total production of
150 units in the industry, total cost comes equal to 255 units, out of which 200 units relate to
agriculture, 25 for industry and 30 units for domestic part. Zero in third columns shows depicts that
domestic part is a consuming area, where not sells are made

Table 24.1: Input-Output Table

Purchase area Total output or
Areas Agriculture(1l) | Industry(2) | Last Demand (3) total receipt
5 (1) Agriculture 50 200 50 300
=
;5 1 (2) Industry 55 25 70 150
@ | (3) Last Demand 20 30 0 50
Total cost or Total input 125 255 120 500

With the help of above table general Transaction Matrix can be created

I Table 24.2: Transaction Matrix I

Purchase area Total output
Areas Agriculture(1) | Industry(2) | Last Demand (3)
§ (1) Agriculture X, X, D, X,
% T (2 Industry Xy X, D, )
(3) Last Demand X X, D, X,

If we take columns of above table, then we will get following production function
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X, = f; (13, X5y, X57) or 300 = f; (50, 55, 20)

X, = f, (X1, X X53) O 150 = f, (200, 25, 30)

This way total production can be divided in various parts in the following way (adding division of
all parts in the rows)

X=Xt x5, + Dy
Xy =Xy +xp+D,

Xy =X+ X3

Here we assume that total production of i industry is utilized as input in n industries, in this codition

Xy =xtx, +x,+D;

In Leontifs, the concept of constant coefficient has also a value. In this situation technical coefficient
will be
i
aij = X j
Here, x,, = production of i industry which is utilized by j* industry

X, = Total production of i* industry

In the above Table -1 technical coefficient can be found in the following manner

Table 24.3: Technical Matrix

Working area Input-Output Coefficient
Total
Agriculture(1) Industry(2) Last Demand (3) production
Agriculture 0.16 1.33 50 600
=3 Industry 0.18 0.16 70 150
R
Sell area 0.06 0.20 0 50

Method of finding technical coefficient is very simple. Here we divide input of desired are by total
production of that area. For example, total production of agriculture area is 300 units and inputs are

50 55
50, 55 and 20 units, in this condition technical coefficient would be %= 0.16,%= 0.18 and
20 - .
300 0.06 . In the similar way it can be calculated for other areas.

Leontief’s Input-Output Matrix can be shows in algebraic expression in the following manner:
Assume our general model is following;:

Xy =xy t Xt x, + Dy ..(24.1)
Here X, = total production of i area, wherei=1, 2, ...... n

x, = production of i*" industry which is utilized by j" industry

Model 24.1 can be divided for n™ areas in the following manner:

Xy=xtx,totx, +D;
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Xy = Xyt Xyt oo+ x,, + D,
Xn = xnl +an+ +xnn + Dn

We know the technical coefficient

Xji

a,= —1 here x, = total production of i* area
Xj

Or X;=ay X].

If Xqp = gy Xy Xpp = 83,X5

Now our binomial equation would be
Xy = ay Xy tapXy e tay, X, + D,
X,=a, X, ta,X,+...+a, X +D,
X, =a, X, *a,X,+*..+a, X +D,

General matrix can be written in the following way

n
X1= Zﬂi]‘ X]'+Dn
j=1

Or X=AX+D .(24.2)
Xy D,
X a a D
2 A= 12 n D= 2
Here X = a1 Apn
Xy D,

From equation (24.2)
D=X-AX=(1-A) X
Here I means Idently Matrix, therefore
X=(I-A)"D ...(24.3)

l?

Did u know? Here (I - A) is an Inverse Matrix.

24.1.2 Limitations of Input-Output Model

Although Leontief Input-Output Analysis plays an important role in economic analysis, but there
are some limitation which are as under:

1. Impracticability of the Assumptions - Assumptions of Leontief model are impractical. It
assumes that technological coefficients are constant, which means technology will be constant
or change in production will result to change in means devoted for production. Similarly it
is also assumed that capital requirement for all parts of the economy would be that, but
capital requirement of each part varies, thus their requirement would also be different.

2. Neglecting Certain Factors - because of the rigid nature of this model, solution to increasing
cost and different other problems are not possible.

3. One Sided Analysis - This model is considered to be one-sided analysis, because it takes into
account only productive sector of economy. Thus it ignores unproductive sectors completely.
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4. Neglecting Factors of Substitution - assumption of constant technical coefficient neglects the Note
possibilities of factors of substitution. But in reality it is seen that such type of possibility of
factors of substitution exist for short term also. For long term its possibility grows much
more.

5. Absence of Linear Relations - The model assumes that input of one part is output for others
viz there is linear relation in parts, which is contrary to the fact, as because of indivisibility of
factors, increase in outputs are always not equal to increase in inputs.

6. Use of Physical Units - In practical commodities and services are expressed in monetary form
only. Therefore, forecasting of economy in composite form is difficult with the balanced
equation by Input-Output Analysis. Besides, measurements of physical units for various
commodities and services are different. Therefore to create an Input-Output Table and
Technological Coefficient, one has got to face many difficulties.

7. Complexity - This analysis takes help of various constructed equations and mathematical
techniques, for which knowledge of advanced maths and statistical methods is required.
Thus, the technique becomes more complex.

[P

Task  Describe assumptions of Input-Output Analysis.

24.2 Leontief’s Input-Output Closed Model

In Leontief’s Input-Output Open Model we had considered domestic demand as a separate area. If it
is also merged in the economy, then no other area will remain left which has relation to external
area. In this condition, each good will have a nature of intermediate goods because under this
arrangement (n + 1), produced outputs are used for production of these outputs.This conditionis
known as closed model.

In this situation, full competition is found in the whole economy and there is no government
interference. Here each of the industries (n + 1) produces a different quantity x, i =1, 2. n + 1
of output. The last area is domestic area for which output is X, ,,. Suppose x, = output of i*"
industry, which is sent to j™ industry.

Self Assessment

1. Fill in the blanks:

1. Input means the demand from the producer for material to .......................... the product.
20 means the result of efforts made towards production.

Total output of an industry is used as ............... for any other industry.

Assumptions of ................... model are impractical.

With the help of Input-Output Analysis, we get inter-trade relation and inter-................. of

entire economy.

24.3 First Set for Equilibrium Equation of Closed Model

Mathematical form under the closed model

n+1

X, = 2% ..(24.4)
j=1
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(i=1,2,..n+1)
Under constant technological coefficient

x;=a, X ...(24.5)
Putting the value of equation 24.5 in equation 26.4
n+1
X,= 2.0
j=1
n+1
Or X = 24X =g ..(24.6)
j=1

Equation (24.6) is the first set for equilibrium equation.

244 The Second Set of Equilibrium Equation of Closed Model

Here we will concentrate on P, (i =1, 2 .... n + 1). Here P, is the labour rate of domestic area.

Here assuming that Receipts and Costs are equal in Industry, equilibrium equation can be derived
in the following manner:

For i industry
Receipts = X P,

n+1 n+1
And costs = Z P~ Z aijXi B
j=1 j=1
Where x; = a; X,
In equilibrium condition
n+1
x,p,= 2% P
1 1 ]=1
n+1
or X.DP.= Z a;X; B
1 1 ]=1
n+1
or X.P,= 2 4% B g (247
j=1
i=1,2,..n

Equation (24.7) is the second set for equilibrium equation.

24.4.1 Short note on Leontief’s Dynamic Model

In constant model, with the help of technical coefficient of various areas of economy, mutual
dependency is studied. But these coefficients do not throw light on the actual requirement of stock
in economy. They are even to unable to enlighten us about how much capital is required for the
required factors which is to be consumed by the industry. These capital is required to maintain
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constant capital appropriation such as construction, machine etc or to maintain raw material stock Note
for production. If under constant input-output model (open model) effect of capital is involved, then

this arrangement becomes dynamic. Thus, capital investment is a unique characteristic of dynamic

input-output model.

Thus, constructive equations which are used under Input-Output Constant Model (Open Model),
involve capital requirement including time-interval for each areas. Therefore, this model is just
expansion of Constant Input-Output Model (Leontief’s Open Model).

Assumptions

Input-Output Dynamic Model is generalized form of constant model. Therefore its assumptions
would be similar to constant model. As (1) each industry produces homogenous products and (2) for
production of each product only one technology is available, where conjugation of factors of products
are constant.

Assume C(t) is the consumption for the current year which is produced by i industry. X(t) is the
total production of i industry during ¢ time-period, which is used for three purposes (i) consumption
{C, (t + 1)}, for the next period, (ii) net stock S(t + 1) - S, (t) of capital products for n industries and
(iii) current flow of industrial production in the economy. Under these situations, following will be
the equilibrium equation:

X(#)=C(t+1)+S (t+1)=S (#) +x,, () +x,, () herei=1,2

Now the question arises how do current productions X, (t) and X, (f) happen? In Leontief production
function, total production is the product of two factors - (i) Raw material for the current year and
(ii) stock of capital products

X, (1) = flxgy (8), % (8), Sy4(8), Sy (H)]

X, (8) = flxgy (£), X55(8), S1p(8), S(B)]
In an economy total capital stock would be the total of capital stock of all industries

S, (H=5,(t)+S,(t)

And we will obtain change rate in capital stock.
AS(f)=5;(t+1) -5, (h)

Capital stock coefficient can be inversed in following manner:

b= X;
Here b, = capital stock coefficient, x, = total production of j" industry and refinement of production

of " industry by i industry.

24.4.2 The Importance of Input-Output Models for a Planned Economy

The procedures of input-output analysis play a very important role in economic area. Discussions
on economic principles, drawing of national papers, planning of economic plans, study of inter-
relation and inter-dependence of industries, study of trade cycles etc are the areas, which has been
possible because of application of this procedure. Today almost in every area of economy, this
technique is being used, but at present this technique is especially being used in planned economy.

Today many socialist and other countries have adopted the basic concept of input-output technique
to accomplish their programs related to economic development. Most of the socialist and communist
economy has a structural thought that economy should be molded under convenient integrated
principle. Therefore this is the liability of this central agency that it ascertains the requirements of
the economy and according to the requirement make available different production factors so that
the objective of maximum social welfare can be met. Therefore, this is essential that industrial
activities be instructed in a planned manner.

It can be ascertained with the help of this technique that how much of the total production of one
industry can be used as input by the other industry. With the help of input-output matrix, statisticians
and planning officers get to understand the transactional relation of whole economy.
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Input-Output Analysis helps us understanding the relation among the various areas of the economy.
Thus, this analysis is convenient to the planners to understand the internal structure of the economy.
Unplanned economy is based on the system of Test and Error, but under the planned economy,
mitigation of such type of errors are done through this analysis.

This is noteworthy fact that in national economic program concept of dynamic input-output is more
important that constant input-output as because due to fast change in the development of economy
the flow of economic structure can not remain constant. In this context, this technique will be more
suitable to the economic programs for developing economies. The reason for this is that under the
linear identical input-output model constant technical coefficient, it can be applied even in the
absence of reliable even numbers.

Input-Output model is not only used for studying the mutual relation in different production areas,
but also is used for accomplishment of different purposes. For study of the administrative part of
national and international, this model is also used. Under this model we can get scheme for easy
study of input-output flow relation between the different areas of any country with that of different
country.

This analysis is also used for the study of railway freight. For the very years, in railway trade tables
contribution of production areas has been taken by the various railway stations. Inter-area flow is
replaced by the division of tonnes, which is sent from one station to another station.

From the above analysis it is clear that input-output matrix is used for the analysis of economic
factors. Tables of this analysis can be elected in different ways in the following way, which different
areas of economy such as mutual relation and dependence of trades, study of inter-flow of different
countries can be done easily. Under the socialist conditions, input-output analysis is an essential
tool (Oskar Lang: Introduction to Economics, 1959) for the investigation of internal adjustment of
national plans.

Example 1: Find out the input-out coefficient from the given transfer table

Purchase area — Total output
Production area Agriculture Industry Last Demand
Agriculture 300 600 100 1000
Industry 400 1200 400 2000

If the obtained demand changes to 200 and 800 respectively, then find out total production which
will be equivalent to new demand

Solution: Applying the formula of technical coefficient

Here a; = Technical coefficient,

X, = Total production of j area

x,; = Total production of j" area which is absorbed by the i area in its production

Table to determine Technical Coefficient

Sector Agriculture Industry Total Output
Agriculture 300/ 1000 =0.3 600/2000=10.3 1000
Industry 400/1000 = 0.4 1200/2000=0.6 2000

If the last demand becomes 200 and 800 respectively for the agriculture and industry, then
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Sector Agriculture Industry Last demand Total Output
Agriculture 300 600 200 1100
Industry 400 1200 800 2400

Thus, Gross Ouput = 1100 + 2400 = 3500

Example 2: Table given below shows the inter-trade transactions of many crores of three sectors S,

S, or S, of economy

Note

S, S, S, Last Demand Total output
S, 50 25 25 100 200
S, 40 50 10 200 300
S, 100 50 150 300 600
Calculate the coefficient matrix
Yij
Solution: We know that [technical coefficient = 4; = X, ]
Table to determine Technical Coefficient
S, S, S, Total output
1 50/200=0.25 25/300 = 0.08 25/ 600 = 0.04 200
) 40/200=0.20 50/300=0.16 10/600=0.016 300
N 100/200 = 0.50 50/300=0.16 150/600 =0.25 600
Example 3: Technological matrix under Input-Output Model is given below:
Sector 1 Sector 2 Last demand
Sector I 0.1 0.3 F,
Sector II 0 0.2 F,
Labor 0.9 0.8 -

If last demand = F; = 0.5y + 100
F,= 0.3y +204
Then find out the equilibrium of revenue and output of different sectors. Compare the results if

Solution: Under equilibrium situation

F,=F,
0.5y +100= 0.3y +200
or 5y +1000 = 3y + 2000
or 2y = 1000
or y= 500
Again F,= 0.5y +100 = (0.5 x 500) + 100 = 350

F,= 0.3y +200 = (0.3 x 500) +200 = 350
We know that

X= AX+D
or X= (I-A)1D
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Note Here X=

Now

(I-A)" =

Det. of (I - A)

Transferred matrix (I-A4)

Co - factor of 0.9=0.8
Co - factor of 0.3=0
Co-factor0 =0.3
Co - factor 0.8=0.9

Adjoint of (I - A)

(I-A)"

Now (I-A)'D=

area and [ area II is total production

Unit Matrix

Last Demand

Coefficient of Matrix

0.3
0.2

1 0 0.1
0 1] |0
09 -03
0 0.8
Adjoint
Determinant
[0.9 -03]
| 0 0.8 |
0.72
[ 0.9 0]
|03 08]
0.8 03
0 0.9
1 (08 03
0721 0 0.9
0.8 0.3
0.72 072
0 0.9
L 0.72
[1.11 041
| 0 115|

Thus, total production of first sector = 532 units and

Total production of second sector = 437.5 units

324 LOVELY PROFESSIONAL UNIVERSITY

|
—{

3
350

)|

1.11
0

0.41
1.25

532.0
437.5

|

|

(_ 1)i+j

for cofactor sign

|



Unit 24: Input-Output Analysis

if F, =100 and F = 200, then Note
111 04177100
X(I-A"D=| o 125200

192
= 1250

Under this situation, total production of first sector = 192 units and

Total production of second sector = 250 units

Self Assessment

2. State whether the following statements are True or False:

n+1
6. X-= 2 X
i=1
n+1
7. XP = Z a;; X; P =0 equation is the second set of equilibrium equations.
j=1

8. Procedures of Input-Output Analysis does not play an important role in economic sector

Input-Output Analysis does not help us to understand the relation among the various sectors
of the economy.
. .. Xij
10. Technical coefficient = a, = —-.
X
]

24.5 Summary

® Input means the demand from the producer for material to produce the product, whereas
output means the result of efforts made towards production.

e  With the help of Input-Output Analysis, we get inter-trade relation and inter-dependence of
entire economy because output of one industry could be input for another industry.

® Leontief’s Static Input-Output Model is based on the above assumptions. This can be understood
with an example.

®  With the help of Input-Output Analysis we can understand this model. In the given table,
output of all the three parts is shown in horizontal rows, whereas inputs are shown in vertical
columns.

® Method of finding technical coefficient is very simple. Here we divide input of desired area
by total production of that area.

® Assumptions of Leontief model are impractical. It assumes that technical coefficient are
constant, which means technology will be constant or change in production will result to
change in means devoted for production.

® In practical, commodities and services are expressed in monetary form only. Therefore,
forecasting of economy in composite form is difficult with the balanced equation by Input-
Output Analysis.

® In Leontief’s Input-Output Open Model we had considered domestic demand as a separate
area. If it is also merged in the economy, then no other area will remain left which has
relation to external area.
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® In constant model, with the help of technological coefficient of various areas of economy,
mutual dependency is studied.

® Input-Output Dynamic Model is generalized form of constant model. Therefore its
assumptions would be similar to constant model.

The procedures of input-output analysis play a very important role in economic area.

Discussions on economic principles, drawing of national papers, planning of economic plans,
study of inter-relation and inter-dependence of industries, study of trade cycles etc are the
areas, which has been possible because of application of this procedure.

® Input-Output Analysis helps us understanding the relation among the various areas of the
economy. Thus, this analysis is convenient to the planners to understand the internal structure
of the economy.

24.6 Keywords

Input: Receipts

Output: Issuance Final product

24.7 Review Questions

Mathematically explain the first set of equilibrium equations of closed model.
What do you mean by the Leontief’s Input-Output closed model?
Give a short note on Leontief’s dynamic model.

Explain the importance of input-output model for a planned economy.

S .

Mathematically explain the second set of equilibrium equations of closed model.

Answers: Self Assessment

1. Production 2. Output 3. Input 4. Leontief
5. Dependency 6. True 7. True 8. False
9. False 10. True

24.8 Further Readings
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Mathematics for Economics - Council for Economic Education.
Mathematical Economy - Michael Harrison, Patrick Walderan.
Mathematics for Economics and Finance - Martin Norman.

Mathematics for Economist - Mehta and Madnani, Sultan Chand and Sons.
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Objectives

After reading this unit, students will be able to :

e Know the Conditions of Hawkins and Simon.

e Find the Technical Multiplications of Matrix.

Introduction

Sometime solution of in-out matrix comes to negative. If our out-result come to negative, it means
that we are using more in than out, which is an unrealistic situation. Thus we can say that the system
is not viable.

25.1 Conditions of Hawkins and Simon

Conditions of Hawkins and Simon can get us out from this situation. Our primary equation is X =
(I - A)'F, then (I - A)can be written in following way

(I-a1)  -ap
—ay (1-ayp)
—a31 32
— 1 — 2 - nn)
Then there would be two conditions of H.S.
(1) Table of matrix should always be positive
(2) Defacement elementi.c. (1-a,), (1-a,), (1-a) ... (1-a,,) should be positive viz a,, a,, a.,,

... a, should always be less than 1
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Note D)
Did u know? The above two conditions are called the conditions of Hawkins-Simon.
0.8 02
Example 1: If (A) = 09 07

02 -02
(I-4)= {— 09 03 }

And if value of table is (I - A), then 0.06 - 0.18 =
does not fulfill.

(-) 8.12 which is less than zero. Here H.S. condition

Then there is no solution possible.

[P

Task  Write down the conditions of Hawkins-Simon.

Example 2: For the year 1990, following is the transaction of inter-trade

Given table of inter-trade transaction for the year 1990 has been created for an economy

Trade 1 2 Last consumption Total
1 500 1600 400 2500
2 1750 1600 4650 8000
Labor 250 4800 - 5050
Total 2500 8000 5050 15550

25.2 To Find the Technical Multiplications of Matrix

Showing direct requirement, prepare the technical multiplication of matrix. Is there any solution
available for this method?

Dividing all outputs of the sector from all inputs, showing direct requirement of each unit of output
technical multiplication of matrix can be found.

Solution:
500 _Xn )
17 2,500 X, J
1,600 X5 )
12= 8,000 J
1,750 ( Xy )
i31= 2,500 07 J
1,600 _ Xy )
2= 8,000 L J
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Therefore, given technical matrix Note
Industry 1 2
A= 1 0.20 0.20
2 0.70 0.20
labour 0.10 0.60
(1 -020 —-0.20) - (080 —.20)
and I-A=1 " _o7 1-020) " l—070 080
0.80 -0.20
(I-A)=1_070 080

=0.80 % 0.80-0.20 x 0.70 = 0.50

Since |I - A| is positive and each element of basic diagonal of (I - A) will be positive, therefore
conditions of Hawkins-Simon is fulfilled, thus there is a solution for practical oriented method.

Example: Given

01 03 01
_|o 02 02
0 0 03

And last demand are F,, F,, F, then find out the level of output?

And last demand is F,, F, and F,. With the regularity of the model, find out the level of output. What
would be the level of output if F, =20, F, =0 and F,= 100?

X1 F
Solution: =Xy :(I—A)_1 13
X3 B

(09 -03 -01
0 08 -02

Now (I-A) =
o 0 07
Thus co-divisive is
08 02|
Au=lo o7 |77
0 -02|_,
Ap=Tlo 07|
0 08|
A= "Tlo 0o |~
03 01| o
An=" 0 07T
09 -01|_
Ap o 07|
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Note 0.9 03
Ap= "~ 0 0 ‘ =
03 -01|_ .
An= | 08 —02|
09 o]
Ap="| o —02|7"
09 03|
A33 = 0 0.8 =0.72

Therefore the value of table is 0.9 x 0.56 = 0.504

056 021 014

AVl —| 0 0.63 0.18
Therefore, (I-4) 0.504
0 0.72

111 042 028
0 1.25 0.36
0 0 1.43

X, [111 042 028][F
X, 0 125 036|F
X5 0 0 143||F

X, | [111F + 0425 + 0285
X, 0 + 1255 + 036F
X5 0 + 0 + 1435

From the given value of F, F, and F,, we get
X, = 1.11F, + 0.42F, + 0.28F,
=111x20+0+0.28 x 100
=50.2
X, =1.25F, + 0.36F,
0+0.36 x 100 = 36 or
X, = 1.43F, = 143.

ig

Notes  This is worth notable that if technical matrix is highly triangular, if all elements of
main diagonal is zero or near to zero, then (I - A)™ matrix would be triangular. In this
condition X, output will be totally dependent on the last demand of sector 3 and X, will be
dependent on the last demand of sector 2 and sector 3.
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Example: In the above example, if final demands change by 10, 10, 10 then what will be the change Note
in sector output?
We have X=(1I-A)"1F

AX = (I- A1 AF

Where AX and AF are the conveyor of change in output and last demand, therefore

111 042 0.28]10
0 1.25 0.36(10
0 0 14310

AX =

AX,=111x10+0.42x 28 x 10 =18.1
AX,=0+1.25%10+0.36 x 10 =16.1
AX, =143

Self Assessment

1. Fill in the blanks:
1. Sometime solution of in-out matrix comes to ....................
2. If our out-result come to negative, it means that we are using ............. more than out.

3. Table of matrix should always be .............

25.3 Summary

® Sometime solution of in-out matrix comes to negative. If our out-result come to negative, it
means that we are using in more than out, which is an unrealistic situation. Thus we can say
that the system is not viable.

® Our primary equation is X = (I - A)'F, then (I - A) can be written in following way

(I-a11)  -ap —a,.3 an
—ay  (I-ap)  —ax A2
—ag —az (1-az3) a3,
—n —an2 —Ay3 (1-a,,)

254 Keywords

® Condition: Constraints

25.5 Review Questions

1. Find out output, when following technical multiplication (A) and last demand is given

05 03 02 100
03 01 04| F=| 50
01 03 03], 60
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Note 2. With the help of following table calculate technical multiplication
1 Purchase area| Agriculture | Industries | Last Demand | Total production
%
Production area
(1) Agriculture 500 1000 200 1700
(2) Industries 700 1500 600 2800

Answers: Self Assessment

1. Negative 2. Input 3. Positive

25.6 Further Readings

N

Books Mathematics for Economist — Yamane, Prentice Hall Publication.

Mathematics for Economics - Council for Economic Education.
Mathematics for Economist - Carl P Simone, Lawrence Bloom.
Mathematics for Economist - Malcom, Nicolas, U C London.

Mathematical Economy - Michael Harrison, Patrick Walderan.
Mathematics for Economics and Finance - Martin Norman.

Mathematics for Economist - Mehta and Madnani, Sultan Chand and Sons.
Mathematics for Economist - Simone and Bloom, Viva Publication.

Essential Mathematics for Economics - Nutt Sedester, Peter Hawmond, Prentice
Hall Publication.
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Unit 26: Closed Economy: Input-Output Model

CONTENTS

Objectives

Introduction

26.1 Prime Elements of Input- Output Analysis
26.2 Closed Input- Output Model

26.3 Summary

264 Keywords

26.5 Review Questions

26.6 Further Readings

Objectives

After reading this unit, students will be able to :
o Know the Prime Elements of Input-output Analysis.

e Understand closed Input-Output Model.

Introduction

Meaning of the word input is Producer's demand of material for production. Similarly, meaning of
the word output is associated with the result of productivity. By the word cost is meant that material
which the producer purchases for production whereas by the word output is meant that which the
producer sells. Hence for any firm, input is cost and output is receivable.

Input-Output analysis was searched by W.W. Leontief in 1951. This analysis studies that on a given
technique, how much production should be done in various areas which is completely taken for use
in form of consumption by consumers and industries and here the level of satisfaction is the maximum.

26.1 Prime Elements of Input- Output Analysis

1. This analysis is applicable in balanced economy.
2. This analysis studies production activities and problems related to technique.
3. This analysis is based on universal searches.

Input Output Model:

For making its technique clear, two types of equations are used:

(A) Comparative equation: this equation clarifies that complete production of any industry is
either consumed by itself or is consumed by other industries and outside areas. Assumed that
number of other industries from other areas is n and industry is I, whose total production is
x, then following comparative equation will be there:

Xp =X+ Xp+ Xp+ .+ X, +F
Xy =Xy +Xp+ Xyt ..+ X, +F,
X=Xy + Xp+ X+ + X, +F,

here F = Demand of outside area.
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Note

(B) Structural Equation: for construction of this equation, support of technical co-efficient is
taken. Assumed that i and j are two industries:

Technical co-efficient of industry i in industry j is

j= Quantity of consumption of product of industry 7 in industry j

Total production of industry i
i.e a,= ﬁ
or Xy = a; % X; o (A)

Here, a, is technical coefficient

The above give equation (A) is called structural equation. Now on converting comparative equation
to structural equation:

X
X

Xy taX,taXa+ ... +a,X,tF

1 = all in“*n
5 = Ay Xy X, taXat o +a, X +F,

X, =a,X ta,X,*a X, +.... +a X +F
On writing in tabular form:
%, [R]
a a a .oooa
X1 1 12 13 n X, F
X5 Ay Ayp dp3 ... Apy |
X3 +
- Xi| | F
X; a1 4 43 e iy .
X a a a ..oa
n nl n2 n3 nn Xn Fn
or X=AX+F (1)

It is the general equation of input-output model.

26.2 Closed Input- Output Model

If demand of outside area i.e. F, works like internal area, then that model is called closed input-
output model. Just like final consumption area, supplies labour to other industries then it works
like an industry. In this state, number of industries will be n + 1, if outside areas are represented by
X, then

0 4

X = g0 Xyt g, Xy tagX,+ ... +a,,X,

Xy = ap Xyt ap Xy ta Xt +a, X,

Xn = anOXO + anlxl + anZXZ o + aszn
or X=AX
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or X-AX=0 Note
or [I-A]X =0, here I= identity Matrix

For example, consumption function analysis (closed model) assumed that two industries and a final
demand is given:

- 1 2 Final Demand
0.1 0.3 F,
2 0 0.2 F,
Labour (L) 0.9 0.5 -
Now assumed that final demand is also operating like an industry
F,=05y+C
F,=03y+ C,

Here 0.5 and 0.3 MPC or C; and C, constant.

11

Then coefficient k= 7" (05+03) 02

Then new input-output model;
X,= 01X, +03X,+05y + G
X,= 0.0X, +0.2X,+ 03y + C,
And labour rate is given to be 0.9 and 0.5 then .9x, + 0.5x, =y
Then, X,(1-01)-03X,-05y=C,
-0.0X, + X,(1-0.2)-03y = C,
0.9X, +0.5X, +y =0

Then in tabular form:

X, | [oes 055 049 ¢

X, | _ ———(027 045 027G,
= 0144

y 072 072 072]| 0

Xq 451 382 334] |G
X, 187 312 187|=|C,

Or =

y 5.0 5.0 5.0 0
Then balanced income y=5XC; +5XC, =5(C; - Cy). Ans.
26.3 Summary

® Meaning of the word input is Producer's demand of material for production. Similarly,
meaning of the word output is associated with the result of productivity. By the word cost is
meant that material which the producer purchases for production whereas by the word
output is meant that which the producer sells. Hence for any firm, input is cost and output is
receivable.

LOVELY PROFESSIONAL UNIVERSITY 335



Mathematics for Economists

Note 26.4 Keywords

®  Input: Material for production for any firm

26.5 Review Questions

1. Clarify the closed input-output model.

2. What will be the effect on production in increase of its cost?

26.6 Further Readings
Books Mathematics for Economist - Yamane - Prentice Hall, India.

Mathematics for Economics - Council for Economic Education.
Mathematics for Economics - Malcolm, Nicholas, U.C. London.
Mathematics for Economics - Karl P. Simone, Lawrence Bloom.
Mathematical Economics - Micheal Harrison, Patrick Waldaron.
Mathematics for Economist - Mehta and Madnani- Sultan Chand and Sons.
Mathematics for Economics and Finance - Martin Norman .

Mathematics for Economist - Simone and Bloom - Viva Publication.

Essential Mathematics for Economics - Nut Sedester, Peter Hamond, Prentice
Hall Publication.
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27.3 Application to the Theory of the Firm
274 Limitations of Linear Programming
27.5 Summary

27.6 Keyword

27.7 Review Questions

27.8 Further Readings

Objectives

After reading this unit, students will be able to :

e Obtain Knowledge related to Meaning of Linear Programming, its Conditions and
Generalisation.

e Obtain Knowledge of Application of Firm Theory.

e Know the Limitations of Linear Programming,.

Introduction

Linear programming is a mathematical method which mathematician George Dantzig had
developed in 1947 for making the plan of various activities of American air force related to the
problem of providing supplies to the army. It was also developed for use in economic theory of
firm, administrative economics, inter-state trade, general balance analysis, welfare economics and
development planning. In this unit, linear programming relating to firm is being described.

271 Meaning of Linear Programming

Problems of maximisation and minimisation are also called problems of optimisation. The techniques
that are adopted by the economists for solving these problems, they are known as linear
programming. With some constraints remaining in form of linear inequalities, it is a mathematical
technique for analysis of optimum decisions. In mathematical language, it is applicable on all those
problems in which, despite of arrangements of linear inequalities expressed in form of some variable;
there is need for solution of maximisation and minimisation. If two variables x and y are functions
of z, then value of z will be maximum when value of z is less than any movement done from that
point. Value of z is minimum when value of z is more than any movement. When there is change in
per unit cost and price along with the size of output then problem is not linear and if there is no
change in it with the output, then the problem is linear. In this way programming may be defined
like this that it is that method which is optimum combination for sources of production of given
output or is produced from the given plant and machinery decides the optimum combination of
goods. It is also used for deciding technical diversity.
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Note

27.2 Conditions and Generalisation

Use of linear programming technique depends upon some conditions and generalisation.

First, a definite objective is there. This objective may be to maximise profit or income or to minimise
costs. Itis called objective function or tenterion function. If one quantity is maximised, its negative
quantity is minimised. Dual of each maximization problem is minimisation problem. Original
problem is primal, which always has a dual. If primal problem is related to maximisation, then dual
problem will be minimisation and vice-versa.

Second, alternative production process must be there for fulfilling the objective. Thought of process
or activity is very important in linear programming. Process, “is a specific method of doing any
economic work” it is “a physical activity of some kind like, consuming something, collecting
something, purchasing something, throwing away something and producing something in a special

”

way.

—T]

Notes  Linear Programming technique helps the agency taking the decision in the thing that
for fulfilling the objective, they may select the most efficient and economical process.

Third, some constraints or restraints of the problem are also important. It is the limitations or
barriers related to the problem which tell that what cannot be done and doing what is important.
These are also known as inequalities. In production they are often given quantities of land, labour
and capital, which are used in most efficient process for fulfilling a definite objective.

Fourth, choice variables are also there. These are those institutions which are selected so that the
objective function may be made maximum or minimum and all restraints may be satisfied.

Last, feasible and optimum solutions are there. on income of the consumer and price of good being
given, all possible combination of goods, which he may purchase from feasibility, will be feasible
solution. For consumer feasible solution of two goods is all those combinations which are located
on the budget line or to its left while on isocost line they are either located on it or to its right.

In other words we may say that feasible solution is that, which satisfies all restraints. Best from all
feasible solutions is the optimum solution. If a feasible solution makes the objective function
maximum or minimum, then it is optimum solution. Best available method for searching optimum
solution from all possible solutions is simplex method. This process famous by the name simplex
method is extremely mathematical and technical. Main objective of linear programming is to find
optimum solutions and studying its specialities.

g

Task ~ What is Linear Programming?

27.3 Application to the Theory of the Firm

Till the neo classic theory of firm, did the analysis of the problem of decision maker, taking one or
two variable at time. It was related to one production process at a time. In linear programming,
production function goes beyond these limited areas of economic theory. It thinks over various
capacities and restrictions that are created in the production process. It select between various
complex production process for doing the maximisation of profits and minimisation of costs.

Assumptions: linear programming analysis of the firm is based on the following assumption:

i. Institutions taking decision have to face some constraints or restrictions. It may happen that
there is borrowing, raw material or space constraint on its activities. Type of constraint
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actually depends on the nature of the problem. Mostly they are constant sources of production Note
process.

ii. It moves assuming number of optional production process to be limited.

iii. One assumption of it is there are linear relations among different variables which mean that
under a process there is stable proportionality between input-output.

iv. Prices of inputs and coefficients are given and stable. They are known definitely.

v. Concept of additivity is also stable in the core of linear programming which means that total
resources used by all firms will be equal to the sum resources used by each personal firm.

vi. Linear programming techniques also consider continuity and divisibility in goods and
resources.

vii. Institutional resources considered as stable.

viii. For programming a definite duration is assumed. For convenience and more accurate results
duration is generally small though possibility of comparatively longer duration is not ended.

On these assumptions being given application of linear programming for theory of the firm is done
for solution to three problems:

(1) Maximisation of Output: We assume that
a firm is made to produce a good Z with
the use of input X and Y. Its objective is to
maximise the production. It has two
optional production processes C (Capital
intensive) and L (Labour intensive).
Restraint, cost-expense is line MP. As has
been shown in figure 27.1. Rest all
assumptions  related to linear
programming technique (as told above) are
applicable. The problem is being described
in language of figure 27.1.

»
Lt
e

o m e ————— ]

w&@d‘:zﬂm

Input of Y per period

L 5]

=]
‘

i

i

i

I

I

I

|
w

Units of cost (resources) per period have | i P
been measured on vertical Y axis and units 1 2 3 4 5P6 7 8
of input X per period have been shown on Input of X per Period

the horizontal axis. If process C needs 2
units of Y with each unit of input X, then it
will produce 50 units of good Z. If by
doubling the inflow of X and Y units of X and units of Y are made 4, then outflow will also be
doubled to 100 units of Z. these combinations of X and Y expressed by a and b establish
production parameter scale capital intensive process line OC. At the other side original unit
of goods X (50) may be produced through process L with the combination of one unit of X and
Y and 100 units of Z may be produced by doubling X and Y with 2 units of X and 6 units of Y.
these production parameters are established on line OL of labour intensive process which are
expressed by combinations c and d of the prices. If at unit level of 50, points a and c are joined
on linear rays OC and OL, they make isoquant (which is shown by dotted line). t in isoquant
according to production level of 100 units is bds. Isocost MP represents cost-expenditure
restraint and determines a limit of production capacity of the firm. Inside the area expressed
by the triangle obd, firm may produce from any of the two available techniques C and L. firm
will not be able to produce outside the “area of these feasible solutions.” Optimum solution
maximising the production of the firm will be at the point where isocost curve touches the
isoquant curve of maximum production. In the figure above isocost curve MP touches the
isoquant I- bds at point b of process ray OC. It shows that firm, using 4 units of input Y and 2
units if input X, will use the capital intensive technique and produce 100 units of good Z.

o

Figure 27.1
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(2) Maximisation of Revenue: Take the other firm

whose objective function is to maximise its
revenue with restraints of limited capacity
remaining. Consider that planning produces two
goods X and Y. It has four departments in which
capacity of each is fixed. Consider that these
four departments are associated with making,
compilation, polishing and packing which we
name A, B, C; D. problem has been shown in 0 AD F o

figure 27.2 Quantity of X

With restraints A, B,'C, D .rer'naining, X anc.1 Y Figure 27.2

are produced. Restraint A limits the production

of good X to OA. Restraint B limits the production of good Y to OB. Restraint C limits
production of both goods, X and Y to OC, and OC respectively whereas; restraint D limits
their production to OD, and OD respectively. Area OATSRB expresses all those combinations
of X and Y which may be produced without violating any constraint. It is the area of feasible
production inside which X and Y may be produced but there is no possibility of production
of any combination on any point outside this area.

Quantity of Y

v

Optimum solution may be looked for inside the feasible area by taking isoprofit line. Isoprofit
line expresses all those combinations of X and Y which provide equal profit to the firm.
Optimum solution is located on point S of highest isoprofit line EF inside the polygon
OATSRB. Any point other than S will be situated outside the feasible production area.

(38) Minimisation of Cost: Food problem was first economic problem whose solution through

linear programming was done through minimisation of cost. Consider that a consumer buys
bread and butter at market price. Problem is that from various quantities of both foods cost
of receiving total nutrients is made minimum.

Dotted linear solution of food problem is shown in X4
figure 27.3. Bread (x,) and butter (x,) have been both
measured respectively on both axis. Line AB
expresses combination of less bread and more butter
and line CD expresses combination of more bread
and less butter. Feasible solution is located on deep
line AZD or above it. Optimum solution is on point
Z, where isocost line (dotted) RK is there which
passes through the intersection point of AB and CD.
If bread is expensive, possible solution may be on A
and if butter is comparatively expensive, it can be on
D. but in this problem, this solution will be on Z Figure 27.3
because here only cost is minimised.

Quantity of Butter

LY
0 B K D X,
Quantity of Bread

Self Assessment

1. Fill in the blanks:

1.

Linear programming was developed in ............cccccc..... .
........................ was the father of linear programming.

Problems of maximisation and minimisation are also known as problems of ..................... .

Optimum solution may be looked for inside the feasible area by taking ........................ line.

Food problem was first economic problem whose solution through .......................
programming was done through minimisation of cost.

LOVELY PROFESSIONAL UNIVERSITY



Unit 27: Linear Programming

27.4 Limitations of Linear Programming Note

Linear programming proved to be a very profitable resource in economics. But it has its own
limitations. In reality, because of many restraints, actual problems cannot be solved through linear
programming. First, it is not easy to define a specific objective function. Secondly, even if a specific
objective function is defined, knowing various social, institutional financial and other constraints
popular in the path of the view of the objective is not an easy task. Thirdly, on a set of specific
objectives and constraints being given, it is important that constraints may not be expressed directly
in form of linear inequalities. Fourthly, even if described problems are worth crossing over also,
main problem is of estimation in relation to various constant coefficients, which enter a linear
programming problem like prices. Fifth, Main shortcoming of this technique is it is based on
establishment of linear relation between inputs and outputs which means that relations of sum,
multiplication and divisibility of found between various inputs and outputs. But these relations are
not in each linear programming problem because in many problems non-linear relations are found.
Sixth, technical goods and resources are based on assumption of free competition in the market. But
in state of free competition is not found. Seventh, linear programming moves with the assumption
of consideration in the economy, but in reality consideration are either decreasing or increasing.
Lastly, it is a very complex mathematical and complex technique. Solution of a problem with linear
programming expects maximisation and minimisation of a clear designated variable. Solution of
this linear programming problem may also be found through complex methods like Simplex
Method, in which many mathematical enumerations have to be done. For it special computational
technique like electric computer of desk calculator is needed. Such calculators are not only expensive,
but for operating them, specialists are also needed.

l?

Did u know?  Linear Programming model mostly presents trial and error solutions. Searching
optimum solution of various economic problems in reality is difficult.

27.5 Summary

® Linear programming is a mathematical method which mathematician George Dantzig had
developed in 1947 for making the plan of various activities of American air force related to
the problem of providing supplies to the army. It was also developed for use in economic
theory of firm, administrative economics, inter-state trade, general balance analysis, welfare
economics and development planning.

® Problems of maximisation and minimisation are also called problems of optimisation. The
techniques that are adopted by the economists for solving these problems, they are known as
linear programming.

27.6 Keywords

Optimise: As per requiement

Primal: Main, chief

27.7 Review Questions

What is linear programming? Describe its conditions.
On which assumptions is linear programming analysis of firm based upon?

Describe maximisation of production.
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Note Answers: Self Assessment
1. 1947 2. George Dantzig 3. Optimisation
4. Isoprofit 5. Linear

27.8 Further Readings

N

Books Mathematics for Economics - Malcolm, Nicholas, U.C. London.

Mathematics for Economics - Karl P. Simone, Lawrence Bloom.
Mathematics for Economics - Council for Economic Education.
Mathematics for Economist - Simone and Bloom - Viva Publication.

Essential Mathematics for Economics - Nut Sedester, Peter Hamond, Prentice
Hall Publication.

Mathematical Economics - Micheal Harrison, Patrick Waldaron.
Mathematics for Economics and Finance - Martin Norman.

Mathematics for Economist - Mehta and Madnani - Sultan Chand and Sons.
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Objectives

After reading this unit, students will be able to :

e Know Linear Programming Formulation

Introduction

Technique adopted by economists for solving the problems of maximisation and minimisation is
called Linear Programming. It is a mathematical method. It was developed by a mathematician
George Denzing in 1947.

Technique of knowing maximum or minimum value of any problem, on constraints being given, is
known as Linear Programming Formulation. Here one is objective functional while the other is
given with condition.

28.1 Linear Programming Formulation

Steps of Linear Programming Formulation may be understood through example. As we know that
LPP (Linear Programming Problem) has three parts:

1. Objective Function: which we maximise or minimise
2. Structural constraint
3. Non- Negative Constraint
For e.g., Assumed that two things are X and Y whose price are X 2 and ¥ 5, objective function

Max : f= 2x + 5y (A)
And structural constraint:
X+4y<24
3X+y<21 (B)
X+y<9
And non-negetive constraint:
X20 ©)
And, y>0

In the above problem, equation A represents objective function whose objective is to maximise and
minimise the problem. While equation B shows that how much production of x and y is possible by
combinations of different resources of production. It means it shows the constraint of resources of
production and equation. C shows non-negetive constraint. Above process is known as Formulation
of Linear Programming,.
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Note

Example: Convert the below given problem in form of Linear Programming

Vitamin (Type) Vitamin in Per Kg food item Minimum daily
I II vitamin requirement
A 10 4 20
A 5 5 20
A, 52 6 12
Per Kg Price of Food Item 0.60 1.00

Solution:

Constraint

Minf= 0.6 x, + x,
x,=0.6x +x,

10x, +4x,>20

5x, +5x,2>20
2x, +6x,>12

344

And,
Non-negative constraint

28.2 Summary

x, 20
x,20

® Technique adopted by economists for solving the problems of maximisation and
minimisation is called Linear Programming. It is a mathematical method. It was developed

by a mathematician George Denzing in 1947.

28.3 Keywords

® Linear Programming: Economical method for solving the problem associated with

maximisation and m

inimisation.

28.4 Review Questions

Convert the below given table in linear programming:

Calcium (Type) Calcium in Per Kg food item Minimum daily
I II calcium requirement
Z, 20 8 40
Z, 10 5 40
Z, 4 6 24
Per Kg Price of Food Item 1.20 %2.00
28.5 Further Readings
Books Mathematics for Economics - Council for Economic Education.

Mathematics for Economics - Karl P. Simone, Lawrence Bloom.

Mathematical Economics - Michael Harrison, Patrick Waldran.

Mathematics for Economics - Malcolm, Nicholas, U.C. London.

Essential Mathematics for Economics - Nut Sedester, Peter Hamond, Prentice
Hall Publication.

Mathematics for Economics and Finance - Martin Norman.
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Objectives

After reading this unit, students will be able to :
e Know the Graphic Solution of Economic Problems.

e Understand the Minimisation of Cost.

Introduction

Take a firm which at given prices ¥ 12 and ¥ 15 respectively produce two goods X and Y per unit. For
producing goods X firm need 12 units of input A, 6 units of input B and 14 units of input C. but for
goods Y, 4 units of input A, 12 unit of input B, and 12 units of input C. Total available units of input
A are 48, of B is 7 and of C is 84 units. Input-output data of this linear programming problem has
been shown in table 29.1.

I Table 29.1: Input-Output Data I

Input Number of units for producing goods | Units of total receivable costs
Goods X Goods Y
A 12 4 48
B 66 12 72
C 14 12 84
Cost Per unit 12 15 -

Each Linear Programming problem has three parts. They are of the following type of the above
given problem:

(i) Objective Function: Objective function tells this that if two goods X and Y bring ¥ 12 and I 15
per unit cost then how much quantity of these goods be produced so the firm may acquire
maximum cost or income. It may be written like this:

Maximise R = 12 X +15Y

(i) The Constraints: The above table may now be converted in form of equations which express
the constraints under which a firm works. These are called structural constraints.

Let us first take input A. Maximum available quantity of input A is 48 units. But quantity of
both goods X and Y cannot be more than 48 units. Mathematically, because 12X + 4Y units
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cannot be more than 48, that is why constraint of input A will be 12X + 4Y < 48. Through
similar logic, inequalities of constraints of inputs B and C may be written. Hence there are
three structural constraints of our problem:

12X +4Y <48
6X+12Y <72
14X +12Y <84

(1)
-(2)
-(3)

(iii) Non Negative Constraint: In Linear Programming problem, non-negative constraints are

also there which are dependent on this assumption that in solution to the problem, many
variables cannot have negative values. It means that production of goods X and Y may be
zero or positive but it cannot be negative. Hence non negative constraint of our problem is X

>0and Y>0.

29.1 The Graphic Solution of the Problem

For graphic solution, let us write the above describes problem again:

Maximise R=12X+15Y

Subject to (i) 12X +4Y <48 (1)
6X+12Y<72 (2)
14X +12Y <84 .(3)
X20,Y>0

(ii) For expressing each inequality through a graph, we will leave inequality sign (<) in each
equation and take = sign. Hence equation (1) will be written as follows:

12X +4Y = 48.
Or X =4 (when Y =0)

Similarly assuming that from all 48 units only goods Y is produced:

0+4Y =48
Or Y =12 (when X = 0)

Equation 12X + 4Y=48 has been shown by line AB in
figure 29.1, where OA =Y and OB =4X. Any point of
line AB, like T, satisfies equation 12X + 4Y= 48 because
area below and towards the left of this line AB satisfies
the inequality equation 12X + 4Y < 48.

Similarly on solving 6X +12Y =72: X=12and Y =6
are obtained. Which have been indicated by line CD
in figure 29.1 where OC = 6Y and OD = 12X and on
solving equation 14X +12Y =84 we find, X =6, Y =7
which has been shown in figure 29.1 through line
EF, where OE = 7Y and OF = 6X.

Feasible Region: Figure 29.1 shows that in shaded
region all points that are surrounded by the three
intersecting lines will satisfy each of the three
inequalities. At point S line EF intersects line CD
and at point T line CD intersects Line AB. In this way
area OBTSC which is situated below the points

C

Units of Y

12

12x + 4y = 48

1‘.(1,.?‘ 6x+ 12y =172

SN 12,

)

\“.:-8?

RN \6

B F
Units of X

Figure 29.1

intersecting these three line, S and T at the left side, satisfies the inequalities of all the three equations.
This shaded region is called feasible area of production and each point which is inside it or on its
boundary expresses feasible solution of the problem.
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Optimum Solution: which point various points B, T, S, and C which express feasible solution is Note
optimum point which will maximise the cost of the firm? How can this point be known through
algebra?

Through equations (1) and (2) we know the co-ordinates of point B and C according to which OB =4X
and OC = 6Y. For determining the coordinates of point T, let us take equations (1) and (2) in form of
simultaneous equation (Because lines AB and EF intersect at point T) and solve them:

12X +4Y =48 (1)
14X +12Y =84 -(3)
Multiplying equation (1) with 3 and subtracting equation (3) from it:
36X +12Y =144
14X +12Y =84
22X =60
X=273
Applying the value of X =2.73 in equation 1,
12x273 +4Y =48
32.76+4Y =48
4Y =48 -32.76
Or 4Y =1524
Y =381

Hence, coordinates of point T are X = 2.73 and Y = 3.81. Similarly on solving equations (3) and (2),
coordinates of Point S are, X=1.5 and Y= 5.25.

For searching the optimum combination of X and Y, let us substitute prices of X and Y (X 12 and X 15
respectively) in values of points of these co-ordinates which have been calculated above. At point B,
X =4 and Y = 0. Substituting them in objective function f=12X + 15Y:

(R 12) (4) + R 15) (0) =T 48 ..(4)
Atpoint T, X =2.73 and Y = 3.81, let us obtain in the same way:
12) (2.73) + (X 15) (3.81) = ¥ 89-91 .(5)
At point S, X =1.5 and Y = 5.25, we obtain,
®12) (1.5) + R 15) (5.25) = 96.75 ...(6)
AtpointC, X =0, Y =6:
12) (0) + X 15) (6) =% 90 (7)
14X +12Y =84
6X+12Y =72
(Primal Problem) (Dual Problem)
Maximise Revenue R=12X+15Y Minimise Cost C=48A+72B +84C
Object to 12X +4Y <48 Subject to 12A +6B+14C>12
6X+12Y <72 4A +12B +12C>15
14X +12Y <84 A>0,B>0,C>0
X>0,Y>0.

Students solve this dual problem themselves like the solution for the food problem.

29.2 Minimisation of Cost- Solution of the Food Problem

Food problem was the first economic problem whose solution through linear programming was
done through cost equation. Consider that consumer buys bread and butter at market price. Problem
is that from various quantities of both goods cost of receiving their net material is made minimum.
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Table 29.2: Data of Food problem
Nutrition element Nutrient Material per unit Minimum ideal
Bread X, Butter X,
Calorie (1000) 1 2
Protein (25 g) 2 8
Cost (R Per unit) 2 6 (?)

Consider that X, and X, express Bread and butter respectively of which amount of Calories and
grams of proteins is given in table 29.2. Nutrition material of bread per half kilogram is 1000 calorie
and quantity of protein is 50 g and of butter is 2000 calories and 200 g protein is per half kilogram.
In ideal diet, per day 3000 calories and 200 g protein is needed. Market price of 500 g bread is ¥ 2 and
price of per 500 g butter is X 6.

Problem is that according to minimum diet ideal given in the last column of the above table what
will be the best diet and what will be the minimum cost expressed by (?).

Total cost of the food

Minimise
C=2x1 =6x,
X1+ 23(2 >3
Subject to 2x1 +8xy =8 (1)

x120,x% 20

And the cost being minimised is C, which
is the linear function of both variables x, -
and x,. Side relations 3 and 8 are
inequalities which express the minimum
ideal food diet obtained by the given food.
Problem is linear because despite of linear
inequalities, non- variable are to be
minimised. Out of the three, solution to
any two situations may be obtained. For
e.g. with one side relation remaining, cost
C can be minimised: x,+ 2x,= 3 on solving
it, x,=3 and x,=3/2=1.5. In figure 29.2, it
has been expressed through line AB

Quantity of Butter

Quantity of Bread
where OA=1.5x, and OB =3x, Figure 29.2

Second side relation is 2x, + 8x, = 8 and on solving it, x, = 4 and x, = lare obtained. It
has been drawn through line CD in figure 29.2, which satisfies this equation where OC = 1x, 0D = 4x,.

Hence in the figure, x,, (Bread) has been measured on horizontal axis and x,, (butter) has been
measured on vertical axis. Line AB expresses equation x, + 2x, =3

And line CD expresses equation 2x, + 8x, = 8. Feasible solution will be on thick line AZD or above
it. In our problem, it happen on point Z where both lines AB and CD intersect.

x, +2x,=3 (1)
2x, +8x,= 8 (2

To find out that feasible solution is on Z itself or on points A or B, we will solve both equations of
the problem in form of simultaneous equation:

LOVELY PROFESSIONAL UNIVERSITY



Unit 29: Graphic Method

Example: Assumed that a producer wants to maximise its revenue under given constraints. Note
Considered that a firm wants to produce two products X, andX, and for it three resources a, b, and
c of the following type are given:

a=40,b=50,c=42

We also assumed that for producing one unit of X, it will need each resource of following type-
a=4,b=10,c=6

Similarly we also assumed that for producing unit of X, it will need each resource in following way:
a=10,b=5,¢c=7

We also assumed that per unit cost of X, and X,is ¥ 5 and X 7 respectively. In this way that producer
will like to maximise his total revenue from the given resources. Mathematically,

Max TR = 5X, +7X,=Z

Constraints on the firm have been given and firm will not use more than those resources.

4X,+10X,<40 ...(1)
10X, + 5X, <50 (i)
6X,+7X,<42 (1)
Here, Xl, X2 <0

These constraints of the firm may be shown in the following manner:

First constraint tells this that resource ‘a” which has been brought in production of X, and X, it
cannot be more than “total supply” of resource “a’. This resource can be less than or equal to supply,
not more. Similar will be in relation to other constraints. Here we will show a linear object with the
help of graph:

First we will take out the coordinates of X, and X, for which we will remove inequalities of
constraint equations and in this way we will obtain coordinates of all the three techniques. These
techniques will express feasible solution of object problem. In the figure, on axis X, product X, and
on Y axis Product X, has been measured. Here with the help of coordinates of constraints adopted by
the firm has been marked in form of an easy line through graph. Z is objective function.

Considered that producer brings a and b

constraints in use then area OMAG will be 3

obtained as feasible area for the firm. If firm use 10

‘a” and ‘¢’ constraints then the possible area will 7. b-constraint

be OATK. Similarly if firm brings constraints b e (10X, + 5X, = 50)

and c in use then area ONLG will be obtained. w3 7,

If he takes all the three constraints a, b and ¢ “‘g 6 . b-constraint

together in use, then he will obtain feasible area B 3 & (6K, + TX, = 42)

equal to OAMG. Feasible solution of firm will & 3 )

be under this area only. a—;{onstr a;:,t 5
4X, + 10X, =4

If producer will want to search the feasible Z, Py 2 )

solution of product X, and X, in area OAMG

(which has been shown by shaded area in the 10 <

figure), it will not be correct because he must 0] 5 7 =

make maximum use of each technique. Hence Product X,

feasible solution area will be on the boundary Figure 29.3

of area OAMG.

Now the question arises that, if he takes the objective function at the boundary of feasible area then
for obtaining optimum solution of X, and X, firm should get only one point which will give only
one solution of X, and X,. For this, it will have to search corner solution. Hence in such situation,
firm will change the objective function Z, equally. That point of the corner of feasible solution
which the feasible solution touches, it will be an optimum solution of X, and X,. Here in figure 29.3,
at point M, optimum solution of X, and X, will be obtained.
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Self Assessment

1. Multiple Choice Questions:

1. In which field linear programming has proved very useful?
(@) In Economics (b)  InScience
() In Mathematics (d) In Politics

2. Real problems cannot be solved through which technique due to many constraints?
(a) Differentiation (b) Linear Programming
(¢) Integration (d) None of these

3. Which problem was the first economic problem whose solution through linear programming
was done through cost equation?

(@) Money (b) Residence
(¢) Food (d) Water
29.3 Summary

e  Till Neo-classic theory of the firm in time, taking one or two variable did the analysis of the
problem of decision making.

e Food problem was the first economic problem whose solution through linear programming
was done through cost equation.

e Linear programming proved to a very profitable resource in economics, but it had its own
limitations. In reality, because of many constraints real problems cannot be solved through
linear programming technique.

294 Keywords
Optimise: Required
Primal: Main

29.5 Review Questions

1. Interpret the minimisation of cost.

2. Write down the limitations of linear Programming.

3. Present the minimisation of cost: Solution of the food problem.

Answers: Self Assessment

1.

29.6

(@) 2. (b) 3. ()

Further Readings

N

Books Mathematics for Economist - Yamane- Prentice Hall, India.

Mathematical Economics - Micheal Harrison, Patrick Waldaron.
Mathematics for Economics - Council for Economic Education.
Mathematics for Economist - Simone and Bloom- Viva Publication.

Essential Mathematics for Economics - Nut Sedester, Peter Hamond, Prentice Hall
Publication.

Mathematics for Economist - Mehta and Madnani - Sultan Chand and Sons.
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Objectives

After reading this unit, students will be able to :
e Understand clearly Simplex Method.
e Understand the Steps of Method.

Introduction

Because of more numbers of inequations in linear programming method, Graphical method becomes
more complicated. This method can be used for two, three or more inequations. Therefore because
of large number of equations another mathematical method is used for a paired equation which is
called Simplex Method.

30.1 Simplex Method

Suppose following is an Objective function which is to be maximized (or minimized)-

Z =yt oXyt +cx ..(3)
Here the values of all constants (C) are known.
Here we also supposed that m is a linear inequation in which there are n variables in each equation.
Thus Constraints are the following -

ag+a,+..a,x {<=2}b,i=1,2..... ,m (30.1)

—T]

Notes  Here one and only one sign (< = >) will be for each constraint. Value of variable will
always be positive, i.e. x,>20,j=1,2 ... n.

Each group of x;, which satisfies constraints will be called a solution. Any solution which satisfies
Non-negativity restrictions will be called a feasible solution. In the same way any feasible solution
which minimizes or Maximizes Objective Function Z will be called Optimal Feasible Solution.

Here we will try to find out the Optimal Feasible Solution of an Objective function within the given
constraints. To find the Optimal Feasible Solution firstly we will find all the feasible Solutions, after
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that we will find one feasible solution which satisfies maximum (or minimum) of Objective function,
that will be our Optimal Feasible Solution.

Like the number of variables will increase the same way number of Feasible solutions will also
increase. If there are 6 variables in our problem then number of feasible solutions will be

1613113 =20, where there were 3 yugmpad equations and three unknown values.

g

Task ~ What is Simplex Method?

Equation (i) can be rewritten as -
n
Objective Function chxj (Maximum or Minimum)
j=1
Within the following constraints

n

D =b; .(30.2)
j=1

i=1,2 ... m

j=12... n (Making equations same here)

j=1
Knowledge of Basic Theorems is necessary related to the following problems -

1. If the possible solution of problems of Linear programming is a Vector X = [x,, x,, ... x ],
which satisfies equation 30.1. Vector 4, associated with x, can be defined as -

a; = [’11]"12]' ........ amj.]
2. Quantities b, b, ....... b, are the elements of a column vector which is called requirement
vector. Here
by
by
b= : | and b >0, where 0 is a zero vector.
b
3. Coefficients C, C, ......... C,under Objective function are called the Prices Associated of variables
Xy Xy oo x, and the vector formed from them is called Price Vector represented by C. Thus
C=[cy Cpunn c,]

4. Setof Values of x, x, ...... x, which satisfies Equation 30.1 and the Non-negativity condition,
is called feasible Solution.

5. That Feasible Solution, which optimizes Objective function (30.1), is called Optimal Solution.
That is if feasible solution minimizes Objective function then it is called Minimum Feasible
Solution and if it maximizes Objective function then it is called Maximum Feasible solution.
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6. If feasible solution which does not have positive more then m, then it is called Basic feasible Note
Solution. Therefore if feasible solution is to be converted into Basic feasible Solution then it
is necessary to vanish at least (1 - m) variables.

7. In the Basic feasible Solution if m is positive then it is called Non-degenerate Basic feasible
Solution. Non-Zero variables are called Basic Variables. When at least one Basic Feasible
Solution vanishes then Basic feasible Solution is called degenerate Basic feasible Solution.

8. Solution which does not satisfies constraints Equation (30.1) and the Non-negativity condition
is called Non-feasible solution.

9. If Equation has the sign (<) then the variables used to make changes in its balanced equations,
are called Slack-Variable.

l?

Did u know?  Those variables which are used to change dissimilation into equation, are
called a Surplus Variables. These both types of variables in the combined form
is called a Dummy variable. Whose numbering is equal to the number of
variables in the Objective Function.

30.2 Calculating Steps of Method

1. Slack Variables should be used according to the need for changing dissimilation into equations.

2. Ifneeded Artificial variables should be included. After that write constraints as AX = b, where
b > 0. If any b is negative then make it positive by multiplying its equation by (- 1).

3. Calculate X; by solving Initial Basic Feasible Solution and the value of Z - C, should be
calculated for every column of A.

4. For Authorized Equation every Z - C, >0, then this Iteration is the Optimum Solution. Again
if Z - C; > 0 (for every non-based Variables) then proper solution is Unique otherwise
optional Solution can exists.

5. Entering Vector and departing Vector should be selected.
6. Artificial Vector should be separated.
Example 1: Solve the following by Simplex Method -

Of which Z=2X,-3X,+7X, (1)
Minimum 3X, - 4X,-6X, <2 -(2)
2X, - X,-2X,>11 (3)
X, -3X,-3X,<5 (%)

So that X, X, X320

Solution: First of all Slack and Surplus Variables will be used according to the need for changing
dissimilation into equations. Since there are 3 Equation equations, therefore 3 Slack variables and 3
Surplus Variables will be used. Therefore including X,, X, and X, given problem can be represented
as the following -

2X,-3X,+6X,+0X, +0X,+0X, (5)
When equations are the following -

3X, - 4X, - 6X, + X, + 0X, + 0X, =2 ..(6)

2X, - X, +2X,+0X, - X, +0X, =11 (7)

X, +3X, - 2X, +0X, + 0X, + X, =5 (8)
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For finding the feasible solution data is represented in the following Matrix form -
AX=b

Here A= [al.].] = [Pl.].]

1

3
Or -l2 a4 2 0o a1 olx
5 1

Since the Basis Matrix must be a Unit Matrix but it is not becoming possible from the known facts.
Therefore the inclusion of a New Vector P, is necessary. Therefore Primary basis is P,, P, and P,.
Therefore writing the following table -

Table I
Ci— 2 -3 6 0 0 0 0
(Basis Vector) lc; P, P, P, P, P, P, P, P,
P, 2 3 -4 -6 1 0 0
P, 11 2 -1 2 0 -1 0 1
P, 5 1 3| -2 0 0 1 0
Z; 0 0 0 0 0 0 0 0
Z,-G -2 +3 -6 0 0 0 0

Here the value of Objective Function
2=2,=0

But it is not minimized, since Z]. - Cj > 0 in context to vector P,. Therefore we will use 0 trick to
minimize P,.

P =2P,+11P,+5p, (i)
P,= -4P,+P,-3P, ..(if)
Multiplying eq. (ii) by 6
OP,= -40 P, +5P,=30 P, ...(iii)
Subtracting eq. (iii) from (i)
P =6P,+(2-46)P,+(11-6) P, + (5-36) P, (iv)

1 5
From the three values of 6, —, 11 and 3 0= —

1
> > is the related value. Therefore putting 6 = 2

in eq. (iv)
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1 21 7
PO= EP2+OP4+—2 P7+EP6

1 21 7
=—P=—P+—P
s 2= 5t te (V)

Equation (v) becomes new basis 11 in which P, P, and P, are included. Therefore putting P, in place
of P, can be written in the following table form.

3
Here the value of Objective function Z = Z = - 5

This is the desired value since Z/, - Cj <0

i=12 ... 7
Table II
C;— 2 -3 6 0 0 0 0
(Basis Vector) | IC; P, P, P, P, P, P, P, P,
P 3 . 5 1 ° 0 0 0 0
2 h 2 8 3
21
P, 0 3 5 0 8 0 -3 0 1
P 0 I o 0 L & 0 0
6 2 12 6 4 !
V4 2 2 3| -2 0 0 0 0
j 2 8 h 4
7 _33
Z,-G 3 0 1 0 0 0 0

Example 2: Solve the following Linear Programming equation -
Maximum Z=5X,+4X,
Which X, +2X,<8000
3X; +2X,<9000
From which X, X,>0

Solution: First of all dissimilarities of equations will be removed by the inclusion of Slack Variables.
Now we can show the constraints in the following way -

X, +2X, + 0X, = 8000
3X, +2X, + 0X, = 9000
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Now on the basis of above facts following table will be made -

Table III
Cost 5 4 0 0
Sol.
Cp Solution X, B Y, Y, Y, Y, 0= Y,
0 8000 X, Y, 1 2 1 0 8000
9000
0 9000 X, Y, 3 2 1 0 ——=3000
3
22 -C =26 (¥,-C) -5 -4 0 0

Here firstly we will include row Y,. For this will calculate the value of 0. Value of g can be calculated
by division of the value of Y.

0= 801£=8000

~ 9000

And 0 =3000

After that the row will include the minimum value. Here 1 th row (second row) will be removed by
k th (i.e. 3) vector solution.
In second table, first of all we have to divide k* row with the pivot of second row of first table.

Multiply new row of second table with rest rows of table. Then subtract first row from i row. You
will get the result of i row. Repeat the all steps till you get the value for Z - Cj

Table IV
Cost 5 4 0 0
Cp Solution Xy B Y, Y, Y, Y, 0
0 00 X Y 0 4 1 1 15000
3 3 3 3 4
0 3000 X Y 1 2 0 H 2000
1 1 3 3 2
Z.-C 5-5 10 4 0 5
T - 3 3
o |-z
N -3
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For first row Note
8000 1 2 1 0
3000 1 2 0 1
h 3 2
3 1
5000 0 4 3 on Subtracting

This method will be repeated until then value of Z - C, comes negative. Since B is minimum in the
first row and Z, - C; is negative for Y,. Therefore first row will be deleted from the table. Here the
value of Pivot is 4/3 and when we repeat the method -

Table V
Cost 5 4 0 0
Cy Solution X B Y, Y, Y, Y, ()
4 100 X Y 0 1 3 -1
4 2 2 4 4
5 0 1 -1 L
X, 1 9 6
Z;-C 0 0 1 1
2 6
For second row
3000 1 z 0 &
3 3
2500 1 0 + = L
2 6
on Subtracting
500 0 L -1 1
3 2 6
15000
Since here the value of Z - C; is positive. Column X, = of solution and X, = 500 provides
maximum value.
Now the maximum value of 2 will be found -
4 x15000

2="5X, +4X,= (5 x 500) +

= 2500 + 15000 = 17500
Example 3: Maximize the profit. Z = 4X + 3Y.

7
Of which x+ §y§9

2x+y<8

x+y<6
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Solution: First of all Slack Variables will be used to balance the equation. Slack Variables are s, s,,
s, etc. Multiply these variables by zero, these are added just to balance the equations. Like
Z=4x+3y+o0s =0s,+05,=R

Primary table by Simplex Method

Table VI
C, - 4 3 0 0 0
Y
Profit Qty X y s s, S, Ratio
7
0 5, 9 1 3 1 0 0 9
5, 2 1 0 1 0 4
5, 1 1 0 0 1 6
Z; 0 0 0 0 0
G-Z; 4 3 0 0 0
Key Column T Here Key Factor = 4
Note: Key factor = 4 since the value of this ratio is least.
. 7
Subject to x+§y+s1 + 08, + 08, =9
2x +y+o0s +5s,+0s;, =8
X +y+0s +08, +8, =6
Table VII
G- 4 3 0 0 0
Profit Qty x y s s, S5 Ratio
4 : 0 : 0 8
X 4 1 9 9
1 5
0 5 5 0 3 1 ) 0 3
0 2 0 L 0 -1 4
Sy ) B 1
Z, 16 4 2 0 2
CG-Z; 0 1 0 -2
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Now the value of C].— Z.is either Positive, zero or less. We will continue to make new table until the Note
value of C;- Z, becomes negative or zero.
Table VIII
C - 4 3 0 0 0
{
Profit Qty x y s s, S, Ratio
3 > 0 1 : -1 0
4 3 3 6
4 i 1 0 . T 0
* 6 6 12
7 1 5
0 s, 6 0 0 6 12 0
Z > 4 3 : = 0
i 3 3 6
1 11
C-Z 0 0 3 6 0
In the above table all values of C - Z, are either Negative or equal to Zero.
x=19/6
y=5/3
Therefore 5,=7/6
Working Notes
Table IX
Qty x y S ) 53
7
O.V.s, 9 1 3 1 0 0
N.T. x1 4 1 ! 0 ! 0
X —_ - - —| - -
o 2 2
5 0 3 1 -1 0
2
D.V.s, 6 1 1 0 0 1
N.T.x1 4 1 ! 0 L 0
X - - - — - -
o 2 2
2 0 : 0 L 1
2 2
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Table X
A% 4 1 = =
o.V. 5 0 9 0
1 . 5 0 N 1 N 1 1 0
X = 2 = = =
NT. 2 6 2 6 12
-1 -1 -1 -1 +1 +1
19/6 1 0 -1/6 7/12 0
1 1
O.Vs, 2 0 5 0 D) 1
1
NT. x5 +5/6 +0 +1/2 +1/6 -1/12 -0
7/6 -0 0 -1/6 5/12 1
5 0 3 1 -1 0
2
38/3 4 0 -2/3 7/3 0
Z 53/3 4 3 1/2 +11/6 0
Note: O.V. = Original value,
N.T. = New table value.
Self Assessment
1. Fill in the blanks:
1. Because of more numbers of inequation in linear programming .................. method becomes
more complicated.
Any Solution which satisfies Non-Negativity constraints is called .................. solution.
Any feasible solution which minimizes or Maximizes Objective Function will be called a
.................. Feasible Solution.
4 and Surplus Variables should beused according to the need for changing
dissimilation into equations.
5. Solution which does not satisfies Non-negativity condition is called .................. solution.

30.3 Summary

Because of more numbers of inequations in linear programming method, Graphical method becomes
more complicated. This method can be used for two, three or more inequations. Therefore, because
of large number of equations another mathematical method is used for Yugmpad equations which
is called Simplex Method.
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304 Keywords Note

® Linear: Lined, in a line

® Method : Process

30.5 Review Questions

1. What do you understand by Feasible and Optimal Feasible Solution?
2. Write the different calculating steps of method.
3. Solve the following Linear Programming problem:
Maximum z = 5X + 4X,
Subject X, + 2X, < 8000
3X, +2X,<9000
Thus X, X, >0 (Ans.: Maximum value: 17500)

Answers: Self Assessment

1.  Graphical 2. Feasible 3.  Optimal
4. Slack 5. Non-feasible

30.6 Further Readings

N

Books Mathematical Economics - Michael Harrison, Patric Walderen.

Mathematics for Economics - Karl P. Simon, Laurence Bloom.
Mathematics for Economics and Finance - Martin Norman.
Mathematics for Economics - Malcom, Nicolas, U.C.Londan.
Mathematics for Economist - Yamane - Prentice Hall India.

Essential Mathematics for Economics - Nut Sedestor, Peter Hamond, Prentice
Hall Publications.

Mathematics for Economics - Council for Economic Education.
Mathematics for Economist - Mehta and Madnani - Sultan Chand and Sons.

Mathematics for Economics - Simon and Bloom - Viva Publications.
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